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Abstract: A theorem about a system of weak implicit impulsive
nonlinear parabolic functional-differential inequalities in an arbi-
trary parabolic set is proved. As a consequence of the theorem,
maximum principles for the system of implicit impulsive nonlinear
parabolic functional-differential inequalities and the uniqueness of
a classical solution of a mixed implicit impulsive problem for a
system of nonlinear parabolic functional-differential equations are
obtained.
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1. Introduction

In this paper we consider the following diagonal system of the implicit
nonlinear parabolic functional-differential inequalities:

(1.1)
Fi(t, x, u(t, x), ui

t(t, x), ui
x(t, x), ui

xx(t, x), u)

≥ Fi(t, x, v(t, x), vi
t(t, x), vi

x(t, x), vi
xx(t, x), v) (i = 1, ...,m),

where (t, x) ∈ D\⋃s
j=1({tj} × Rn), t0 < t1 < ... < ts < t0 + T and D is

a relatively arbitrary set more general than the cylindrical domain (t0, t0 +
T ]× Ω ⊂ Rn+1. In

Fi(t, x, w(t, x), wi
t(t, x), wi

x(t, x), wi
xx(t, x), w) (i = 1, ..., m)

the symbol w denotes a function

w : D̃ 3 (t, x) −→ w(t, x) = (w1(t, x), ..., wm(t, x)) ∈ Rm,

where D̃ is an arbitrary set such that D̄ ⊂ D̃ ⊂ (−∞, t0+T ]×Rn, wi
x(t, x) =

gradxwi(t, x) (i = 1, ..., m) and wi
xx(t, x) =

[
∂2wi(t,x)
∂xj∂xk

]

n×n

(i = 1, ..., m).
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We assume that w is continuous in D̄\⋃s
j=1({ti} ×Rn), the finite different

limits w(t−j , x), w(t+j , x) (j = 1, ..., s) exist for all admissible x ∈ Rn and
w(tj , x) := w(t+j , x) (j = 1, ..., m) for all admissible x ∈ Rn.

System (1.1) is studied together with impulsive and boundary inequali-
ties. The impulsive inequalities are of the form

ui(tj , x)− ui(t−j , x)− hi(tj , x, u(t−j , x), u)

(1.2) ≤ vi(tj , x)− vi(t−j , x)− hi(tj , x, v(t−j , x), v)

(i = 1, ..., m; j = 1, ..., s),

where hi (i = 1, ...,m) are real functions.

A theorem about weak inequalities is proved for system (1.1) together
with impulsive inequalities (1.2) and boundary inequalities. As a conse-
quence of the theorem, weak and strong maximum principles for the sys-
tem of weak implicit impulsive nonlinear parabolic functional-differential
inequalities and the uniqueness of a classical solution of a mixed implicit
impulsive problem for a system of nonlinear parabolic functional-differential
equations are obtained.

Impulsive problems were investigated by V. Lakshmikantham, D. Bainov
and P. Simeonov in [6], and by D. Bainov, Z. Kamont and E. Minchev in
[1]. The results obtained in the paper are generalizations of those given in
[2], [7] - [11] and [3] - [5].

2. Preliminares

We use the notation: N0 = {0, 1, 2, ...}. For vectors z = (z1, ..., zm) ∈
Rm, z̃ = (z̃1, ..., z̃m) ∈ Rm we write z ≤ z̃ in the sense zi ≤ z̃i (i = 1, ..., m).
Let t0 be a real number, 0 < T < ∞ and x = (x1, ..., xn) ∈ Rn. By D
we denote a bounded or unbounded set contained in (t0, t0 + T ] × Rn and
satisfying the following conditions:

(a) The projection of the interior of D on the t-axis is the interval
(t0, t0 + T ).

(b) For every (t̃, x̃) ∈ D there exists a number ρ > 0 such that

{(t, x) : (t− t̃)2 + Σn
i=1(xi − x̃i)2 < ρ, t < t̃} ⊂ D.

