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ON THE INITTAL VALUE PROBLEM FOR
TWO-DIMENSIONAL SYSTEMS OF LINEAR
FUNCTIONAL DIFFERENTIAL
EQUATIONS WITH MONOTONE OPERATORS

ABSTRACT: We establish new efficient conditions sufficient for
the unique solvability of the Cauchy problem for two-dimensional
systems of linear functional differential equations with monotone
operators.
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1. Introduction and notation

On the interval [a, b], we consider two—dimensional differential system
(L) wj(t) = o lia(ua)(t) + o lio(u2)(t) + ¢i(t) (1 =1,2)
with the initial conditions
(1.2) ui(a) = c1, uz(a) = ca,

where £, : C([a,b];R) — L([a,b];R) are linear nondecreasing operators,
oir € {—1,1}, ¢; € L([a,b];R), and ¢; € R (i,k = 1,2). Under a solution
of the problem (1.1), (1.2) is understood an absolutely continuous vector
function u = (u1,us)” : [a,b] — R? satisfying (1.1) almost everywhere on
[a, b] and verifying also the initial conditions (1.2).

The problem on the solvability of the Cauchy problem for linear func-
tional differential equations and their systems has been studied by many
authors (see, e.g., [1, 2, 3, 4, 5, 7, 10, 11, 12, 13, 14, 15, 16, 18] and refer-
ences therein). There are a lot of interested results but only a few efficient
conditions is known at present. Furthermore, most of them is available
for the one-dimmensional case only or for the systems with the so—called
Volterra operators (see, e.g., [3, 4, 5, 13, 10, 7]). Let us mention that the
efficient conditions guaranteeing the unique solvability of the initial value
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problem for n-dimensional systems of linear functional differential equations
are given, e.g., in [12, 2, 15, 14, 11].

In this paper, we establish new efficient conditions sufficient for the
unique solvability of the problem (1.1), (1.2) with 017092 = —1. The cases,
where 017 = 092 = 1 and 017 = 092 = —1 are studied in [9] and [17],
respectively.

The integral conditions given in Theorems 2.1-2.6 are optimal in a certain
sense which is shown by counter—examples constructed in the last part of
the paper.

The following notation is used throughout the paper:

(1) R is the set of all real numbers, R, = [0, +oo[.
(2) C(Ja,b];R) is the Banach space of continuous functions u : [a,b] — R
equipped with the norm

Jullc = max{|u(t)| .t € [a, b]}.

(3) L([a,b];R) is the Banach space of Lebesgue integrable functions h :
[a,b] — R equipped with the norm

b
Al = / Ih(s)ds.

(4) L([a,b];Ry) = {h € L([a,b];R) : h(t) > 0 for a.a. t € [a,b]}.
(5) An operator ¢ : C([a,b];R) — L([a,b];R) is said to be nondecreasing if
the inequality

L(uy)(t) < L(ug)(t) for a.a. t€ la,b
holds for every functions uj, us € C([a,b];R) such that
ui(t) <wg(t) for te€a,b].

(6) Pgp is the set of linear nondecreasing operators £ : C([a, b]; R) — L([a, b]; R).

In what follows, the equalities and inequalities with integrable functions
are understood to hold almost everywhere.

2. Main results

In this section, we present the main results of the paper. The proofs are
given later, in Section 3. Theorems formulated below contain the efficient
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conditions sufficient for the unique solvability of the problem (1.1), (1.2)
with 011090 = —1. Recall that the operators ¢;. are supposed to be linear
and nondecreasing, i.e., such that £;; € Py, for i,k =1, 2.

Put

b
(21) Azk = /&j<1)(8)d8 for i, k= 1,2
and
1 for se€0,1]
22) Pls) = {1 —1(s—1)? for sec[l1,3]

2.1. The case 012091 > 0. At first, we consider the case, where 017 = 1
and o9y = —1.

Theorem 2.1. Let 011 = 1, 099 = —1, and 013021 > 0. Let, moreover,
(2.3) A <1, Agg < 3,
and
(2.4) A1z Az < (1= An)p(Az),

where the numbers Ay, (i,k = 1,2) are defined by (2.1) and the function ¢
is given by (2.2). Then the problem (1.1), (1.2) has a unique solution.

