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ABSTRACT. Kasana and Kumar [5] obtained the (p,q)—growth
parameters in terms of Chebyshev and interpolation errors for en-
tire functions on a compact set E of positive transfinite diameter.
Rizvi and Nautiyal [9] studied the order and type in terms of these
errors for the functions which are not entire. But these results do
not give any specific information about the growth of non-entire
functions if maximum modules is increasing so rapidly that the
order of function is infinite. In this paper an attempt has been
made to extend the results contained in [9] for functions having
rapidly increasing maximum modulus.
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1. Introduction

Let E be a compact set in complex plane and €M™ = {£,0,&n1, ..., Em}
be a system of (n + 1) points of the set £ and define

VEM) = T 16y — &l

0<j<k<n

and
n

Aj<§(”)): H |&nj — &kl 7=0,1,....n

k=0,k#j

Again, let (™ = 5,5, 701, ..., Mun be the system of (n + 1) points in E
([11],[16]) such that

Vo, =V(E™)= sup V(™)
¢MCE

* This work dedicated to my teacher Late Prof. H.S. Kasana Senior Associate ICTP,
Trieste, Italy.
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and .
AO(n(n)) < AJ(T](”)) for 7=1,2,...,n.

Such a system always exists and is called the n'? extremal system of E.
The polynomials

L™ = ] (-77) j=0.1,...n,

k=0,k+; i — Tink

are called the Lagrange extremal polynomials and the limit d = d(F) =
lim,, o0 Vn2 /n{n+1) is called the transfinite diameter of E.
Let C(E) denote the algebra of analytic functions on E. Let us define

the approximation errors as follows:
En1(f, B) = Ena(f) = inf [If =gl

where ||.|| is the sup norm and m,(z) denotes the set of all polynomials of
degree < n
Further, we also define

En,?(f;E) = En,?(f) = HLn - Ln—lH,n Z 2

En,?)(f;E) = En,?)(f) = HLn - f”7
where n € N and

N
Ln(2) = ZL(j)(Zvn(n))f(nnj)

Jj=0

is the Lagrange interpolation polynomial of degree n.

Kasana and Kumar [5] have studied the growth parameters in terms of
Chebyshev and interpolation errors E, ;(f), j = 1,2,3 for entire functions
of index-pair (p,q). Rice [8] and Winiarski [16] have obtained these results
for (p,q) = (2,1). Also when E = [—1, 1], Bernstein [2], Juneja [3], Reddy
[7], Shah [10] and Varga [14] have studied the rate of decay of these errors
for entire functions. All these results do not give any information about the
rates of decay of these errors when feC(E) is not entire. However, Rizvi
and Nautiyal [9] studied the rates of decay of E,, ; when f is not entire. But
the results contained in [9] do not give any specific information about the
growth of f(z) if maximum modulus of f(z) is increasing so rapidly that
the order of f(z) is infinite. In the present paper we have extended the
results of Rizvi and Nautiyal [9] for the functions having rapidly increasing
maximum modulus. Our results give the generalizations of the results in [9]
obtained for ¢ = 2. Although, Jozef Siciak [12] obtained some results on
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approximation and interpolation by transcendental polynomials in several
variables for any function holomorphic in a neighborhood of compact set F.
But our results are different from those of Jozef Siciak [12].

2. Definitions and auxiliary results

We first introduce the concept of domain of regularity for a function
feC(E).

Let E, = {z:|¢(z)| =r},r > 1, where the univalent function w = ¢(z)
maps the complement of F onto |w| > 1 such that ¢(c0) = oo and ¢’(c0) > 0.
Then E, is an analytic Jordan curve. Let D, be the bounded domain with
the boundary F,. Then E C D, for each r (1 < r < 00) and E, C D, for
r’ > r. Since through an arbitrary point 2y ¢ E there passes one and only
one curve E, (1 <r < o0), it follows that for each f € C(FE) there exists a
unique R = R(f) (1 < R < 00) such that f can be extended analytically to
D, for each r < R but for no r > R. We call Dg the ’domain of regularity’
for f and denote the class of those f € C(FE) which have domain of regularity
Dpr by C(E,R).

