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ABSTRACT: A theorem about a system of weak implicit impulsive
nonlinear parabolic functional-differential inequalities in an arbi-
trary parabolic set is proved. As a consequence of the theorem,
maximum principles for the system of implicit impulsive nonlinear
parabolic functional-differential inequalities and the uniqueness of
a classical solution of a mixed implicit impulsive problem for a
system of nonlinear parabolic functional-differential equations are
obtained.
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1. Introduction

In this paper we consider the following diagonal system of the implicit
nonlinear parabolic functional-differential inequalities:

E(t,m,u(t,:U),uf;(t,:U),u;(t,:r),uix(t,m),u)
> Fz-(t,:r,v(t,x),vf(t,a:),vi(t,x) vl (t,z),v) (i=1,...,m),

» VI

where (t,2) € D\Uj_;({t;} x R"), to <t1 < ... <t5 <to+T and D is
a relatively arbitrary set more general than the cylindrical domain (¢, ty +
T] x Q C R*". In

Fi(t,z,w(t, ), wi(t,z), w' (t,z),w’ (t,2),w) (i=1,..,m)
the symbol w denotes a function
w:D >3 (tx) — wt,z) = (w(tz),.. 0wt z)) € R™,

where D is an arbitrary set such that D € D C (=00, tg+T] x R™, wi(t, z) =

grad,w'(t,r) (i = 1,...,m) and wi,(t,x) = laggfét,x) (i=1,..,m).
IV T

nxn
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We assume that w is continuous in D\ Uj=1({t:} x R™), the finite different
limits w(t;,w),w(tj,a:) (j = 1,...,8) exist for all admissible x € R™ and
w(tj,z) = w(t;r,a:) (j =1,...,m) for all admissible z € R™.

System (1.1) is studied together with impulsive and boundary inequali-
ties. The impulsive inequalities are of the form

u'(t, ) — ui(tj_,a:) = hi(ty, z,u(ty, z), u)
(1.2) < v'(tj, ) — vi(tj_,x) — hi(tj, z,v(t; ), v)
(i=1,...m;j=1,...,s),
where h; (i =1,...,m) are real functions.

A theorem about weak inequalities is proved for system (1.1) together
with impulsive inequalities (1.2) and boundary inequalities. As a conse-
quence of the theorem, weak and strong maximum principles for the sys-
tem of weak implicit impulsive nonlinear parabolic functional-differential
inequalities and the uniqueness of a classical solution of a mixed implicit
impulsive problem for a system of nonlinear parabolic functional-differential
equations are obtained.

Impulsive problems were investigated by V. Lakshmikantham, D. Bainov
and P. Simeonov in [6], and by D. Bainov, Z. Kamont and E. Minchev in
[1]. The results obtained in the paper are generalizations of those given in
2], [7] - [11] and [3] - [5].

2. Preliminares
We use the notation: Ny = {0,1,2,...}. For vectors z = (z1,...,2) €
R™, Z = (Z1, ..., Zm) € R™ we write z < Z in the sense z; < Z; (i = 1,...,m).
Let tp be a real number, 0 < T' < oo and z = (x1,...,x,) € R™ By D

we denote a bounded or unbounded set contained in (to,to + 7] x R™ and
satisfying the following conditions:

(a) The projection of the interior of D on the t-axis is the interval
(to,to+T).

(b) For every (t,%) € D there exists a number p > 0 such that
{(tz): (t =12+ X0 (2 — %)% < p, t <t} CD.

(c) All the boundary points (£,2) of D for which there is a positive
number p such that

{(t,z): (t =02+ 2% (s —F)? <p, t<i}CD

belong to D.
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For any t € [to, to + 1| we define the following sets:
Sy :={x eR": (t,x) € D}

and
oy = DN ({t} xR").

Let s € N and t4,...,ts be arbitrary fixed real numbers such that
to<ti <..<tg<top+T.
We introduce the following sets:

Dj =DnN [(tj,tj+1) X Rn] (] =0,1,...,s — 1),
Dy i= D [(ts to +T] x R,

D, = O Dj; and o, := LSJ ot
§=0 j=1
Let D be an arbitrary set such that
Dc D C (—oco,tg+T] x R®
and let

d,D := D\D.