(c) All the boundary points (t̃, x̃) of D for which there is a positive
number ρ such that

{(t, x) : (t− t̃)2 + Σn
i=1(xi − x̃i)2 < ρ, t ≤ t̃} ⊂ D

belong to D.
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For any t ∈ [t0, t0 + T ] we define the following sets:

St := {x ∈ Rn : (t, x) ∈ D̄}

and
σt := D̄ ∩ ({t} × Rn).

Let s ∈ N and t1, ..., ts be arbitrary fixed real numbers such that

t0 < t1 < ... < ts < t0 + T.

We introduce the following sets:

Dj := D ∩ [(tj , tj+1)× Rn] (j = 0, 1, ..., s− 1),

Ds := D ∩ [(ts, t0 + T ]× Rn],

D∗ :=
s⋃

j=0

Dj and σ∗ :=
s⋃

j=1

σtj .

Let D̃ be an arbitrary set such that

D̄ ⊂ D̃ ⊂ (−∞, t0 + T ]× Rn

and let
∂pD := D̃\D.

For each j ∈ {0, 1, ..., s} and for each (t̃j , x̃j) ∈ Dj we denote by S−j (t̃j , x̃j)
the set of points (t, x) ∈ Dj that can be joined with (t̃j , x̃j) by a polygonal
line contained in Dj along which the t−coordinate is weakly increasing from
(t, x) to (t̃j , x̃j).

By PCm(D̃) we denote the linear space of functions

w : D̃ 3 (t, x) → w(t, x) = (w1(t, x), ..., wm(t, x)) ∈ Rm

such that w is continuous in D̄\σ∗, the finite different limits w(t−j , x), w(t+j , x)
(j = 1, ..., s) exist for all admissible x ∈ Rn and w(tj , x) := w(t+j , x)
(j = 1, ..., s) for all admissible x ∈ Rn.

In the set of functions w belonging to PCm(D̃) and bounded from above
in D̃ we define the functional

[w]t = max
i=1,...,m

sup{0, wi(t̃, x) : (t̃, x) ∈ D̃, t̃ ≤ t},

where t ∈ [t0, t0 + T ].
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Assumption (A). For each i ∈ {1, ...,m} we assume that Σi is a subset
(possibly empty) of [(D̃\D)\σ∗] ∩ [(t0, t0 + T ) × Rn] and li = li(t, x) is a
direction such that for every (t, x) ∈ Σi the direction li is orthogonal to the
t-axis and the interior of some segment starting at (t, x) of the straight half
line from (t, x) in the direction li is contained in D.

For the sets Σi (i = 1, ...,m) and the directions li (i = 1, ..., m) satisfying
Assumption (A), a function w ∈ PCm(D̃) is said to belong to PC1,2

m (D̃) if
wi

t, w
i
x, wi

xx (i = 1, ...,m) are continuous in D∗ and the derivatives dwi

dli
(i =

1, ...,m) are finite on Σi (i = 1, ...,m), respectively.

By Mn×n(R) we denote the space of real square symmetric matrices r =
[rjk]n×n. For each i ∈ {1, ...,m} by Fi we denote the mapping

Fi : D∗ × Rm × R× Rn ×Mn×n(R)× PC1,2
m (D̃)

3 (t, x, z, p, q, r, w) −→ Fi(t, x, z, p, q, r, w) ∈ R,

where q = (q1, ..., qn) and r = [rjk]n×n.

We use the notation

Fi[t, x, w] := Fi(t, x, w(t, x), wi
t(t, x), wi

x(t, x), wi
xx(t, x), w) (i = 1, ..., m)

for all (t, x) ∈ D∗ and w ∈ PC1,2
m (D̃).

By Z we denote a fixed subset of PC1,2
m (D̃). Functions u and v belonging

to Z are called solutions of the system

(2.1) Fi[t, x, u] ≥ Fi[t, x, v] (i = 1, ...,m)

in D∗, if they satisfy (2.1) for all (t, x) ∈ D∗.