The concept of index g, the g-order and g-type were introduced by Bajpai
et al. [1] in order to obtain a measure of growth of the maximum modulus,
when it is rapidly increasing. Thus we define the growth parameters for a
function f € C(E, R) as follows:

A function f € C(E,R),1 < R < oo, will be said to be of g-order p(q)

(p(q) <00, plg—1)=00,¢=2,3,...) if

L log[‘ﬂ M(r)
pla) =1 Sub 5o RIR - 1)

where

JWHEMWﬁZQgUM!

and

log® M (r) = M(r), logl® M () = log logle™" M (r)

In case 0 < p(q) < oo, the g-type T'(¢)(0 < T'(q) < o0) of f is defined as

) logld= M (1)
T =1
(@) =lim sup R )@

Now, it will be justified to give the definition of g-order and g-type of a
function analytic in the disk |z] < R, 0 < R < oo. Let py and Ty are p and
T for the case of E the finite disk.
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f(2) is analytic in |z| < R, then the g-order p,(q) of f(z) is defined as

(¢) = lim sup log!” M(r)
po k- log(R/(R—7))’

where M (r) = M(r, f) = max,cp, |f(2)]. If 0 < po(q) < oo, then the type
To(q) of f is defined as

OSPOSooa

Now we prove

Lemma 1. Let f(z) =Y 07 anz" be analytic in |z] < R (0 < R < c0)
and have q -order po(q) (po(q) > 0,9 > 2). Then

log[qfl] n
Alq) = 1i
pla) + Alg) = lim sup logn — logt log™ |a,| R™’

where A(q) = 1if ¢ =2, A(q) =0 if ¢ > 3 and for x > 0, we put logt x =
max(log z,0).

0<py <o

Lemma 2. Let f(z) =Y 2 anz" be analytic in |z| < R (0 < R < c0).
Then f is of q-order py(q)(0 < po(q) < 00) and q-type To(q) if and only if

V(g) = To(q)B(q),

whereB(q):Mfrq—ZandB( )=1ifq=3,4,... and

0

V(g) = lim sup (logl"=2 n)(log* |a,| R™)P(@+A@),
n—od
The above lemmas can be easily proved c.f.([4], Theorems 1 and 5).
Let w = 9(z) be the univalent function which maps the complement of
E onto |w| > d such that 1)(c0) = 0o and 1’(00) = 1. Set E, = {2 : [¢(2)]| =
r},r > d,d > 1,7 > 1 and denote by D, the domain interior of E,. E, is
the largest equipotential curve of E. For r = d = 1, E, = E. We have taken
the case r > d. Then we have

Lemma 3. Let f(z) be analytic in D,,,ro > d. Then for every positive
integer n there exists a polynomial Q, € m, such that

()~ Qu2)| < ANI(r) (d) e B

r

for all r(< ro) sufficiently close to ro. Here A is a constant depending on
the set E and o but is independent of n and r and

M(r) = M(r,f) = max|f(2)]-
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Proof. It can be shown [13, p. 138] that, inside D,
(1) f(z) =) Crgr(2),
k=0

where {g;}72, is the sequence of Faber polynomials for £ and the series on
the right hand side of (1) converges uniformly on compact subsets of Dy,
Further, the Cj s satisfy

(2) ICy| < M(r)/rk for d<r<ry and k=0,1,2,...
Also from [13, p. 137], we have
(3) lgu(2)] < 2d* for ze E and k=0,1,2,3,...

Taking Qn = > p_o Crgr(z) with (2) and (3), we get

o0

1£(2) = @Qu(2)l < D ICkllgk(2)]
k=n-+1
< 2M(r) Y (d/r)Fd<r<rg
k=n+1

- (%) ()

The lemma easily follows by taking » > ((d +1')/2) if ' < oo, and r > 2d
if ' = oo. [ |

Lemma 4. Let f € C(E,R), R > 1. Then
Eni(f) < AM(r, f)(r)", 2€E, n=0,1,2,...

for all r(< R) sufficiently close to R. Here A is a constant depending on E
and R but independent of n and r.

Proof. By Lemma 3, for every positive integer n, there exists a polyno-
mial @,, of degree at most n such that

(4) ’f(z) - Qn(z)‘ < 2dkAM<T7 f)(r)nv S E?

for all r (< R) sufficiently close to R. In view of definition of E, ;(f) and
constant A we get the required result. |
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Lemma 5. Let f € C(E), then
En,l(f) < En,S(f) < (n+ Z)En,l(f)a
Ena(f) < 2(n+2)E,_11(f).

The lemma follows from Winiarski [16].

3. Main results

In this section we investigate the growth parameters of a function f €
C(E,R), 1 < R < o0, in terms of E,, ;(f).