Remark 2.1. Neither one of the strict inequalities in (2.3) and (2.4) can be
replaced by the nonstrict one (see Examples 4, 4, 4, and 4).

Remark 2.2. Let Hy be the set of triplets (z,y,z) € R? satisfying

(see Fig. 2.1). According to Theorem 2.1, the problem (1.1), (1.2) is uniquely
solvable if ¢;;, € Py (i, k = 1,2) are such that

b b b b
/611(1)(S)d8,/fgg(l)(&’)dé’,/612(1)(8)615/[21(1)(5)&5 S Hl.
The next statement concerning the case, where 017 = —1 and o9 = 1,

follows immediately from Theorem 2.1.
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Fig. 2.1.
Theorem 2.2. Let 011 = —1, 092 = 1, and o12091 > 0. Let, moreover,
(2.5) A11 < 3, AQQ < 1,

and
A12A91 < (1 — Ax)p(Anr),

where the numbers A, (i,k = 1,2) are defined by (2.1) and the function ¢
is given by (2.2). Then the problem (1.1), (1.2) has a unique solution.

2.2. The case 012091 <0

At first, we consider the case, where 011 = 1 and 099 = —1.

Theorem 2.3. Let 011 = 1, 099 = —1, and 013021 < 0. Let, moreover,
the condition (2.3) be satisfied and
(2.6) A19A9 < (1 — All)(?) — A22),

where the numbers Ay, (i,k = 1,2) are defined by (2.1). Then the problem
(1.1), (1.2) has a unique solution.

Remark 2.3. The strict inequalities (2.3) cannot be replaced by the nonstrict
ones (see Examples 4 and 4). Furthermore, the strict inequality (2.6) cannot
be replaced by the nonstrict one provided Agy > 1 (see Example 4).

Remark 2.4. Let Hy be the set of triplets (x,y, 2) € Ri satisfying
r<l, y<3 z<(1l-2)(3-vy)

(see Fig. 2.2). According to Theorem 2.3, the problem (1.1), (1.2) is uniquely
solvable if ¢;; € Pgp (1,7 = 1,2) are such that

b b b b
(/511(1)(8)618,/622(1)(8)d$,/gm(l)(S)dS/ﬁgl(l)(S)dS) € Hy.
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Example 4 shows that Theorem 2.3 is optimal whenever 1 < Agg < 3. If
Ago < 1 then the theorem mentioned can be improved. For example, the
next theorem improves Theorem 2.3 if Agy is close to zero.

Theorem 2.4. Let 011 = 1, 099 = —1, and 012091 < 0. Let, moreover,
(2.7) A11 < 1, AQQ < 1,
and

w(l— A1) [1 4 Aga(1 — Agy)]
1— A1 +wAx ’

(2.8) A12A21 <

where

2
(2.9) w=4y1- A1 + <1+\/(1—A11)(1—A22)>

and the numbers Ay, (i,k = 1,2) are defined by (2.1). Then the problem
(1.1), (1.2) has a unique solution.

Remark 2.5. If Ass = 0 then the inequality (2.8) can be rewritten as

2
A1pAs < 4 1—A11+<1+\/1—A11> ;

which coincides with the assumptions of Theorem 2.2 in [9].
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Remark 2.6. Let Hs be the set of triplets (x,y, z) € R:_”,_ satisfying

wo(l —2)[1 +y(1 - y)]
1 -2+ woy

r<l, y<l1l, =z2<

where
2
wo=4v1—-2a+ <1+\/(1—x)(1—y)>

(see Fig. 2.3). According to Theorem 2.4, the problem (1.1), (1.2) is uniquely

Fig. 2.3.

solvable if ¢;; € Py (i, k = 1,2) are such that

b b b b
/511(1)(8)d8,/622(1)(8)038,/612(1)(8)d8/£21(1)(8)d8 € H3.