For each j € {0,1, ..., s} and for each (¢;,37/) € D; we denote by S;(fj, 37)
the set of points (¢,z) € D; that can be joined with (¢;,37) by a polygonal
line contained in D; along which the {—coordinate is weakly increasing from
(t,x) to (;,37).

By PC,,(D) we denote the linear space of functions

w:D > (tz) — wt )= (w(tx),.. ,w"(tz) e R™
such that w is continuous in D\ o, the finite different limits w(t; ), w(t;r, x)
(j = 1,..,s) exist for all admissible z € R™ and w(t;,z) = w(tj,ac)

(j =1,...,s) for all admissible x € R™.

In the set of functions w belonging to PCy, (D) and bounded from above
in D we define the functional

wle = max_sup{0,w'(f,x): () € D, I <1},

i=1,....m

where t € [to, to + T7.
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Assumption (A). For each i € {1,...,m} we assume that ¥; is a subset
(possibly empty) of [(D\D)\o.] N [(to,to + T) x R"] and I; = l;(t,z) is a
direction such that for every (¢,z) € ¥; the direction /; is orthogonal to the
t-axis and the interior of some segment starting at (¢,x) of the straight half
line from (¢, ) in the direction [; is contained in D.

For the sets ¥; (i = 1,...,m) and the directions [; (i = 1, ..., m) satisfying
Assumption (A), a function w € PCy,(D) is said to belong to PCy?(D) if
wi,wh,wi, (i =1,...,m) are continuous in D, and the derivatives ‘é—‘l”: (1=
1,...,m) are finite on ¥; (i = 1,...,m), respectively.

By M, «n(R) we denote the space of real square symmetric matrices r =
[7iklnxn- For each i € {1,...,m} by F; we denote the mapping

Fi: Dy x R™ X R x R™ x Myun(R) x PCL2(D)
> (t,z,2z,p,q,mw) — Fi(t,x,z,p,q,7,w) € R,
where ¢ = (q1, ..., ¢n) and 7 = [7j]nxn-
We use the notation
Filt,z,w] := Fi(t,z,w(t,z), wi(t,z), wi(t,z),w,(t,z),w) (i=1,..,m)
for all (t,z) € D, and w € PCy*(D).

By Z we denote a fixed subset of PC},{Q(f)). Functions u and v belonging
to Z are called solutions of the system

(2.1) Ei[t,x,u] > Fi[t,z,v] (i=1,...,m)
in D,, if they satisfy (2.1) for all (¢,z) € D,.

For each i € {1,...,m} the function F; is said to be uniformly parabolic
in a subset S C D, with respect to a function w € PC},{Q(D) if there exists
a constant C' > 0 (depending on S) such that for every r = [rj], 7 =[] €
My xn(R) and (t,2) € S the following implication holds:

r <7 = F(t,z,w(t, x),wi(t, x),w;(t,x),f,w)

2.2 ) )
(22) — Fi(t,z,w(t,x), wi(t, ), we(t, x),r,w) > C’Z?Zl(?:jj —1jj),

where r < 7 means that the inequality Z;kzl(rjk — k) AjAk < 0 is satisfied
for each (A1,...,A\p) € R™.

If (2.2) is satisfied for r = wi,(t,z),7 = wi,(t,z) + #, where # > 0, with
C = 0 then Fj is called parabolic with respect to w in S.
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. t
For every w,w € PCy,(D) and for every t € {t1,...,ts}, we write w < W
ifw(t™,z) <w(t ,z) for x € S¢, and w(r,z) < w(r,x) for (r,2) € D, T < t.

For each i € {1,...,m}, by h; we denote the function

hi : 0w X R™ x PCpy(D) — R.