For each i ∈ {1, ...,m} the function Fi is said to be uniformly parabolic
in a subset S ⊂ D∗ with respect to a function w ∈ PC1,2

m (D̃) if there exists
a constant C > 0 (depending on S) such that for every r = [rjk], r̃ = [r̃jk] ∈
Mn×n(R) and (t, x) ∈ S the following implication holds:

(2.2)
r ≤ r̃ =⇒ Fi(t, x, w(t, x), wi

t(t, x), wi
x(t, x), r̃, w)

− Fi(t, x, w(t, x), wi
t(t, x), wi

x(t, x), r, w) ≥ CΣn
j=1(r̃jj − rjj),

where r ≤ r̃ means that the inequality Σn
j,k=1(rjk − r̃jk)λjλk ≤ 0 is satisfied

for each (λ1, ..., λn) ∈ Rn.

If (2.2) is satisfied for r = wi
xx(t, x), r̃ = wi

xx(t, x) + r̂, where r̂ ≥ 0, with
C = 0 then Fi is called parabolic with respect to w in S.
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For every w, w̃ ∈ PCm(D̃) and for every t ∈ {t1, ..., ts}, we write w
t≤ w̃

if w(t−, x) ≤ w̃(t−, x) for x ∈ St, and w(τ, x) ≤ w̃(τ, x) for (τ, x) ∈ D̃, τ < t.

For each i ∈ {1, ..., m}, by hi we denote the function

hi : σ∗ × Rm × PCm(D̃) −→ R.

Assumption (H). We assume that functions hi (i = 1, ..., m) satisfy the
following condition:

(w, w̃ ∈ PCm(D̃), w
t≤ w̃) =⇒

=⇒ (hi(t, x, w(t−, x), w) ≤ hi(t, x, w̃(t−, x), w̃)

for (t, x) ∈ σ∗ (i = 1, ..., m).

3. Theorem about weak inequalities

Theorem 3.1. Assume that:

11. The functions Fi (i = 1, ..., m) are weakly increasing with respect to
z1, ..., zi−1, zi+1, ..., zm (i = 1, ...,m), respectively, and there exists L > 0
such that

Fi(t, x, z, p, q, r, w)− Fi(t, x, z̃, p, q̃, r̃, w̃)

≤ L
(

max
k=1,...,m

(zk−z̃k)+ | x | Σn
j=1 | qj−q̃j | + | x |2 Σn

j,k=1 | rjk−r̃jk | +[w−w̃]t
)

(i = 1, ...,m)

for

(i) (t, x) ∈ D∗, | x |> L, z ≥ z̃, p ∈ R, q, q̃ ∈ Rn, r, r̃ ∈ Mn×n(R) and
w, w̃ ∈ Z satisfying the condition sup

(t,x)∈D̃

(w(t, x)− w̃(t, x)) < ∞, and

(ii) (t, x) ∈ D∗, | x |≤ L, z ≥ z̃, p ∈ R, q = q̃, r = r̃ and w, w̃ ∈ Z
satisfying the condition sup

(t,x)∈D̃

(w(t, x)− w̃(t, x)) < ∞.

12. There exists C > 0 such that

Fi(t, x, z, p, q, r, w)− Fi(t, x, z, p̃, q, r, w) < C(p̃− p) (i = 1, ..., m)

for all (t, x) ∈ D∗, z ∈ Rm, p > p̃, q ∈ Rn, r ∈ Mn×n(R), w ∈ Z.

2. For the given sets Σi (i = 1, ..., m) and the directions li (i = 1, ..., m)
satisfying Assumption (A), for given functions ai(t, x) (i = 1, ...,m) de-
fined and nonnegative for (t, x) ∈ Σi (i = 1, ..., m), for the given functions



10 Ludwik Byszewski

gi(t, x, ξ) (i = 1, ..., m) defined for (t, x) ∈ Σi (i = 1, ..., m), ξ ∈ R and
strictly increasing with respect to ξ and for the given functions hi (i =
1, ..,m) satisfying Assumption (H), functions u and v belonging to Z and
such that sup

(t,x)∈D
(u(t, x)− v(t, x)) < ∞, satisfy the inequalities

(3.1)

ui(t, x) ≤ vi(t, x)

for (t, x) ∈ ∂pD\[σ∗ ∪ (Σi ∩ {(t, x) ∈ Rn+1 :| x |≤ L})] (i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x)) ≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi ∩ {(t, x) ∈ Rn+1 :| x |≤ L} (i = 1, ...,m)

and

(3.2)

ui(t, x)− ui(t−, x)− hi(t, x, u(t−, x), u)

≤ vi(t, x)− vi(t−, x)− hi(t, x, v(t−, x), v)
for (t, x) ∈ σ∗ (i = 1, ..., m).