The next statements concerning the case, where 0117 = —1 and 092 = 1,
follow immediately from Theorems 2.3 and 2.4.

Theorem 2.5. Let 011 = —1, 092 = 1, and o19091 < 0. Let, moreover,
the condition (2.5) be satisfied and

A12A21 < (1 — A22)(3 — A1),
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where the numbers A, (i,k = 1,2) are defined by (2.1). Then the problem
(1.1), (1.2) has a unique solution.

Theorem 2.6. Let 011 = —1, 092 = 1, and g12021 < 0. Let, moreover,
the condition (2.7) be satisfied and

&7(1 — Agg) [1 =+ All(l — All)]
1— Ay +wA;

A4 <

)

where

2
O =4y/1— Ay + (1 + /(1= An)(1 - Azz))

and the numbers A;j (i,j = 1,2) are defined by (2.1). Then the problem
(1.1), (1.2) has a unique solution.

3. Proofs of the Main Results

In this section, we shall prove the statements formulated above. Recall
that the numbers A; (i, k = 1,2) are defined by (2.1) and the function ¢ is
given by (2.2).

It is well-known from the general theory of boundary value problems for
functional differential equations (see, e.g., [12, 8, 11, 16]) that the following
lemma is true.

Lemma 3.1. The problem (1.1), (1.2) is uniquely solvable if and only if
the corresponding homogeneous problem

(3.1) u;(t) =01 ﬁil(ul)(t) + 052 g@'Q(UQ)(t) (Z =1, 2),
(3.2) ui(a) =0, uz(a) =0
has only the trivial solution.

In order to simplify the discussion in the proofs below, we formulate the
following obvious lemma.

Lemma 3.2. (uj,us)? is a solution of the problem (3.1), (3.2) if and
only if (uy, —u2)” is a solution of the problem

(3.3)  Vi(t) = (=) Loy L (v1)(t) + (—=1) o4 Lin(v2) (1) (i=1,2),
(3.4) vi(a) =0, v2(a) =0.

Lemma 3.3 ([6, Remark 1.1]). Let ¢ € Py, be such that

b
/6(1)(s)ds <1
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Then every absolutely continuous function u : [a,b] — R such that
u'(t) > L(u)(t) for t€]a,b], u(a) >0

satisfies u(t) > 0 fort € [a,b].
Now we are in position to prove Theorems 2.1-2.6.

Proof of Theorem 2.1. According to Lemmas 3.1 and 3.2, in order to prove
the theorem it is sufficient to show that the system

(3.5) uy (t) = L11(u1)(t) 4 Lr2(u2)(t),
(3.6) s (t) = Lo1(u1)(t) — Loz (uz)(t)

has only the trivial solution satisfying (3.2).
Suppose that, on the contrary, (ui,us)? is a nontrivial solution of the
problem (3.5), (3.6), (3.2). For i = 1,2, we put

(3.7) M; = max {u;(t) : t € [a,b]}, m; = —min {u;(t) : t € [a,b]}.

Choose «;, 3; € [a,b] (i =1,2) such that the equalities

(3.8) uy(ay) = My, ui(fr) = —m
and
(3.9) uz(az) = Mo, up(f2) = —ma.

are satisfied. Obviously, (3.2) guarantees
MZ‘ZO, miZO for i:1,2.
Furthermore, for i,k = 1,2, we denote

min{«;,0; } max{a;,3}

G Bu= [ aO@ds Di= [ fa)ed
a min{«;,0; }

It is clear that

(3.11) B + D, < Ay, for 1, k= 1,2.

The integrations of (3.5) from a to a1 and from a to (31, in view of (3.7),
(3.8), and the assumptions 11,12 € Py, yield
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(3.12) M, = /€1l(u1)(s)ds+/€12(UQ)(s)ds <

< My /611 dS + Mo /612 )dS < My A1+ MyAqo

and

(3.13 mi = /511 u1 dS — /612 UQ dS <

<m /511 s)ds + ma /fm (s)ds < miAi1 +maAia.