Assumption (H). We assume that functions h; (i = 1, ..., m) satisfy the
following condition:

g t
(w,w € PCp(D),w <) =

= (hi(t,z,w(t ,z),w) < hi(t,z,w(t”,x),w)

for (t,z) €ox (i=1,...,m).
3. Theorem about weak inequalities

Theorem 3.1. Assume that:

11. The functions F; (i = 1,...,m) are weakly increasing with respect to
21y ey Ziely Zit1y -y 2m (1 = 1,...,m), respectively, and there exists L > 0
such that

Fl(tv z,z,p,4q,T, w) - E(ta z, gvpv Cja ":7 f[[))

< L max (a=2)+ |2 | Sy | q=G |+ |2 2 Sy | rj—ron | +lw—il,

=1,...m

for

(i) (t,x) € Dy,| xz |> L,z > Z,p € R,q,G§ € R", 7,7 € Myxn(R) and
w, W € Z satisfying the condition sup (w(t,z)—w(t,x)) < oo, and
(t,x)eD
(ii) (t,z) € Dy,| x |[< L,z > Zp € Rqg=¢qgr=7and w,w € Z
satisfying the condition sup (w(t,z) —w(t,x)) < oo.
(t,x)eD
1. There exists C' > 0 such that

E(t7$7zap7 q, r,w) - E(taxaz7ﬁ7Q7ra w) < C(ﬁ _p) (Z = 17 7m)
for all (t,x) € D,z € R™ p>p,q € R",r € Mpxn(R),w € Z.

2. For the given sets ¥; (i = 1,...,m) and the directions l; (i = 1,...,m)
satisfying Assumption (A), for given functions a;(t,z) (i = 1,...,m) de-
fined and nonnegative for (t,x) € ¥; (i = 1,...,m), for the given functions

)
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gi(t,x,&) (i = 1,...,m) defined for (t,z) € ¥; (i = 1,...,m),§ € R and
strictly increasing with respect to & and for the given functions h; (i =
1,..,m) satisfying Assumption (H), functions u and v belonging to Z and

such that sup (u(t,x) —v(t,x)) < oo, satisfy the inequalities
(t,x)eD

ul(t,z) < vi(t, x)
for(t,x) € 9,D\[o. U (Z; N {(t,x) € R* ™ :| 2 |[< L] (i = 1,...,m),

3.1 _ . ul(t,z) —v'(t,x
B ity 0(0,2)) — i 2,011, 2)) < at, ) LA )dli (t.2)

for(t,x) e Lin{(t,z) e R”"" |z |< L} (i=1,...,m)

and
ul(t,z) —u'(t,x) — hi(t,z, u(t™, x),u)
(3.2) <vi(t,z) —v'(t7,z) — hi(t, z,v(t, x),v)
for (t,xz) € oy (i=1,..,m).

3. Fi(i = 1,..,m) are parabolic with respect to u in D, and u,v are
solutions of system (2.1) in D,.

Then
(3.3) u(t,z) <w(t,z) for (t,z) e D.
Proof. To prove Theorem 3.1 consider the following problem:
Filt,x,u] > Fj[t,x,v] for (t,z) € DN [(to,T1] x R"] )
(t=1,...m),
u'(t, ) < v'(t,x) for (t,x) € [0,D N ((—o0,T1] x R™)]
\[Zin{t2) te o, ), | |< L}} (i=1,..,m),
gi(t,z, ' (t, ) — gi(t, x,v' (1, 7))

dlut(t,z) — vi(t
ot Dt 2) = (1)
dl;
N{(t,z):t € (to,Th], |z [< L} (i =1,....m),
where 77 is an arbitrary number such that to < 771 < ¢;.)

for (t,z) e ¥;

According to the assumptions of Theorem 3.1 corresponding to problem
(3.4) we obtain, by Theorem 2.1 from [3] applied to set D N [(to,T1] x R™],
the inequality

u(t,z) <w(t,x) for (t,z) € DN[(to,Th] x R"].



By the above inequality, by (3.1) and by the continuity of u, v in DN([tg, T1]x
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R™), we have

u(t,z) <w(t,z) for (t,z) € DN [(—o0,Ti] x R"].

Consequently,

(3.5) u(t,z) < v(t,z) for (t,x) € DN [(—o0,t1) x R
Therefore

(3.6) u(t™,z) <wv(t™,z) for (t,x) € oy,.

Inequalities (3.5), (3.6), and Assumption (H) imply that

(3.7)

hi(t, z, u(t™, x),u) < hi(t, z, v(t™, z),v)
for (t,z) € oy (i=1,...,m).