Theorem 1. Let f € C(E), then f € C(E,R),R > 1, if and only, if

lim sup (E,;(f)"" = 1/R, j=1,2,3.

n—oo

Proof. First let f € C(E, R). Then, by Lemma 4, we have

lim sup (En1(f)"" < 1/r

n—oo

for all r (< R) sufficiently close to R and so

lim sup (En1(f))"/" < 1/R.

n—oo

Also it is known [15, Chapter XII] that there exist polynomials P, =
P,(f) € m, such that

Eo1(f) = |If—pull, n=0,1,2,...

and
(5) f(z) = Po(2) + D> _(Puta(2) = Pu(2))
n=0

holds in Dg and the series on the right hand side of (5) converges uniformly
on compact subsets of Dg. Now

[Pat1(2) = Pu(2))ll < 2Ena(f)
and
(6) |Pry1(z) — Po(2))] < 2En,1(f)r”+1 for zeFE., r>1.

In view of (6) we see that if limsup,,_, (En.1(f))"/" < 1/R, then the series
on the right hand side of (5) converges uniformly on compact subsets of Dp/
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for some R’ > R, which is a contradiction. Hence limsup(E, 1(f))"/" = 1/R
asn — o00. This proves the necessary part of the theorem for j = 1. Theorem
1 of [13, p.17] with Lemma 5 proves also the necessary part for j = 2,3. The
sufficiency part can also be proved similarly. |

Theorem 2. Let f € C(E,R), 1 < R < o0, be of order p(q). Then

7 A == 1 bl
@ pla) +A() 1m nsggo logn —log™ logt E, ;(f)R"

j=1,2,3.

Proof. In view of Lemma 5 and Theorem 1 of [13, p. 17] it is sufficient
to prove the theorem for the case j = 1. Thus for j =1, let
logn — log™ log® E,1(f)R"

lim inf — = a.
n—o0 log?™*n

Obviously 0 < a < oo. First suppose that 0 < o < oo. Then, by the
definition of a, there exists a sequence {ny} of positive integers tending to
infinity such that

(8)  log En,,(f)R™ > ng(loglt=2 ny)=et) for  k=1,2,3,...
Using Lemma 4 and (8) we obtain
9) log M(r) > ng(loglt=2 ng)(79F9 4 nylog(r/R) — log A

for the sequence {n;} and all r(< R) sufficiently close to R. Let {r;} be a
sequence defined by

ne = expl?2 {elog (R/ry)}, k=1,2,3,..., then r, — R as k — oc.
Thus, using (9), for all sufficiently large values of k, we get
log M(rp) > (1 —e)ng(loglt=ny)~@+9[1 4+ 0(1)]
= e(e — 1) {expl™ (elog(R/ri)) "+ Hog(R/r) T [1 + 0(1)].

Since log(R/(R — 1)) —loglog(R/rk) as k — oo, after a simple calculation
the above inequality gives

(10) p(q) + Alg) > 1/a.

Now by (5), we have that

f(z) = Py(2) + > (Pat1(2) — Pu(2)) holds in D;.
n=0
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Thus in view of (6), we get

(1) [f(2)] < Po(2) + Y 1(Pasi(z) = Pa(2))| S K +2) Epa(f)r*!
n=0 n=0

for z € E,,1 <r < R. (11) gives

(12) M(r,f) < K +2M(r,h),

where h(z) =Y 0%  E,1(f)z""!. By Theorem 1, h(z) is analytic in |z| < R.

Using (12) and Lemma 1 for h(z), we get

(13) p(q) + Alg) < 1/a.

Combining (10) and (13), the proof is completed for 0 < a < oco. Also
both inequalities are trivially true if @« = 0 or @ = oo. Hence the proof is
completed. [ |

Theorem 3. Let f € C(E,R), 1 < R < oo, and have q—order p(q)(0 <
p(q) < 00), ¢ —type T(q), then

(14) G(q) = T(q)Bo(q),

where By(2) = %dmm, A(2) = 1 and Bo(q) = 1, Alq) = 0 if
q=3,4,...

<log+ En (f)R" ) p(@)+A(q)

n

(15) G(g) = lim sup (logl7=2 n)

n—oo

Proof. Let G(q) < co. For given € > 0, by (15) we have

+ , n\ P(@)+A(g)
(1ogh 2 n) <log Eny(H)R )

n

< G(q)+e, for all n > ny=ng(e),
or
logh"™In + (p(q) + A(q)) [log* log™ E, ;(f)R" —logn] < log(G(q) + €),

or

log!"~!n log(G(q) + ¢)
logn —log™logt E, ;(f)R" logn —log™tlogt E, ;(f)R"

plq) + Alq) >
Let 0 < T'(q) < oo. For given € > 0, by definition, we have

(16) log M(r) < expl™2 {(T(q) + €) (R/ (R — 1))@}
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for all r such that 0 < 79 =rp(e) <r < R.
In view of Theorem 1 of [13, p. 1] and Lemma 5 it is sufficient to prove
the theorem for j = 1. Thus using Lemma 4, (16) gives

a7 logt Bua(NR" < explt2 {(1(q) + ) (R/(R - )@}
+ nlog(R/r) + log A.

