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1. Introduction

The subject of the paper is the construction of the solution to the equation

(1)

( ∞∑

i=1

D2
xi
−Dt

)
u(x, t) =

∞∏

i=1

fi(xi, t), x = (x1, x2, ...) ∈ R∞

in the domain

D = {(x, t) : xi ∈ (−∞,∞), i = 1, 2, ..., t ∈ (0, T )},
satisfying the initial condition

(2) u(x, 0) =
∞∏

i=1

hi(xi), xi ∈ (−∞,∞), i = 1, 2, ....

To solve the problem (1)-(2) we shall apply the suitable kernels being fun-
damental solutions of the equations

(D2
xi
−Dt)Ui(xi, t; yi, s) = 0, i = 1, 2, ...,

where
Ui(xi, t; yi, s) = A (t− s)−1/2exp(B(t, s)(xi − yi)

2

A = (2
√

π)−1, B(t, s) = (−4(t− s))−1.

In [2] the similar Cauchy problem for homogeneous equation is treated.
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2. Solution of the homogeneous problem

in the space R∞

Let us consider the following potentials:

Vi(xi, t) =
∫ ∞

−∞
hi(yi)Ui(xi, t; yi, 0)dyi, i = 1, 2, ...,

V∞(x, t) =
∞∏

i=1

Vi(xi, t) =
∫

R∞

∞∏

i=1

hi(yi)Ui(xi, t; yi, 0)dyi,

where x = (x1, x2, ...) ∈ R∞, t ∈ (0, T ).
Denote by (Π) the class of all functions hi : R → R, such that the infinite

product
∞∏
i=1

hi(yi), yi ∈ (−∞,∞), i = 1, 2, ..., is convergent.

Denote by C(R)
⋂

B(R) the class of all continuous and bounded functions
hi : R → R.

By [2], we have

Theorem 1. If hi ∈ (Π), i = 1, 2, ..., and hi ∈ C(R)
⋂

B(R), then:

1.

( ∞∑
i=1

D2
xi
−Dt

)
V∞(x, t) = 0, x = (x1, x2, ...) ∈ R∞, xi ∈ (−∞,∞),

i = 1, 2, ..., t ∈ (0, T ).

2. V∞(x, 0) =
∞∏
i=1

hi(xi), x = (x1, x2, ...) ∈ R∞, xi ∈ (−∞,∞),

i = 1, 2, ... , t ∈ (0, T ).

Conclusion 1. The function

u(x, t) = V∞(x, t) =
∫

R∞

∞∏

i=1

hi(yi)Ui(xi, t; yi, 0)dyi,

x = (x1, x2, ...) ∈ R∞, t ∈ (0, T ),

is the solution of the Cauchy problem for homogeneous parabolic type equa-
tion in R∞ with initial condition (2).

3. The potential compatibility with considered problem

and its properties

Now, let us consider the following potential:

W∞(x, t) =
∫ t

0

∫

R∞

∞∏

i=1

fi(yi, s)Ui(xi, t; yi, s)dyids,

x = (x1, x2, ...) ∈ R∞, t ∈ (0, T ).
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Denote by (K) the class of all functions fi : D1 → R, D1 = (−∞,∞) ×
(0, T ) such that:

1. fi ∈ C1,0(D1), i = 1, 2, 3, ....

2. Dj
yifi(−∞, s) = Dj

yifi(∞, s) = 0, s ∈ (0, T ), j = 0, 1, 2, i = 1, 2, 3, ...

3. Dj
yi

∞∏
i=1

fi(yi, t) is convergent for yi ∈ (−∞,∞), j = 0, 1, 2,

4. Dt

∞∏
i=1

fi(yi, t) is convergent for yi ∈ (−∞,∞).

5. comp.supp fi ⊂ (−∞,∞)× [0, T ] .

Theorem 2. If hi ∈ (Π)
⋂

C(R)
⋂

B(R), fi ∈ (K), i = 1, 2, ... and if
∞∏
i=1

yi is convergent for yi ∈ (−∞,∞), then:

1.

( ∞∑
i=1

D2
xi
−Dt

)
W∞(x, t) =

∞∏
i=1

fi(xi, t), x = (x1, x2, ...) ∈ R∞,

xi ∈ (−∞,∞), i = 1, 2, ..., t ∈ (0, T ).