From (3.2), (3.6) and (3.7), we obtain

(3.8)

u(t,x) < w(t,z) for (t,x) € oy,.

By (3.5) and (3.8)

(3.9)

u(t,z) < v(t,z) for (t,z) € DN [(—o0,t1] x R"].

Now, write the following problem:

(3.10)

Fi[t,z,u] > F;[t,z,v] for (t,z) € DN[(t1,T>] x R"]

(i=1,....,m),

u'(t, x) < vi(t, x) for (t,z) € [D N ((—o0, To] x R™)]

\ [(D N [(t1, To] x R"]) U (zi N{(t,z)te (t,To], |z |< L})}

(i=1,....,m),

gi(t,z,u'(t, x)) — gi(t, z,v'(t, x))

d[u’(t, =) — vi(t,z)]
dl;

N{(t,z):t e (t1,Ta], |z |< L} (i=1,...,m),

where T5 is an arbitrary number such that t; < T < to.

< ai(t,x) for (t,x) € ¥;
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According to the assumptions of Theorem 3.1 corresponding to problem
(3.10) we obtain, by Theorem 2.1 from [3] applied to set D N [(t1, T2] x R™],
the inequality

u(t,z) < w(t,x) for (t,x) € DN [(t1,T2] x R"].

By the above inequality, by (3.1), by the continuity of u, v in DN([t1, To] xR"™)
and by (3.9), we have

u(t,z) <wv(t,z) for (t,z) € DN [(—o0,To] x R"].

Consequently

(3.11) u(t,z) <w(t,z) for (t,z) € DN [(—o0,tz) x R"].
Therefore

(3.12) u(t™,z) <wv(t™,z) for (t,z) € oyy.

Inequalities (3.11), (3.12), and Assumption (H) imply that
hi(t,z,u(t™, x),u) < hi(t,z,v(t",x),v)
for (t,z) € oy, (i =1,...,m).

From (3.2), (3.12) and (3.13), we obtain

(3.13)

(3.14) u(t,x) <wv(t,z) for (t,x) € oy,.
By (3.11) and (3.14),
(3.15) u(t,z) < ov(t,z) for (t,x) € DN [(—o0,ts] x R

Repeating the above procedure (s — 2)-times, we have

(3.16) u(t,z) < w(t,z) for (t,z) € DN [(—o0,ts] x R".

Finally, consider the problem
Eilt,z,u] > Fj[t,z,v] for (t,x) € DN [(ts,to + T] x R"]
(t=1,...m),

(t,2) < vi(t,) for (t,2) € D\ [(D N [(ts,to +T] x R"))

IS

U (zi N{(t.x) t e (tsto+T),|z|< L})]

(t=1,...m),

gi(t, z, u'(t, x)) — gi(t, z,v'(t, x))

dlui(t,z) — vi(t, z)]
dl;

N{(t,z):te€ (ts,to+T), |z |< L} (i=1,..,m).

(3.17)

< ai(tv J})

for (t,z) € &;
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According to the assumptions of Theorem 3.1 corresponding to problem
(3.17) we obtain, by Theorem 2.1 from [3] applied to set DN[(ts, to+71] xR"],
the inequality

u(t,z) <wv(t,x) for (t,x) € DN[(ts,to+ T] x R"].

By the above inequality, by (3.1), by the continuity of u,v in D N ([ts,to +
T] x R™) and by (3.16), we get (3.3).

The proof of Theorem 3.1 is complete. |

Remark 3.1. Theorem 3.1 can be formulated for

v(t,x) =

My = (M},...,M™) for (t,z) € DN ((—oo,t1) x R"),
My = (M3,..., M) for (t,z) € DN ([t1,t2) x R"),

Mgy = (ML, .., M™,) for (t,2) € DN ([ts, to + T] x R"),
where M; = (Mjl, M) € Z (j=1,...,s+ 1) are constant functions.

This form of Theorem 3.1 said to be a weak mazrimum principle for a
system of implicit impulsive nonlinear parabolic functional-differential in-
equalities.