3. Fi(i = 1, ..,m) are parabolic with respect to u in D∗, and u, v are
solutions of system (2.1) in D∗.

Then

(3.3) u(t, x) ≤ v(t, x) for (t, x) ∈ D̃.

Proof. To prove Theorem 3.1 consider the following problem:

(3.4)

Fi[t, x, u] ≥ Fi[t, x, v] for (t, x) ∈ D ∩ [(t0, T1]× Rn]
(i = 1, ..., m),

ui(t, x) ≤ vi(t, x) for (t, x) ∈ [∂pD ∩ ((−∞, T1]× Rn)]

\
[
Σi ∩ {(t, x) : t ∈ (t0, T1], | x |≤ L}

]
(i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x))

≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi

∩ {(t, x) : t ∈ (t0, T1], | x |≤ L} (i = 1, ..., m),
where T1 is an arbitrary number such that t0 < T1 < t1.





According to the assumptions of Theorem 3.1 corresponding to problem
(3.4) we obtain, by Theorem 2.1 from [3] applied to set D ∩ [(t0, T1]× Rn],
the inequality

u(t, x) ≤ v(t, x) for (t, x) ∈ D ∩ [(t0, T1]× Rn].
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By the above inequality, by (3.1) and by the continuity of u, v in D̄∩([t0, T1]×
Rn), we have

u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, T1]× Rn].

Consequently,

(3.5) u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, t1)× Rn].

Therefore

(3.6) u(t−, x) ≤ v(t−, x) for (t, x) ∈ σt1 .

Inequalities (3.5), (3.6), and Assumption (H) imply that

(3.7)
hi(t, x, u(t−, x), u) ≤ hi(t, x, v(t−, x), v)
for (t, x) ∈ σt1 (i = 1, ..., m).

From (3.2), (3.6) and (3.7), we obtain

(3.8) u(t, x) ≤ v(t, x) for (t, x) ∈ σt1 .

By (3.5) and (3.8)

(3.9) u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, t1]× Rn].

Now, write the following problem:

(3.10)

Fi[t, x, u] ≥ Fi[t, x, v] for (t, x) ∈ D ∩ [(t1, T2]× Rn]
(i = 1, ..., m),

ui(t, x) ≤ vi(t, x) for (t, x) ∈ [D̃ ∩ ((−∞, T2]× Rn)]

\
[
(D ∩ [(t1, T2]× Rn]) ∪

(
Σi ∩ {(t, x) : t ∈ (t1, T2], | x |≤ L}

)]

(i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x))

≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi

∩ {(t, x) : t ∈ (t1, T2], | x |≤ L} (i = 1, ...,m),
where T2 is an arbitrary number such that t1 < T2 < t2.




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According to the assumptions of Theorem 3.1 corresponding to problem
(3.10) we obtain, by Theorem 2.1 from [3] applied to set D ∩ [(t1, T2]×Rn],
the inequality

u(t, x) ≤ v(t, x) for (t, x) ∈ D ∩ [(t1, T2]× Rn].

By the above inequality, by (3.1), by the continuity of u, v in D̄∩([t1, T2]×Rn)
and by (3.9), we have

u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, T2]× Rn].

Consequently

(3.11) u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, t2)× Rn].

Therefore

(3.12) u(t−, x) ≤ v(t−, x) for (t, x) ∈ σt2 .

Inequalities (3.11), (3.12), and Assumption (H) imply that

(3.13)
hi(t, x, u(t−, x), u) ≤ hi(t, x, v(t−, x), v)
for (t, x) ∈ σt2 (i = 1, ..., m).

