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ABSTRACT. The existence results for periodic solutions concerning
first-order functional differential equation

2(t) = f(tx(t), 2t — (1), x(t — (D)), tER

are proved. The methods are based upon the coincidence degree
theory by Mawhin. The results obtained are new. Examples, that
can not be solved by known theorems, are given to illustrate the
main results.
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1. Introduction

In this paper, we investigate the existence of w—periodic solutions of
first-order functional differential equation

(1) 2(t) = ft,a(t),z(t — (1), x(t = 7m(1))),

where 7;(i = 1,--- ,m) are w—periodic functions, f is a Carathedeodory
function and f(e,z1,- - ,2,,) is a w—periodic function for all (x1,-- ,x,) €
R™.

The motivation for this paper is as follows: there were many papers
concerning with the existence of periodic solutions of the first-order delay
differential equations.

In [1], the authors studied the existence and asymptotic periodicity of
delay differential equation

(2) 2(t) + a(t)x(t) +b(t)x(t —7) = f(t),

where a,b and f are w—periodic, b has fixed sign, and there is a positive
integer n such that 7 = nw, but they didn’t discuss the existence of periodic
solutions of above equation.
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In [2], the author studied the existence of periodic solutions of the delay
differential equation with piecewise constant variables

(3) 2t = faE) ot —1]),-- 2(ft - k), 2(t), z€R.

Under the assumption:

f(t,xo, -+ ,xp41) >0 for te R and x; >D (i=0,---,k+1);
flt,xo, -+ yaxp41) <0 for te R and z;<-D (i=0,---,k+1);
f(t,l‘(), to 7xk+1) >—M for (t7$07 o 7$k+1) € Rk+37

where D > 0 is a constant, the authors proved that equation (3) has at least
on periodic solution. Some other existence results were also obtained in this

paper.
In [3, 4], the delay differential equation

(4) 2(t) = a()a(t) + Af(t,a(t —7(t)))

was studied by using Krasnoselskii’s fixed point theorem, the authors estab-
lished some existence results for positive periodic solutions of equation (4)
at the case where f is sublinear or superlinear about x. When f(¢,z) is a
linear function about x, (4) becomes the form of (2). In [11], Liu and Ge
studied the following differential equation

2(t) = —o0(t)x(t) + f(t, (1))

It was showed that the equation has at least two positive periodic solutions
under certain growth conditions imposed on f.
In [5], the delay differential system

(5) zi(t) = filt,z1(mia(t), - an(Tin(t)), i=1,---,n
was studied. One of the results in [5] as follows:

Theorem KP. Let 0, € {—1,1}, denote
fi*(t)plv T apn) = max{|fi(tvx17 T ,$n)| : |‘T1‘ <P, ‘xn‘ < pn}’
for each i € {1,--- ,n}. The condition
n
(6) fitt,wr, -+ wn)sgn(oizs) < pi(t)|zl + > piw(®)|ae] + q(t)
k=1
hold on set [0,w] X R™ and for each i =1,--- ,m. Furthermore,

(1) (1) n
/O pi(s)lds < pii(t) /0 (s ol JeaDlds < S pLa@leel +

k=1
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(7) |fi(tul‘17"' s Ljy 7xn) _fi(t7xla”' 7‘7:71'7"’ ,In)| S lz(t)|xl _f’L|

hold on the set I; x R". Here p; : [0,w] — R, pik, q, and I; : [0,w] —
[0,+00) (i,k = 1,---,n) are summable functions, p}, : [0,w] — [0,400)
(i,k =1,--- ,n) are essentially bounded functions, and q* is a nonnegative
number. Moreover, let

w
/ pi(s)ds <0, i=1,---,n
0

and there exist a constant nonnegative matric A = (a;;)!',_, such that
r(A) <1 and

/ 9(0p) () D () + L(s)pLa(s)]ds < aigs ik =1, n.
0

Then system (5) has at least one w periodic solution.

It follows from (6) and (7) that the growth conditions imposed on f; are
at most linear, we find the existence results have not established when f;
are supper linear even if n = 1 in (5). Furthermore, the equations discussed
in all above mentioned papers are delay differential equations. To the best
of our knowledge, there is no paper concerning the existence of periodic
solutions of mixed type differential equations or even of forward differential
equations.