Now we shall divide the discussion into the following two cases.
(a) The function wug is of a constant sign. Then, without loss of generality
we can assume that us(t) > 0 for ¢ € [a, b].
(b) The function ug changes its sign.
Case (a): ua(t) > 0 for t € [a,b]. In view of (2.3) and the assumption
l13 € Py, Lemma 3.3 implies uy(t) > 0 for ¢ € [a,b]. Consequently,

(3.14) My >0, My,>0, M+ My>D0.

The integration of (3.6) from a to s, on account of (3.7), (3.9), and the
assumption fo1, oo € Py, yields

(3.15)
MQ = /Egl(ul)(s)ds — /EQQ(UQ)(S)CZS S M1 /521(1)(8)d5 S M1A21 .

According to (2.3) and (3.14), it follows from (3.12) and (3.15) that
(3.16) 0 < Mi(1— A1) < MyAia, 0 < My < M;As.

Using (2.3) and (3.14) once again, the last relations imply M; > 0, My > 0,
and
ApAg > 1— A > (1= Ann)p(As),

which contradicts (2.4).

Case (b): ua changes its sign. It is clear that

(3.17) My >0,  my>0.
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We can assume without loss of generality that F2 < as. The integrations of
(3.6) from a to (2 and from (2 to aw, in view of (3.7), (3.9), (3.10), and the
assumptions fo1, fo9 € Pyp, result in

(318 mo = /821 ’LL1 d8—|—/€22 UQ dS <

< mi /521 dS + Mo /522 )ds = m1Bo1 + MsBos

and
(3.19) My+mo = /Ezl(ul)(s)ds — /Egg(Ug)(S)ds <
B2

< M; /EQl dS -+ me /622 )dS = M1Do1 + moDos .

On the other hand, using (2.3) and (3.17), from (3.12) and (3.13) we get

M A m A
L 12 1 12

3.20 — — .
( ) ]\42_1—14117 my — 1— A

If we take the assumption (2.4) into account, (3.20) yields

ApA M ApA
my < Anfa g M p,, < A12én

< 1.
meo —1—-An; Mo _1—A11

Consequently, it follows from (3.18) and (3.19) that

m1 Mo My
0<l——By1<——"8B 0 1—7D < —= (D9 —1
< P21 S o B < g, s M2( 22 — 1),

whence we get Dog > 1 and
ma M1
1-—B 1-—D < By9(Dgg — 1).
( . 21)< M 21>_ 22( 22 )

M, 1
1-™Mp,—lp <-=(B Doy — 1
- 21 M, 21 ( 22 + D22 )

Therefore,

(Ago — 1)2,

As\}—‘
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which, together with (3.20), results in

1 2 _my My
A =1——(Ayp—1)" < —B — Do <
p(A22) 4( 22 ) S 21+M2 21 <
Al A12A2
< B D < .
_1—A11( 21 + 21)_1_1411

But this contradicts (2.4).
The contradictions obtained in (a) and (b) prove that the problem (3.5),
(3.6), (3.2) has only the trivial solution. O

Proof of Theorem 2.2. The validity of the theorem follows immediately from
Theorem 2.1. O

Proof of Theorem 2.3. According to Lemmas 3.1 and 3.2, in order to prove
the theorem it is sufficient to show that the system

(3.21) uy () = l11(ur)(t) + L1a(u2)(t),
(3.22) uy(t) = —La1 (ur)(t) — Laz(uz)(t)

has only the trivial solution satisfying (3.2).

Suppose that, on the contrary, (u1,us2)? is a nontrivial solution of the
problem (3.21), (3.22), (3.2). It is clear that one of the following items is
satisfied.

(a) The function us is of a constant sign. Then, without loss of generality,

we can assume that us(t) > 0 for ¢ € [a, b].

(b) The function ug changes its sign.