From (3.2), (3.12) and (3.13), we obtain

(3.14) u(t, x) ≤ v(t, x) for (t, x) ∈ σt2 .

By (3.11) and (3.14),

(3.15) u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, t2]× Rn].

Repeating the above procedure (s− 2)-times, we have

(3.16) u(t, x) ≤ v(t, x) for (t, x) ∈ D̃ ∩ [(−∞, ts]× Rn].

Finally, consider the problem

(3.17)

Fi[t, x, u] ≥ Fi[t, x, v] for (t, x) ∈ D ∩ [(ts, t0 + T ]× Rn]
(i = 1, ..., m),

ui(t, x) ≤ vi(t, x) for (t, x) ∈ D̃ \
[
(D ∩ [(ts, t0 + T ]× Rn])

∪
(
Σi ∩ {(t, x) : t ∈ (ts, t0 + T ], | x |≤ L}

)]

(i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x))

≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi

∩ {(t, x) : t ∈ (ts, t0 + T ], | x |≤ L} (i = 1, ...,m).




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According to the assumptions of Theorem 3.1 corresponding to problem
(3.17) we obtain, by Theorem 2.1 from [3] applied to set D∩[(ts, t0+T ]×Rn],
the inequality

u(t, x) ≤ v(t, x) for (t, x) ∈ D ∩ [(ts, t0 + T ]× Rn].

By the above inequality, by (3.1), by the continuity of u, v in D̄ ∩ ([ts, t0 +
T ]× Rn) and by (3.16), we get (3.3).

The proof of Theorem 3.1 is complete. ¥

Remark 3.1. Theorem 3.1 can be formulated for

v(t, x) :=




M1 = (M1
1 , ..., Mm

1 ) for (t, x) ∈ D̃ ∩ ((−∞, t1)× Rn),

M2 = (M1
2 , ..., Mm

2 ) for (t, x) ∈ D̃ ∩ ([t1, t2)× Rn),
...................................................................................

Ms+1 = (M1
s+1, .., M

m
s+1) for (t, x) ∈ D̃ ∩ ([ts, t0 + T ]× Rn),

where Mj = (M1
j , .., Mm

j ) ∈ Z (j = 1, ..., s + 1) are constant functions.
This form of Theorem 3.1 said to be a weak maximum principle for a

system of implicit impulsive nonlinear parabolic functional-differential in-
equalities.

4. Strong maximum principle and
uniqueness criterion

As a consequence of Theorem 3.1 we obtain the following theorem about
a strong maximum principle for a system of implicit impulsive nonlinear
parabolic functional-differential inequalities:

Theorem 4.1. Assume that:
11. The functions Fi (i = 1, ..., m) are weakly increasing with respect to

z1, ..., zi−1, zi+1, ..., zm (i = 1, ...,m), respectively, and there exists L > 0
such that

Fi(t, z, p, q, r, w)− Fi(t, x, z̃, p, q̃, r̃, w̃)

≤ L
(

max
k=1,...,m

|zk − z̃k|+ |x|Σn
j=1|qj − q̃j |+ |x|2Σn

j,k=1|rjk − r̃jk|+ [w − w̃]t)

(i = 1, .., m)

for all (t, x) ∈ D∗, z, z̃ ∈ Rm, p ∈ R, r, r̃ ∈ Mn×n(R) and w, w̃ ∈ Z satisfying
the condition sup

(t,x)∈D̃

(w(t, x)− w̃(t, x)) < ∞.
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12. There are constants Ci > 0 (i = 1, 2) such that

Fi(t, x, z, p, q, r, w)− Fi(t, x, z, p̃, q, r, w) < C1(p̃− p) (i = 1, ..., m)

for all (t, x) ∈ D∗, z ∈ Rm, p > p̃, q ∈ Rn, r ∈ Mn×n(R), w ∈ Z and

Fi(t, x, z, p, q, r, w)− Fi(t, x, z, p̃, q, r, w) < C2(p̃− p) (i = 1, ..., m)

for all (t, x) ∈ D∗, z ∈ Rm, p < p̃, q ∈ Rn, r ∈ Mn×n(R), w ∈ Z.