In this paper, the equation discussed will be mixed type differential equa-
tions. Some sufficient conditions, which allow the degrees of zq, -,z in
flt,xo, -+ ,xm) to be greater than 1 if f is polynomial, for the existence
of periodic solutions of equation (1) will be established in section 2. Some
examples will be given in this section to illustrate the main results. The
proofs of the theorems will be present in section 3. Our methods and the
results are different from known ones.

2. Main results and examples

In this section, we establish sufficient conditions for the existence of at
least one w—periodic solution of equation (1). For convenience, we first
introduce some notations and an abstract existence theorem by Gaines and
Mawhin [8].

Let X and Y be Banach spaces, L : dom L C X — Y be a Fredholm
operator of index zero, P: X — X, (Q: Y — Y be projectors such that

ImP=KerL, KerQ=ImL, X=KerL®Ker P, Y =ImL®ImQ.

It follows that

Llgom roKer p : dom LNKer P — Im L
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is invertible, we denote the inverse of that map by K.

If Q2 is an open bounded subset of X, dom LNQ # @, themap N : X — Y
will be called L—compact on 2 if QN (€2) is bounded and K,(I—Q)N : Q —
X is compact.

Theorem GM [8]. Let L be a Fredholm operator of index zero and let
N be L—compact on Q2. Assume that the following conditions are satisfied:
(i) Lx # ANz for every (z,\) € [(domL \ KerL) N 99| x (0, 1);

(i) Nx ¢ ImL for every x € KerL N 0%

(i) deg(AQN |Kers » 2N KerL,0) # 0, where A : Y/ImL — KerL is an
isomorphism.

Then the equation Lz = Nz has at least one solution in domL N €.

We use the classical Banach space C0, the set of all continuous w—periodic
functions defined in R with the norm ||z|| = max,ep . [£(t)], let X = C) =
Y. Define the linear operator L and the nonlinear operator N by

L : XNndomL —Y, Lx(t)=2'(t) for z € X NdomL,
N X =Y, Na(t)= f(ta(t)alt - n(6), - alt - m(6)), for =€ X,
respectively, where domL = Cl = {z € CY(R) : z(t +w) = z(t), t € R}.

Lemma 1. The following results hold.

i) KerL ={z(t)=¢, t €]0,1], c € R};

i) ImL={yeY, J5 y(w)du =0 };

iii) L is a Fredholm operator of index zero;

iv) There are projectors P : X — X and Q : Y — Y such that
KerL = ImP and KerQ = ImL. Furthermore, let Q@ C X be an open
bounded subset with QN domL # (), then N is L—compact on §;

(v) x(t) is a w—periodic solution of equation (1) if and only if x is a
solution of the operator equation Lx = Nz in domL.

(
(
(
(

Proof. The proofs are simple and are omitted. |

Theorem 1. Suppose
(A1) there are continuous function g and h so that
f(ta'TOa"' ,l’m) = g(ta$07"' ,.’ﬁm) —|—h(t,$0,--~ axm)v
with
g(ta o, - 7xm)x0 S 07

and h satisfying that there are nonnegative continuous functions g;, p; and
e such that

m
|h(t>$0"" ,.Z'm)‘ Szgl(taxz)"i'e(t)? ’L:Ov , N
i=0
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and

lim M = pi(t), i=0,---,m, t€R.

A ]
(A2) there is a constant M > 0 such that
(i)  f(t,xo, -+ ,xm) >0 fort € R and xz; > M(i=0,--- ,m);
(i)  f(t,xo, - ,xm) <0 forte Randx; < —M(i=0,---,m);

or
(A3) there is a constant M > 0 such that

(i)  f(t,xo, - ,xm) <0 fort€ R and x; > M(i=0,---,m);
(ii))  f(t,xo, - ,xm) >0 forte Randz; < —M((i=0,---,m);

Then equation (1) has at least one solution provided

(8) ;/0 pi(s)ds < 1/2.