4. Strong maximum principle and
uniqueness criterion

As a consequence of Theorem 3.1 we obtain the following theorem about
a strong maximum principle for a system of implicit impulsive nonlinear
parabolic functional-differential inequalities:

Theorem 4.1. Assume that:

11. The functions F; (i = 1,...,m) are weakly increasing with respect to
21y ey Ziely Zitly ey 2m (1 = 1,...,m), respectively, and there exists L > 0
such that

Fi(t) Z,D,4,T, w) - -Fi(tv €T, 27]77 (jv fa ﬁ))
< L(k_HllaX |2k — 2l + 12Sfo1lqy — @1+ [0S e ik — Finl + [w — D))

=1,....m
(i=1,..,m)
forall (t,x) € Dy, z,Z € R™, p e R, r,7 € Mpyn(R) and w,w € Z satisfying

the condition sup (w(t,x) —w(t,x)) < .
(t,x)eD
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1. There are constants C; > 0 (i = 1,2) such that
Fi(t,x,z,p,q,r,w) — Fi(t,x,z,p,q,r,w) < C1(p—p) (i =1,...,m)
forall (t,x) € D,z € R™ p>p,q € R, 7 € Mpxn(R),w € Z and
Fi(t,x,z,p,q,r,w) — Fi(t,x,z,p,q,r,w) < Ca(p—p) (i =1,...,m)

forall (t,x) € Dy, z€ R™, p<p, g € R", r € Mpxn(R), w e Z.

2. Functions u,v, F; and h; (i = 1,...,m) satisfy assumptions 2 and 3 of
Theorem 3.1. Moreover, F; (i = 1,...m) are uniformly parabolic with respect
to v in any compact subset of D,.

Then inequality (3.3) holds. Moreover,

(i) if for some (t;,77) € D; (j = 0,1,...,s) and for some k; €
{1,...,m}

ubi(fy, ) = oM (85, 8) (j = 0,1,..., 5)
then

(4.1) ubi (t,x) = v*i(t,x) for (t,z) € Sj_(fj,icj) (j=0,1,...,s).

Additionally,

(ii) if D is a cylindrical domain in R"*1 and if for each j € {1,..., s}
there exist a point Pj = (tj,@7) and a segment P;Q;, where Q; = (t; —

0,%7),0 > 0, satisfying the conditions

(4.2) P; € int (0y,) and int P;Q; C D;

and such that

(4.3) u(t,x) = v(t,x) for (t,x) € U int P;Q;
j=1

then

(4.4) u(t,x) = v(t,z) for (t,x) € DN ([to, ts] x R™).

Proof. Since the assumptions of Theorem 3.1 are satisfied then inequal-
ity (3.3) holds.



(4.6)
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To prove the second part of the thesis write the following problems:

Fi[t,z,u] > F[t,xz,v] for (t,x) € DN[(to,t1] x R"] )
(i=1,..,m),

)

u'(t, ) < v'(t,x) for (t,2) € [@,D N ((—o0,t1) x R™)]
\[zi N{(t,z):t € (to,tr),| 2 |< L}} (i=1,..,m),
(4.5) gi(t,x,ui(t,x)) _gi(tvxvvi(tvx))

dlui(t,z) — vi(t, z)]

dl;

N{(t,x): t € (to,t1), |z |< L} (i =1,...,m),
uko (Eo,io) = ’U}CO (Eo,.’io) for some (7?0, jo) € Dy

and some kg € {1,...,m},

< a;i(t, ) for (t,z) € &;

Fi[t,x,u] > Fi[t,z,v] for (t,z) € D N[(t1,t2] x R"|
(i=1,..,m),

u'(t,z) < v'(t,x) for (¢,x) € [D N [(—o0,t2) X R"]
\[(D At t2) x RY)U

(Sin i) te () |z <L} =1,...m),
gi(t,z,u'(t, x)) — gi(t, z,v'(t, x))

d[u'(t, =) — vi(t, z)]
dl;
N{(t,z) : t € (t1,t2), |z |< L} (i =1,...,m),
uFL(ty, #1) = 0P (41, #1) for some ({1, 2') € Dy

and some ky € {1,...,m},

< ai(t,x) for (t,z) € ;
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\

Fi[t,x,u] > F[t,z,v] for (t,z) € DN|[(ts,to+ T] x R"]
(i

=1,..,m),
ul(t,z) < vi(t,x) for (t,x) € D\ [(D N [(ts, to +T] x R")U
(zi N{(t.x):t e (tyto+T],|z|< L})](i —1,..,m),