2. Functions u, v, Fi and hi (i = 1, ..., m) satisfy assumptions 2 and 3 of
Theorem 3.1. Moreover, Fi (i = 1, ...m) are uniformly parabolic with respect
to v in any compact subset of D∗.

Then inequality (3.3) holds. Moreover,

(i) if for some (t̃j , x̃j) ∈ Dj (j = 0, 1, ..., s) and for some kj ∈
{1, ..., m}

ukj (t̃j , x̃j) = vkj (t̃j , x̃j) (j = 0, 1, ..., s)

then

(4.1) ukj (t, x) = vkj (t, x) for (t, x) ∈ S−j (t̃j , x̃j) (j = 0, 1, ..., s).

Additionally,

(ii) if D is a cylindrical domain in Rn+1 and if for each j ∈ {1, ..., s}
there exist a point Pj = (tj , x̃j) and a segment PjQj , where Qj = (tj −
δ, x̃j), δ > 0, satisfying the conditions

(4.2) Pj ∈ int (σtj ) and int PjQj ⊂ Dj

and such that

(4.3) u(t, x) = v(t, x) for (t, x) ∈
s⋃

j=1

int PjQj

then

(4.4) u(t, x) = v(t, x) for (t, x) ∈ D̄ ∩ ([t0, ts]× Rn).

Proof. Since the assumptions of Theorem 3.1 are satisfied then inequal-
ity (3.3) holds.
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To prove the second part of the thesis write the following problems:

(4.5)

Fi[t, x, u] ≥ Fi[t, x, v] for (t, x) ∈ D ∩ [(t0, t1]× Rn]
(i = 1, ..., m),

ui(t, x) ≤ vi(t, x) for (t, x) ∈ [∂pD ∩ ((−∞, t1)× Rn)]

\
[
Σi ∩ {(t, x) : t ∈ (t0, t1), | x |≤ L}

]
(i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x))

≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi

∩ {(t, x) : t ∈ (t0, t1), | x |≤ L} (i = 1, ..., m),

uk0(t̃0, x̃0) = vk0(t̃0, x̃0) for some (t̃0, x̃0) ∈ D0

and some k0 ∈ {1, ..., m},





(4.6)

Fi[t, x, u] ≥ Fi[t, x, v] for (t, x) ∈ D ∩ [(t1, t2]× Rn]
(i = 1, ...,m),

ui(t, x) ≤ vi(t, x) for (t, x) ∈ [D̃ ∩ [(−∞, t2)× Rn]]

\
[
(D ∩ [(t1, t2)× Rn])∪

(
Σi ∩ {(t, x) : t ∈ (t1, t2), | x |≤ L}

)]
(i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x))

≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi

∩ {(t, x) : t ∈ (t1, t2), | x |≤ L} (i = 1, ..., m),

uk1(t̃1, x̃1) = vk1(t̃1, x̃1) for some (t̃1, x̃1) ∈ D1

and some k1 ∈ {1, ..., m},





. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
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(4.7)

Fi[t, x, u] ≥ Fi[t, x, v] for (t, x) ∈ D ∩ [(ts, t0 + T ]× Rn]
(i = 1, ..., m),

ui(t, x) ≤ vi(t, x) for (t, x) ∈ D̃\
[
(D ∩ [(ts, t0 + T ]× Rn])∪

(
Σi ∩ {(t, x) : t ∈ (ts, t0 + T ], | x |≤ L}

)]
(i = 1, ..., m),

gi(t, x, ui(t, x))− gi(t, x, vi(t, x))

≤ ai(t, x)
d[ui(t, x)− vi(t, x)]

dli
for (t, x) ∈ Σi

∩ {(t, x) : t ∈ (ts, t0 + T ), | x |≤ L} (i = 1, ..., m),

uks(t̃s, x̃s) = vks(t̃s, x̃s) for some (t̃s, x̃s) ∈ Ds

and some ks ∈ {1, ..., m}.