Theorem 2. Suppose (Az2) or (As) holds and
(Ay) there are continuous function g and h so that

f(t,.’lf(),"' 7wm) :g(tv‘rOa'” ,$m)+h(t,.fl?(),“' 7:1:771)7
with
g(tax07'” ,.Tm)x() Z 07

and h satisfying that there are nonnegative continuous functions g;, p; and
e such that

m

’h(ta$07"'7xm)| gzgl(tyxl)_‘_e(t)v i:O,---,m
1=0

and

lim gi(t>x) — i(t)a

z—oo |z

i=0,---,m, teR.

Then equation (1) has at least one solution provided (8) holds.

Theorem 3. Suppose
(As) there are positive number « and nonnegative number a; and L so
that

m
|f(t,zo, - 2m)| = alzo| — Zai|xi’ — L, (t,x0, -+ ,am) € R x R™!
=1

holds
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(Ag) there is a constant M > 0 so that
cf(t,e,---,¢) > 0 forall |c| > M
or
cf(t,e,--+,¢) < 0 forall |c| > M,
Then equation (1) has at least one w periodic solution if

m

>

9 =1 1.
(9) o <

Theorem 4. Suppose (A3z) holds and
(A7) there are continuous function g and h such that

f(t,CCQ,"‘ aﬁm) = g(t)$05” : 7$m) +h(t7$0)' te 7xm)7
and there are positive numbers 8 and pu such that
g(t7x07 e 7xm)$0 Z ﬁ|m0‘l‘+1’

and there are continuous functions g;, p; and e such that

|h(t,:c0,,xm)ISZgz(t,xz)—f—e(t), izO,--‘,m
=0
and .
xILrI;OW = pi(t), i=0,---,m, teR
hold.

Furthermore, suppose 7/(t) < 1 for allt € R, denote the inverse function

of s=t—1i(t) byt = p(s), let \j = maxyepr m Then equation (1)

has at least one solution provided
m
1
(10) > X pilloo + lpollee < 8-
i=1

Theorem 5. Suppose
(Ag) there are a continuous function g and h so that

f(t7x07” : 7$m) = g(tvx()v'” 7$m) +h(t7$07” : 7‘,1:771)7
and there are positive numbers 8 and p such that

g(t7m07 e 71.777,)1.0 S _/8’1.0’M+17
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and there are continuous functions g;, p; and e, and M > 0 so that

m

IB(t 2o, o) <D gilt, ) +e(t), i =0, ,m
=0
and (t.2)
] gZ 73: —_— - ) — P
xlgglo Fra pi(t), i=0,---,m, tER
hold.

Furthermore, suppose 7/(t) < 1 for allt € R, denote the inverse function
of s=t—m1i(t) byt = pi(s), let \; = maxer m| Then equation (1)
has at least one solution provided

m
1
(1) > XM Ipilloo + llpolloo < 5
=1

Now, we present some examples to illustrate the main results.

Example 1. Consider the functional differential equation

m

(12) ¥ = apx(t) + Y pix(t — 7i(t)) + p(t),
i=1
where ag € R, 7;(t) = 3sint, and p; € R, and p are continuous 2r-periodic

functions. Let

m
[t o, o) = agzo + Zpiﬂfi + p(t).
i=1

It is easy to see

m
|f(t,zo, s zm)| > \a0|\$0|—Z|Pi|$i\— min [p(t)|,
=1

te[0,w]
and from
m
Cf(t,C, e 76) = (GO + sz) 02 + Cp(t)v
i=1
we see that cf(t,c,---,¢) > 0 for some positive constant M > 0 if ag +

Soripi > 0 and ¢f(t,c, -+ ,c) < 0 for some positive constant M > 0 if
ap+ > ity pi < 0. Hence (As) and (Ag) hold.