2. W∞(x, 0) = 0, x = (x1, x2, ...) ∈ R∞, xi ∈ (−∞,∞), i = 1, 2, ...,
t ∈ (0, T ).

Proof. Ad.1. We have

D2
xi

W∞(x, t) =
∫ t

0

∫

R∞
D2

xi

∞∏

i=1

fi(yi, s)Ui(xi, t; yi, s)dyids,

DtW∞(x, t) = lim
s→t

∫

R∞

∞∏

i=1

fi(yi, s)Ui(xi, t; yi, s)dyi

+
∫ t

0

∫

R∞

∞∏

i=1

fi(yi, s)
∞∑

k=1

((DtUk(xi, t; yi, s)
∞∏
i=1
i 6=k

Ui(xi, t; y, s)dyids).

By Poisson theorem, [1], p. 336, we obtain
( ∞∑

i=1

D2
xi
−Dt

)
W∞(x, t) =

∞∏

i=1

fi(xi, t)

+
∫ t

0

∫

R∞

∞∏

i=1

fi(yi, s)
∞∑

k=1

((D2
xi

Uk(xi, t; yi, s)
∞∏
i=1
i 6=k

Ui(xi, t; yi, s)dyids)

−
∫ t

0

∫

R∞

∞∏

i=1

fi(yi, s)
∞∑

k=1

((DtUk(xi, t; yi, s)
∞∏
i=1
i 6=k

Ui(xi, t; yi, s)dyids)
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=
∞∏

i=1

fi(xi, t) +
∫ t

0

∫

R∞

∞∏

i=1

fi(yi, s)
∞∑

k=1

((D2
xi
−Dt)Uk(xi, t; yi, s)

×
∞∏
i=1
i6=k

Ui(xi, t; yi, s)dyi

=
∞∏

i=1

fi(xi, t) for (x, t) ∈ D.

Ad 2. We have

W∞(x, 0) = lim
t→0

n→∞

∫ t

0

∫

Rn

n∏

i=1

fi(yi, s)Ui(xi, t; yi, s)dyids

=

∣∣∣∣∣ lim
t→0

n→∞

∫ t

0

∫

Rn

n∏

i=1

fi(yi, s)(t− s)−
1
2 exp

(
−(xi − yi)2

4(t− s)

)
dyids

∣∣∣∣∣

≤ sup
(−∞,∞)×[0,T ]

|fi(yi, s)|
∣∣∣∣∣ lim

t→0
n→∞

∫ t

0

∫

Rn

(t− s)−
1
2 dyids

∣∣∣∣∣

= sup
(−∞,∞)×[0,T ]

|fi(yi, s)| lim
t→0

n→∞
2 · tn/2

n∏

i=1

yi

≤ sup
(−∞,∞)×[0,T ]

|fi(yi, s)| lim
t→0

n→∞
2 · t · const → 0 as t → 0.

¥

Conclusion 2. The function

u(x, t) = V∞(x, t) + W∞(x, t) =

=
∫

R∞

∞∏

i=1

hi(yi)Ui(xi, t; yi, 0)dyi

+
∫ t

0

∫

R∞

∞∏

i=1

fi(yi, s)Ui(xi, t; yi, s)dyids,

x = (x1, x2, ...) ∈ R∞, t ∈ (0, T )

is the solution of the Cauchy problem (1)-(2).

4. Examples of the convergence of the infinite products

Example 1. By [2], p. 97, we have that the following infinite products:
∞∏
i=1

(
1 + xi

i2

)
and xi

(
1− x2

i
12π2

)(
1− x2

i
32π2

) (
1− x2

i
52π2

)
... are convergent for

every xi ∈ R.
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Example 2. By [2], p. 97, we have that the following infinite product:
∞∏
i=1

hi(xi), where hi(xi) =
(
1− 1

(i+1)2

)
x2

i for xi ∈ (0, 1) and hi(xi) = 0

for xi ∈ R\(0, 1), is convergent for every xi ∈ (0, 1) and
∞∏
i=1

hi(xi) = 0 for

xi ∈ R\(0, 1).

Example 3. By [2] and [3] , we have that the following infinite product:
∞∏
i=1

fi(xi, t), where fi(xi, t) =
(
1− 1

(i+1)2

)
x2

i t
1/2 for (xi, t) ∈ (0, 1) × (0, 1)

and fi(xi, t) = 0 for (xi, t) ∈ R2\(0, 1) × (0, 1), is convergent for every

(xi, t) ∈ (0, 1)× (0, 1) and
∞∏
i=1

fi(xi, t) = 0 for (xi, t) ∈ R2\(0, 1)× (0, 1).
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