Case (a): ua(t) > 0 for t € [a,b]. In view of (2.3) and the assumption
013 € Pyp, Lemma 3.3 implies u;(t) > 0 for ¢t € [a,b]. Therefore, by virtue
of the assumptions fo1,02 € Pgp, (3.22) yields uh(t) < 0 for ¢ € [a,b].
Consequently, uo = 0 and Lemma 3.3 once again results in u; = 0, which is
a contradiction.

Case (b): ug changes its sign. Define the numbers M;, m; (i = 1,2) by (3.7)
and choose «;, 3; € [a,b] (i = 1,2) such that the equalities (3.8) and (3.9)
are satisfied. Furthermore, let the numbers B;j, D;; (i, = 1,2) be given by
(3.10). It is clear that

My >0, m; >0, My>0, mo>0.
We can assume without loss of generality that 2 < ag. The integrations of

(3.22) from a to [y and from (2 to ag, in view of (3.7), (3.9), (3.10), and
the assumptions fo1, fo0 € Py, yield
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B2 B2
(3.23) ms = / o (1) (5)ds + / U (u2) (5)ds <

B2 B2
S M1 /521(1)(8)618 + M2 /EQQ(l)(S)dS = MlBgl + MQBQQ
and
a2 a2
(3.24) My+mo = — /ﬁgl(ul)(s)ds — /KQQ(UQ)(S)ds <

B2

B2

(%)) a2

< my /521<1)(3)d8 + mo /Egg(l)(s)ds = mngl + m2D22 .
B2 B2

By virtue of (3.11) and (3.17), it follows from (3.23) and (3.24) that

m M M m
(3.25) 3—A22§1+ﬁ2+gz—322—1722§ﬁ;Bm-i-mf;Dzl-

On the other hand, the integrations of (3.21) from a to «; and from a to i,
on account of (3.7), (3.8), and the assumptions 11,12 € Pgp, yield (3.12)
and (3.13), respectively. Using (2.3) and (3.17), from (3.12) and (3.13) we
get (3.20). Consequently, (3.25) implies

which contradicts (2.6).
The contradictions obtained in (a) and (b) prove that the problem (3.21),
(3.22), (3.2) has only the trivial solution. O

Proof of Theorem 2.4. If A19A21 < (1 — A11)(1 — Age) then the validity of
the theorem follows immediately from Theorem 2.3. Therefore, suppose that

(3.26) A12A21 > (1 — All)(l — AQQ).

According to Lemmas 3.1 and 3.2, in order to prove the theorem it is suf-
ficient to show that the problem (3.21), (3.22), (3.2) has only the trivial
solution.

Suppose that, on the contrary, (u1,u2)” is a nontrivial solution of the
problem (3.21), (3.22), (3.2). Define the numbers M;, m; (i = 1,2) by (3.7)
and choose «;, §; € [a,b] (i = 1,2) such that the equalities (3.8) and (3.9)

)T
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are satisfied. Furthermore, let the numbers B;;, D;; (4,5 = 1,2) be given by
(3.10). It is clear that (3.2) guarantees

MZ'ZO, miZO for i=1,2.

For the sake of clarity we shall devide the discussion into the following

cases.

(a) The function ug is of a constant sign. Then, without loss of generality,
we can assume that us(t) > 0 for ¢ € [a, b].

(b) The function ug changes its sign. Then, without loss of generality, we
can assume that J2 < ao. It is clear that one of the following items is
satisfied.

(bl) wi(t) > 0 for t € [a,].

(b2) ui(t) <0 for t € [a,b].

(b3) The function u; changes its sign.
Case (a): ug(t) > 0 for t € [a,b]. In view of (2.7) and the assumption
l12 € Pyp, Lemma 3.3 implies uy(t) > 0 for ¢ € [a,b]. Therefore, by virtue
of the assumptions fa1,022 € Pup, (3.22) yields uh(t) < 0 for t € [a,b].
Consequently, us = 0 and Lemma 3.3 once again results in u; = 0, which is
a contradiction.