It follows from Theorem 2.3 that, for each 2r—periodic function p, equa-
tion (12) has at least one 27 periodic solution if ag + > ;% p; # 0 and

2% pil <aol.
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Example 2. Consider the functional differential equation

m
(13) o = aole(®)* T+ Y pi(®)[x(t — ()P 4+ p(0),
i=1
where a9 € R, 7;(t) = %sint, and p; and p are continuous 2m-periodic

functions, k£ an nonnegative integer.
It is easy to get
1

A = max ———— = 2.
b ter |1 —1/(pa(t))]

Let
m
ftxo, -y m) = aozg™ ) pi(t)aP T 4 p(t),
=1
g(t,xo, -+ ,xpy) = aoscgkﬂ,
m
h(t,zo, - om) = Y pit)a?* ™ +p(t).
=1

If ag > 0, it follows from Theorem 4 that, for each p, equation (13) has
at least one 2m-periodic solution if

m
(14) 22423 Iyl < ap.
=1

If ag < 0, it follows from Theorem 4 that, for each p, equation (13) has
at least one 27-periodic solution if (14) holds.

Example 3. Consider the functional differential equation

(15) 2 = —@2+22O)) O + ) pi(t — (b)) +p(b),
=0

where 7;(t) = %sin t, and p; < 0 and p is continuous 27-periodic functions,
k an nonnegative integer.
It follows from Theorem 1 that, for each p, that equation (15) has at least

one solution if w > " |pi| < 1/2.
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3. Proofs of theorems

In this section, we give the proofs of the main results.

Proof of Theorem 1. To apply Theorem GM, we should define an
open bounded subset € of X such that (i), (ii) and (iii) of Theorem GM
hold. It is based upon three steps to obtain 2. The proof of this theorem is
divide into four steps.

Step 1. Let
= {z € domL/KerL, Lz = ANz for some A € (0,1)}.

We prove 2 is bounded. It suffices to prove there is a constant B > 0 such
that ||z|| < B.
For z € Qq, we get

(16) () = MN(t,z@t),z(t —71(t)), - z(t — T (t)))-
The
(17) / flt,x(t),z(t —7i(t)), - ,2(t — Tm(t)))dt = 0.

It follows from (Asg) or (As) that there is £ € [0,w] so that |z(£)| < M.
Multiplying two sides of (16) by z(¢) and integrating from & to t, we get,
for E+w >t > &, using (47),

L0 S 1 / f(s,2(s) (s —ma(s)), - (s — T(s)))a(s)ds
< M +A/fsx 2(s = 71()), -+ (s — Tn(s))a(s)ds
:% +)\/£ g(s,2(s), 2(s — 71(8))s -+ (5 — T (5)))2(5)ds

+ )\/g h(s,z(s),z(s —71(s)), -+ ,x(s — Tim(8)))x(s)ds
< g s, 2(s)y (s = 1i(8)) -+ s — Tm(5)))ls)ds
< oMy /Vmc 2(s —71(s), - s 2(s — () ||e(s)|ds
< M 2+; [ ats.ats = o) la(o)lds

+/0 gi(sw(S))lw(S)ldsﬂL/o le(s)]x(s)|ds.
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Choosing € > 0 so that

g/ow(pi(s)—i—e)ds < 1/2.

For such a ¢, there is a § > 0 so that
(18) gi(t,z) < (pi(t) + €|z, for [z] >4, t € R.
Denote

(19) Ai,l = {tE[O,w]
Ai’g = {tG[O,w]

(t —7(t))| < 0},
a(t—m(t) >0}, i=1,-,m,

|
|
and

(20) A071 = {t € [O,w] : |:L’(t)’ < (5}, A(LQ = {t S [O,Ld] : |:c(t)\ > 5},

and
(21) Gis = te[()r,gﬁfi|gégi(t7x)’ i=0,1,---,m
Then
gllelle < 533 [ aloals —nle)la(o)lds
+/Ao,2 go(s,x(s))\m(s)]ds—i—;/&,l gi(s,x(s — 7i(8)))|z(s)|ds
T /A gols, (s))|x(s)]ds + / " e(s)l(s)lds
< Zg“s/ (s |ds+2/ pils) + Olals — 7i(s)) la(s)lds
+/O (ols) + )la(s)| ds+/ e(s)[(s)]ds + 5 M
1
< 2M2+wi§:%gi,a\|xuoo+; | e+ sl
+ /0 " (p0(s) + )] 2] 2 + /0 " () 1ds] 2]
So we get

1 m w 1 w m
<2 -3 [+ e)ds> ol < 5+ [ ets)dsllallacto 3 gslel
=0

1=0
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It follows from (8) that there is a constant A > 0 so that ||z||cc < A. Then
)4 is bounded.