Applying to (4.5)-(4.7) the strong maximum principle from [3] we have




uk0(t, x) = vk0(t, x) for (t, x) ∈ S−0 (t̃0, x̃0),

uk1(t, x) = vk1(t, x) for (t, x) ∈ S−1 (t̃1, x̃1),
..................................................................

uks(t, x) = vks(t, x) for (t, x) ∈ S−s (t̃s, x̃s).

Therefore, (4.1) holds.

Formula (4.4) is a consequence of (4.3) and (4.2), of thesis (i) of Theorem
4.1, and of the fact that D is a cylindrical domain in Rn+1 and u, v ∈
PCm(D̃).

The proof of Theorem 4.1 is complete. ¥

To make easier the notation of this part of Section 4 assume that the sets
Σi(i = 1, ..., m) and the constant L from Theorem 3.1 satisfy the conditions

Σi ∩ {(t, x) : t ∈ (t0, t0 + T ), | x |≤ L} = Σi (i = 1, .., m).

Definition 4.1. Being given:

(i) the functions Fi(t, x, z, p, q, r, w) (i = 1, ..., m) defined for (t, x) ∈
D∗, z ∈ Rm, p ∈ R, q ∈ Rn, r ∈ Mn×n(R), w ∈ Z,

(ii) the functions hi(t, x, z, w) (i = 1, ..., m) defined for (t, x) ∈ σ∗, z ∈
Rm, w ∈ Z,

(iii) the functions ai(t, x) (i = 1, ..., m) defined and nonnegative for
(t, x) ∈ Σi (i = 1, ..., m), and the functions gi(t, x, ξ) (i = 1, ...,m) defined
for (t, x) ∈ Σi (i = 1, ..., m) and ξ ∈ R,
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(iv) the functions F̃i(t, x) (i = 1, ...,m) defined for (t, x) ∈ ∂pD\(σ∗ ∪
Σi) (i = 1, ..., m), the functions G̃i(t, x) (i = 1, ..., m) defined for (t, x) ∈
Σi (i = 1, ...m) and the functions H̃i(t, x) (i = 1, ...,m) defined for (t, x) ∈
σ∗,

the mixed implicit impulsive parabolic functional-differential
problem consists on finding a function u ∈ PC1,2

m (D̃) satisfying the system
of equations

(4.9) Fi[t, x, u] = 0 for (t, x) ∈ D∗ (i = 1, ..., m)

and the system of the mentioned below initial-boundary and impulsive con-
ditions

(4.10) ui(t, x) = F̃i(t, x) for (t, x) ∈ ∂pD\(σ∗ ∪ Σi) (i = 1, ..., m),

(4.11)
gi(t, x, ui(t, x))− ai(t, x)

dui(t, x)
dli

= G̃i(t, x)

for (t, x) ∈ Σi (i = 1, ..., , m)

and

(4.12)
ui(t, x)− ui(t−, x)− hi(t, x, u(t−, x), u) = H̃i(t, x)
for (t, x) ∈ σ∗ (i = 1, ...,m)

As a consequence of Theorem 3.1 we obtain the following theorem about
the uniqueness of a classical solution of the mixed implicit impulsive par-
abolic functional-differential problem:

Theorem 4.2. Suppose that assumptions 11 and 12 of Theorem 3.1 are
satisfied, the sets

∑
i (i = 1, ..., m) and the constant L from assumptions 11, 2

of Theorem 3.1 satisfy conditions (4.8), the functions gi(t, x, ξ) (i = 1, ..., m)
are strictly increasing with respect to ξ ∈ R for all (t, x) ∈ ∑

i (i = 1, ..., m),
and the functions hi (i = 1, ...,m) satisfy Assumption (H). Then in the
class of all functions w belonging to PC1,2

m (D̃), bounded in D̃ and such that
the functions Fi (i = 1, ..., m) are parabolic with respect to w in D∗, there
exists at most one function u satisfying the mixed implicit impulsive parabolic
functional-differential problem (4.9)-(4.12).
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