The maximum value of right hand side of (17) is uniquely determined by
the value of r given by

q—2
i _oye@) - MB—T)
(18) []eo {T@+ /(R -ny} =20
For ¢ = 2, using (18) in (17), we get
T 1/(p(0)+1) (@) / (14p(q))
log™® Ep1(f)R" < a) ;E;))p(Q)/(H:L(Q)H) (14 p(g) +o(1))

for all sufficiently large value of n. On proceeding to limits, the above
inequality gives (14) for ¢ = 2
Next, for ¢ = 3,4, ... (18) gives

R (mgqﬂn)l/mq)
~ as mn — OQ.

R—r T(q)+e¢
Thus for n > ng, (17) gives
logt E,1(f)R" < n+nlog(R/r) + logA,

or

+ n\ Pa)
logle~? n<1+o<1>><1°g E’“;;MR) < (T(a) + (1 + o(1)).

Proceeding to limits as n — oo, the above inequality gives
T(q) = G(q) for q=3.

The reverse inequality follows from (12) by applying Lemma 2 to the function
h(z). If G(q) is infinite then T'(q) = co and f is of growth (p(g), c0). Hence
the theorem is completed. |

Acknowledgements. The author is extremely thankful to the referee
for giving valuable suggestions to improve the paper.



o6

DEVENDRA KUMAR

References

[1] Bajpar S.K., KApoOr G.P., JUNEJA O.P., On entire functions of fast

growth, Trans. Amer. Math. Soc., 203(1975), 275-298.

[2] BERNSTEIN S.N., Lecouns sur les properties extremales et al meilleure approx-

imation des functions analytiques d’une variable seele, Gauthier-Villars, Paris
1926.

[3] JuNEJA O.P., Approximation of an entire function, J. Approz. Theory, 11

(1974), 343-349.

[4] Kapoor G.P., GorAL K., On the coefficients of functions analytic in the

unit disc having fast rates of growth, Annali di Matematica Pura ed Applicata,
61 (1979), 331-349.

[5] KasaNnAa H.S., KumaARr D., On approximation and interpolation of entire

function with index-pair (p,q), Publicacions Matematiques, 38(1994), 255-267.

[6] REDDY A.R., Approximation of an entire function, J. Approz. Theory,

3(1970), 128-137.

[7] REDDY A.R., Best polynomial approximation to certain entire functions, J.

Approx. Theory, 5 (1972), 97-112.

[8] RICE J.R., The degree of convergence for entire functions, Duke Math. J.,

38(1971), 429-440.

[9] Rizvi S.R.H., NAuTIYAL A., On the approximation and interpolation of an

analytic function, Math. Student, 49(3)(1981), 281-290.

[10] SHAH S.M., Polynomial approximation of an entire function and generalized

orders, J. Approx. Theory, 19(1977), 315-324.

[11] Sic1AK J., On some extremal functions and their applications in the theory

of analytic functions of several complex variables, Trans. Amer. Math. Soc.,
105(1962), 322-357.

[12] SiciAk J., Approximation by transcendental polynomials, Ann. Polon. Math.,

46(1985), 299-309.

[13] SMmirNOV V.I., LEVEDEV N.A., Functions of a Complex Variable: Construc-

tive Theory, M.I.T. Press, Mass., U.S.A. 1968.

[14] VARGA R.S., On an extension of a result of S.N. Bernstein, J. Approz. Theory,

1(1968), 176-179.

[15] WALsH J.L., Interpolation and Approzimation by Rational Functions in the

Complex Domain, Amer. Math. Soc. Providence, R.I. 1935.

[16] WiNIARSKI T.N., Approximation and interpolation of entire functions, Ann.

Polon. Math., 23(1970), 259-273.

DEVENDRA KUMAR
DEPARTMENT OF MATHEMATICS, D.S.M. DEGREE COLLEGE
KANTH-244 501 (MORADABAD), U.P., INDIA

e-mail: d_kumar001@rediffmail.com

Received on 05.10.2005 and, in revised form, on 13.02.2007.