Step 2. Let
Qy ={x € KerL, Nz € ImL}.

We prove Q9 is bounded. Suppose z € g, then z(t) = ¢ € R, we prove
le| < M. In fact, if ¢ > M, then (A4) implies

1 1
/ flu,z(u), z(u —11(w), -, z(u — Thu))du :/ flu,e e, c)du > 0.
0 0

Similarly, if ¢ < —M, then we have

1
/ flu,e, e, e)du < 0.
0

On the other hand, if x € KerL and Nz € ImL, we have QNz = 0, i.e.

1
/ flu,e e, e)du = 0.
0

This is a contradiction. So |¢| < M. This shows that 9 is bounded.
Step 3. Let

Q={reKerL, \Nz+ (1 -NQNzx =0, X €[0,1]},

where A : KerL — ImQ) is the linear isomorphism given by A(c) = ¢ for all
¢ € R. Now we show that {23 is bounded. Suppose x,(t) = ¢, € Q3 and
|cn| — 400 as n tends to infinity. Then there exists A, € [0, 1] such that

1
)xncn+(1—)\n)/ flu,cny -+ yen)du = 0.
0

So )
Ancn = —(1 )\n)/ flu,cn, - cp)du.
0

Since A, has a convergent subsequence, without loss of generality, suppose
An — Ao, Again, since |c,| — 400, there are two cases to be considered,
i.e. there is a subsequence of ¢, that tends to +oo(without loss of generality
suppose ¢, — +00) or there is a subsequence of ¢,, that tends to —oo(without
loss of generality suppose ¢, — —o0). If ¢, — +00 as n tends to infinity.
Then for sufficiently large n, we have ¢, > M. Hence, using (A4), we see

1
A"CEL = _(1 - )\n)Cn/ f(uv Cpny® o 7Cn)du < 0,
0
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a contradiction. If ¢,, — —oo, then for sufficiently large n, ¢,, < —M. Hence
using (As), we see

1
/\nci = _(1_)‘n)cn/ flu,eny oy en)du <0,
0

a contradiction. So 23 is bounded.

In the following, we shall show that all conditions of Theorem GM are
satisfied. Let € be a non-empty open bounded subset of X such that Q DO
U?zlﬁi centered at zero. By Lemma 1, L is a Fredholm operator of index
zero and N is L—compact on €. By the definition of €, we have
(a) Lz # ANz for z € (domL/KerL) N9 and A € (0,1);

(b) Nz ¢ ImL for z € KerL N 0N2.

Step 4. We prove (c) deg(QN|Kerz, N KerL,0) # 0.

In fact, let H(x,\) = AAz+ (1 —A)QNz. According the definition of 2,
we know H(z,\) # 0 for z € 0Q N KerL, thus by the homotopy property of
degree,

deg(QN|KerL, 2N KerL,0) = deg(H(-,0),2NKerL,0)
= deg(H(-,1),2NKerL,0) = deg(I,2N KerL,0) # 0.

Thus by Theorem GM, Lz = Nz has at least one solution in dom L N €,
which is a w periodic solution of equation (1). The proof is complete. |

Proof of Theorem 2. To apply Theorem GM, we should define an
open bounded subset 2 of X such that (i), (ii) and (iii) of Theorem GM
hold. It is based upon three steps to obtain 2. The proof of this theorem is
divide into four steps.

Step 1. Let
Q0 = {z € domL/KerL, Lx = ANz for some X € (0,1)}.

We prove €27 is bounded. It suffices to prove there is a constant B > 0 such
that ||z|| < B.