(4.7) gi(t, z,u'(t, ) — gi(t, z, v (t, x))

< a; (t, $) d[UZ (t’ l‘)dg v (t’ x)]

A {(t2) : t € (bato+T), |2 |< L} (i = 1,..m),
ubs (ty, %) = v* (I, #°) for some (s, 7°) € Dy

and some ks € {1,...,m}.

for (t,z) € &;

7

Applying to (4.5)-(4.7) the strong maximum principle from [3] we have
ut (t, x) = oM (t, x) for (t,z) € Sy (fo,7°),
ubi (t, ) = oM (t, x) for (t,x) € Sy (£1, 7)),

Therefore, (4.1) holds.

Formula (4.4) is a consequence of (4.3) and (4.2), of thesis (i) of Theorem
4.1, and of the fact that D is a cylindrical domain in R and u,v €
PC,,(D).

The proof of Theorem 4.1 is complete. |

To make easier the notation of this part of Section 4 assume that the sets
Yi(i =1,...,m) and the constant L from Theorem 3.1 satisfy the conditions

Eiﬂ{(t,x)ité (to,t0+T),|a? ’S L} =23 (l: 1,,m)

Definition 4.1. Being given:

(i) the functions Fi(t,x,z,p,q,r,w) (i = 1,...,m) defined for (t,z) €
Dy,zeR™"peR,qgeR" r € Mpyn(R),w € Z,

(ii) the functions h;(t,z, z,w) (i = 1,...,m) defined for (t,x) € o4,z €
R™ w e Z,

(iii) the functions a;(t,z) (i = 1,...,m) defined and nonnegative for
(t,z) € ¥; (i = 1,...,m), and the functions g;(t,x,§) (i = 1,...,m) defined
for (t,z) € ¥; (i=1,...,m) and £ € R,
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() the functions Fj(t,z) (i =1,....m) defined for (t,z) € O,D\(0x U
¥i) (i = 1,...,m), the functions G;i(t,x) (i = 1,...,m) defined for (t,x) €
i (i = 1,...m) and the functions H;(t,z) (i = 1,...,m) defined for (t,x) €
O,

the MIXED IMPLICIT IMPULSIVE PARABOLIC FUNCTIONAL-DIFFERENTIAL
PROBLEM consists on finding a function u € PC’},;Q(D) satisfying the system
of equations

(4.9) Filt,z,u] =0 for (t,z) € D, (i=1,...,m)

and the system of the mentioned below initial-boundary and impulsive con-
ditions

(4.10) ui(t,x) = Fi(t,x) for (t,x) € BD\(o. US;) (i = 1,...,m),

i du'(t,x) -
(4.11) gilty 2,0 (1, )) = ailt, ) == = Gi(t, 2)
for (t,z) €% (i=1,..,,m)
and
(4.12) ul(t,x) — 't @) = hit, 2, u(t™, @), u) = Hi(t,z)

for (t,z) € oy (i=1,....,m)

As a consequence of Theorem 3.1 we obtain the following theorem about
the uniqueness of a classical solution of the mixed implicit impulsive par-
abolic functional-differential problem:

Theorem 4.2. Suppose that assumptions 11 and 1o of Theorem 3.1 are
satisfied, the sets ), (i = 1,...,m) and the constant L from assumptions 11,2
of Theorem 3.1 satisfy conditions (4.8), the functions g;(t,x,&) (i =1,...,m)
are strictly increasing with respect to £ € R for all (t,x) € Y, (1 =1,...,m),
and the functions h; (i = 1,...,m) satisfy Assumption (H). Then in the
class of all functions w belonging to PC’%{Z(]_N)), bounded in D and such that
the functions F; (i = 1,...,m) are parabolic with respect to w in D, there
exists at most one function u satisfying the mized implicit impulsive parabolic
functional-differential problem (4.9)-(4.12).
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