Case (b): uz changes its sign and (2 < az. Obviously, (3.17) is true. The
integrations of (3.22) from a to [y and from [ to ag, in view of (3.7),
(3.9), (3.10), and the assumptions f21, 22 € Py, yield (3.23) and (3.24),
respectively. At first we note that, by virtue of (2.7), the assumption (2.8)
implies

(327) A22 |:A12A21 — (1 — All)(l — AQQ) <1-— A11 .

Now we are in position to discuss the cases (b1)—(b3).

Case (b1): ui(t) > 0 fort € [a,b]. This means that m; = 0. Consequently,
(3.24) implies
My < ma(Daz — 1) < ma(Az — 1),

which, together with (2.7), contradicts (3.17).

Case (b2): u1(t) <0 fort € [a,b]. This means that M; = 0. Consequently,
(3.23) and (3.24) yield

(3.28) My < myAy —ma(l — Ag), ma < MaAs .

On the other hand, the integration of (3.21) from a to (1, in view of (3.7),
(3.8), and the assumption £11, /21 € Pgp, results in (3.13). If we take now
(2.7) into account, it follows from (3.13) and (3.28) that
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ma(1l — A1) < MaAxp(l—An) <
<mpA Al — A1) — moAaa(l — A1) (1 — Agp) <
< maAi2As1 Asg — maAaa(l — Aqq)(1 — Aga).

Since may > 0, we get from the last relations that
1— Ay < Ag|ApAar — (1= Anp)(1— A22)],

which contradicts (3.27).

Case (b3): w1 changes its sign. Suppose that a; < (1 (the case, where
aq > (1, can be proved analogously). Obviously,

(3.29) M; >0, m;>0 for i=12.

is true. The integrations of (3.21) from a to a; and from «; to (31, on
account of (3.7), (3.8), (3.10), and the assumptions ¢11, {12 € Pgp, yield

(3.30) M; = /611 u1 s)ds+/€12(u2)(s)ds <

< M; /511 dS + My /ﬂlg )ds = M B11 + M>Bi2

and

B1
(331) M+ mq = /Ell(ul) dS — /812 U2 )ds <

aq

<my /511 s)ds + mo /512 (s)ds = m1 D11 + maDq2,

aq

respectively. By virtue of (2.7), (3.29), and (3.11), combining the inequali-
ties (3.23), (3.24) and (3.30), (3.31), we get

mao M2 M
3.32 0<—+—+—"(1—-D9y) <A —B
( ) M1+m1+m1( 92) 21+M 22
and

M m M
(3.33) 0<ﬁ;(l_Bll)+m7;(1_Dll)+m7;§A12’
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respectively.
On the other hand, in view of (2.7), the relations (3.24) and (3.31) imply

Ma(1 — Aqr) < mg [A12A21 —(1—Apn)(1 - A22)]
Using (3.23) and (3.26) in the last inequality, we get
M, (1 — Ay — Agg[ApAg — (1 — Apy)(1— A22)]) <

< M Ay [A12A21 —(1—-An)(1- A22)}-
Consequently,

(1—An)Ay
1— A — Agp [A12A21 —(1-An)(1 - Am)}

M-
(3.34) Ao+ Mi By <

)

because the inequality (3.27) is true.
Now, it follows from (3.32)—(3.34) that

1—A11)A0A
( 11)A12421 2@(1—311)-1-

(3.35) e
1— Ay — Ag|AgAs — (1 — A1)(1 — A22)] 2

My Mo M7 Moy

—(1-D 1+—(1—-B8B —(1-D
+Ml( 1) + + ( 11)+ ( 1) + p—
Mima

M2m1

My
(1—-DBu1)(1 - D22) +(1— D11)(1 — Dao) + pon (1 — Daa).
Using the relation

x4y >2y/ry for >0, y>0,

we get
M1M2 Mlmg
. 1-B 1-D > 2 —_— 1-B 1-D
(3.36) i + Ny ( 11)( 22) \/ 11)( 22) ;
M M
(3.37) 1(1—B11)+2—\/ 1= Bi1)(1 = Dag) + — (1 — Dygy) =
mq my