For x € Q1, we get (16). Similarly, we have that there is £ € [0, w] such
that |z(£)| < M. Multiplying two sides of (16) by x(¢) and integrating from
t to & +w, we get, for £ +w >t > &, using (Ay),

w—+E€
S = SleGr+OF A [ fsalshats = n(s).

x(s — Tim(8)))x(s)ds
< 1M2 - w+§f(s x(s),x(s —11(8)), -+ ,x(s — Tim(s)))x(s)ds
—= 2 : Y I 9 I m

1

2 wte
= §M - )\/t g(s,x(s),x(s —71(8)), - ,x(s — Tim(8)))x(s)ds
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w~+E€
)\/t h(s,z(s),z(s —71(s)), -+ ,x(s — Tim(8)))x(s)ds

w+E€
< %MQ - )\/t h(s,z(s),z(s — 11(8)), + ,x(s — Tn(8)))x(s)ds
< %M2 + /Ow |h(s,2(s),z(s — 71(s)), -+, 2(s — Tm(s)))||z(s) |ds
o1

Z A2 . w-sxs—rs z(s)|ds w'sa:s z(s)|ds
2M+;/ng(,( z())\()ld+/ogz(,())l()!d

+/O le(s)|x(s)|ds.

The remaider of the proof of this step and the other steps are similar to
those of the proof of Theorem 1 and are omitted. |

Proof of Theorem 3. The method is exactly similar to that of The-
orem 1. Let € be defined as that in the proof of Theorem 1. For z €
Qy, we get (16). Since z(0) = z(w), there is £ € [0,w] so that 2/(§) =
A& x(&),x(§ —T1(8)), - ,x(§ —7(£))) = 0 and ¢ is a maximum or mini-
mum point of z(t). It follows from (Hj) that

L LakE-n@)l Yo
lalloo = la(©)] < 2+ = < 2+ =g

Since (9) holds, we know that there is a constant A > 0 so that ||z|| < A.
The remainder of the proof of this Theorem is similar to that of Theorem 1
and is omitted. |

Proof of Theorem 4. To apply Theorem GM, we should define an
open bounded subset © of X such that (i), (i) and (éi7) of Theorem GM
hold. It is based upon three steps to obtain 2. The proof of this theorem is
divide into four steps.

Step 1. Let
O = {x € domL \ KerL, Lz = ANz for some X € (0,1)}.

We prove €2; is bounded. Similar to that of the proof of Theorem 1, if
x € )y, we get (16) and (17). It suffices to prove there is a constant B > 0
such that ||z|| < B. We divide this step into two sub-steps.

Sub-step 1.1. Prove there is constant M > 0 such that [;”|z(s)|*ds <
M.
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Multiplying two sides of (16) by z(t) and integrating from 0 to w, using
(A7), we get

0 = )\/ f(s,z(s),z(s —11(8)), -+ ,x(s — Tn(s))))z(s)ds
= A </0 h(s,xz(s),z(s —71(8)), -+ ,x(s — Tim($))))x(s)ds
+ /Ow g(s,z(s),z(s —11(s)), -+ ,x(s — Tm(S)))).’IJ(S)dS) )
Thus, from the second part of (A7),
wxs s sts z(s —11(8)), - ,x(s — n(8))))z(s)ds
ﬁ/o\()l“dé/og(a()a( 1(5)), -+, 2(s — Tim(s))))z(s)d
= / h(s,z(s),z(s —11(s)), -+ ,x(s — n(s))))z(s)ds
< / (s, 2(s), 2(s = 71(5)), (5 = 7m(5)))) | (5)]ds
< Z/ 9i(s,z(s — 7i(s)))[x(s )|d5+/0 9i(s, z(s))|z(s)|ds

/re Jlz(s)ds.