2
mel(\/l—Bn%-\/l—Dm) ;
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M 2 m
(333) 1 (VI=Bu+1-Dxn) +2+(1-Dy)>
mq M1

22\/1—D11(\/1—311+\/1—D22) >
> 2y/1 = Bi1 — D11 +2v/(1 — D11)(1 — Do) >
22\/1—A11+2\/(1—D11)(1—D22),

and

ma

(3.39) o

M.
(1- B+ m—z (1= Dy1) >2/(1 = B11)(1 = Dyy)
>24/1— Aq;.
Finally, in view (3.36)—(3.39), (3.35) implies
(1—A11)A124% S
1— A — Ag [A12A21 —(1-An)(1- A22)} a
>4y/1— A+ 142/ (1 = D11)(1 — Dy3) + (1 — Dy1)(1 — Do) >
2
> 44/1— Ay + (1+\/(1—A11)(1—A22)) =w,

which contradicts (2.8).
The contradictions obtained in (a) and (b) prove that the problem (3.21),
(3.22), (3.2) has only the trivial solution. O

Proof of Theorem 2.5. The validity of the theorem follows immediately from
Theorem 2.3. O

Proof of Theorem 2.6. The validity of the theorem follows immediately from
Theorem 2.4. O

4. Counter—examples

In this part, the counter—-examples are constructed verifying that the
results obtained above are optimal in a certain sense.

Example 4.1. Let o, € {—1,1}, hy, € L([a, b];R+) (i,k =1,2) be such
that

b
g11 — 1, /hu(s)ds > 1.
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It is clear that there exists tg € ]a, b] such that

to

/hll(s)ds = 1.

a

Let the operators £, € Py (i, k = 1,2) be defined by

(4.1) L)) E hig (o (7 (1)) for ¢ € [a,b], v € C([a, b]; R),

where 711 (t) = to, T12(t) = a, 721(t) = a, and T92(t) = a for ¢ € [a,b]. Put
t
u(t) = /hn(s)ds for t € [a,b)].

It is easy to verify that (u,0)7 is a nontrivial solution of the problem (1.1),
(1.2) with ¢; =0 and ¢; =0 (i = 1,2).

This example shows that the constant 1 on the right—hand side of the
inequality in (2.3) is optimal and cannot be weakened.

Example 4.2 Let o, € {—1,1}, hj, € L([a, b};R.}r) (i,k = 1,2) be such

that
b

099 = —1, /hgg(s)ds Z 3.

a

It is clear that there exist ¢y € ]a,b] and t; € Jtp, b] such that

to t1
/hgg(s)ds = 1, /hgg(s)ds = 2.
a to

Let the operators £, € Pgy, (i, k = 1,2) be defined by (4.1), where 71 (t) = a,
T12(t) = a, 121(t) = a for t € [a,b], and

(t) t1 for te€ [(I, to[
T = .
22 to for te [to, b]

Put
t
[ haa(s)ds for t e a,to]

t .
1— [ hoo(s)ds  for te [to,b]
to
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It is easy to verify that (0,u)” is a nontrivial solution of the problem (1.1),
(1.2) with ¢; =0 and ¢; =0 (i = 1, 2).

This example shows that the constant 3 on the right—hand side of the
inequality in (2.3) is optimal and cannot be weakened.

Example 4.3. Let 011 = 1, 012 = 1, 091 = 1, 099 = —1 and let the
functions h;, € L([a,b];Ry) (i,k = 1,2) be such that

b b
/hll(s)ds <1, /hQQ(S)dS <1,

and
b b b

‘/mﬂgw/ﬁm@msz1—/ﬁngm&

a a a

It is clear that there exists ¢y € ]a, b] satisfying

to to to
/hlg(s)dS/hgl(S)dSZ 1 —/hn(S)dS.

Let the operators {;, € Py, (i, k = 1,2) be defined by (4.1), where 711 (t) = to,
Tlg(t) = to, TQl(t) = tg, and ng(t) =aforte [a,b]. Put

to
t 1-— fhn(s)ds t
ui(t) = /hll(s)ds—l—toa /hlg(s)ds for t € [a,b,
a fhlg(s)ds a

mm_/mmm for € [a,b].

a

It is easy to verify that (u1,us)” is a nontrivial solution of the problem (1.1),
(1.2) with ¢; =0 and ¢; =0 (i = 1,2).

This example shows that the strict inequality (2.4) in Theorem 2.1 cannot
be replaced by the nonstrict one provided Ass < 1.

Example 4.4. Let 011 = 1, 013 = 1, 091 = 1, 099 = —1, and let the
functions hi1, hoo € L([a, bl; RJr) be such that

b b
(4.2) /hu(s)ds <1, 1< /hQQ(S)dS < 3.
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Obviously, there exists to € |a, b] satisfying

b
to [ haa(s)ds — 1
(4.3) / hoa(s)ds =

a

2

Furthermore, we choose hio, ha1 € L([a, bl; R+) with the properties

h21<t) =0 for te [to,b]

and

b b b . b 2
/hlg(s)ds/hgl(s)ds Z 1-— /hn(s)ds 1-— Z /hQQ(S)dS —1
It is clear that there exists t; € |a, b] such that

t1 to t1 1 b 2
/hlg(s)ds/hgl(s)ds =11- /hll(s)ds 1- 1 /hgg(s)ds -1

Let the operators £;; € Py (i, k = 1,2) be defined by (4.1), where 711 (t) = t1,
T12(t) = {p, Tzl(t) =t fort e [a, b], and

b for t € la,t
(4.4) Tao(t) = la, ol .
to for te€ [to, b]
Put
t1
fhlg(s)ds t t
ui(t) = ‘ltl— /hll(s)ds—l—/hlg(s)ds for t € [a,b],
1 —fhn(s)ds a a
a
i t b t
[ hi2(s)ds [ ha1(s)ds (f h22(8)d8—1) J haa(s)ds
. TR + =2 R for t € [a,to]
uQ(t) — 1— [ h11(s)ds
t
1 — [ hoa(s)ds for t € [to, ]
to

It is easy to verify that (uy,uz2)? is a nontrivial solution of the problem (1.1),

(1.2) with ¢ =0 and ¢; =0 (i = 1,2).
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This example shows that the strict inequality (2.4) in Theorem 2.1 cannot
be replaced by the nonstrict one provided Age > 1.

Example 4.5. Let 01;, = 1, 09; = —1 for i = 1,2 and let hqi1,hos €
L([a,b);R4) be such that (4.2) is true. Obviously, there exists ty € ]a, b
satisfying

to

(4.5) /hQQ(S)dS =1.

a

Furthermore, we choose hio, ho1 € L([a, bl; R+) with the properties

hgl(t) =0 for te [a,to]

and
b b
/hlz(s)d hg] ds > h11 3—/h22(8)d8
a a

It is clear that there exists t1 € ]a, b] such that
t1 b
/hlg(s)ds h21 ds = h11 2—/h22<3)d8
a to to

Let the operators £;; € Py (i, k = 1,2) be defined by (4.1), where 711 (t) = t1,

T12(t) = to, T21(t) = t1 for t € [a, b], and Too is given by (4.4). Put
51
fhlg(s)ds 3
ui(t) = — [ h11(s)ds +/h12(s)ds for t € [a,b),
1— fhn dS a
to
— fhgg S dS for te [a,to[
u?(t) = fh12(5 S t .
1-— fh2l dS — fhgg(s)ds for te [to,b]
1— f h11 ds to to

It is easy to verify that (u1,uz)” is a nontrivial solution of the problem (1.1),
(1.2) with ¢; =0 and ¢; =0 (i = 1,2).

This example shows that the strict inequality (2.6) in Theorem 2.3 cannot
be replaced by the nonstrict one provided Ags > 1.
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