Choosing € > 0 so that

SN (pilloo + €) + (polloc + €) < B.
=1

For such a ¢, there is a § > 0 so that

(22) 9i(t,x) < (pi(t) + €)|z|™, for x| >4, t€R.
Denote

(23) Ay = {te0,w]: |t —7(t)| < 6},
Aig = {te[0,w]: |zt — ()] > 8}, i=1,--,m,

and
(24) Aoy ={te(0,0]: 2] <8}, Aoz ={te[0,u]: [2(t)] >},
and

25 5 = max i(t,x), 1=0,1,--- m.
(25) 95 = e %0



PERIODIC SOLUTIONS OF FIRST-ORDER FUNCTIONAL DIFFERENTIAL . .. 71
5[ “ () ds < i / " (0i(s) + (s — 7i(s) [Pl (s)]ds
< “(po(s) + €)[a(s) s + / “le@le@lds + > g / " Ja(s)lds
=0
< éupmw +0) [[lats = m)a()ds + (lpolls + ) [ o) ds
el [ r:c<s>|ds+igi,5 [ ety

< g(”pmm + 6)</Oww(8 - Ti(s))|ﬂ+1|ds> w/ (pt1) (/jx(s)]“lds) 1/(u+1)

“ w 1/(u+1)
#mlle+0) [ e s+ o0 il [atopas)
0 0

Ui w 1/(p+1)
+ h/(ut1) Zgi,a (/ |x(s)|“+1ds) :
i=0 0

It is easy to see that

[ lats=rtspietias = [ (I_HJ())Y s <0 [ et

Hence

5/01 ()| ds < i;(”pz“oo +€) (/Ow (%>u+l ds)u
X (/ow |1;(5)|u+1d8> 1/(p+1) + (Ipol]os + €) /Ow |z(s)|*ds

w 1/(p+1)
+ w“/(““)HeHoo (/ !w(s)|“+1ds>
0
Ui w 1/(u+1)
+u)#/(u+1)z:gi7(S (/ |x(s)|“+1d5>
i=0 0
- 1 w 1/ (1)
<3 X (pilloe + ©) ( / !x(s)|“+1ds>
i=1 0

w 1/(pu+1) w
x (/ |rx<s>|““ds) +lpolloe+) [ lat) s
0 0

w 1/(p+1)
+ w“/(“+1)||e||oo </ Hl‘(s)\““ds)
0

/(p+1)
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m w 1/(p+1)
w3 g ([Clatopas)
i=0 0

B =3 N (pilloe + ©) — (Ilpolloo + )

1
) / lz(s) " ds
i=1 0

w 1/(p+1)
< w“/(“H)HeHoo </ |$(S)|“+1ds>
0

m w 1/(p+1)
+ W/ (ut1) ng </ ‘x(s)‘u—&-lds) '
=0 0

Hence there is a constant M > 0 such that

/ ()™ ds < .
0

Sub-step 1.2. Prove there is B > 0 such that ||z|| < B.

From Sub-step 1.1, we have that there is £ € [0,w] so that z(&)| < /ey,
For each t € R, let ky = max{k € Z so that kw + £ > t} and tg = kow + &.
Multiplying two side of (14) by x(t), integrating it from ¢ to to, we get

1

S0 = 51a©F = [ fsa(e). o= n(@). -

2(s = Tin(s)))a(s)ds
VA (/ 9(s,2(s),2(s = 71(s)), -+ s a(s — Tu(s)))x(s)ds

to

+ h(s,xz(s),z(s —711(s)), - ,x(s — Tm(s))))w(s)ds>

t

to
SMl/(H+1)_)\<ﬁ/ |$(S)‘H+1d8
t

+ /tto h(s,z(s),z(s — 7i(s)), -+ ,z(s — Tm(s))))x(s)ds>
to

< Y/t A/t h(s,2(s), 2(s — 71(8)), -+, 2(s — Tm(8))))2(s)ds

<V 4 | b5, 2(),a(s = ma(s)), s wls = m(s)ll2(s)ds

ST /O il 35 — 7)) |(s)|ds + /O “go(s, 2(5))|(s)|ds.
=1
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Similarly to Sub-step 1.1, we can get

1 g 1 m w - n/(p+1)
SO < 3V S o+ ([ el )
=1

w . 1/(p+1)
N ( JaCl ds> T (lpolloe +9)
0
x/ \x(s)!““ds+w“/(““)|!e\|oo </ \x(s)]““ds>
0 0

m w 1/(p+1)
+ W/ (bt1) ng (/ |x(s)|“+1ds)
0

=0

1/(p+1)

—1/(1) | N M M
< 307D SN (il o + T + ([[pol oo + €)1
i=1

+ w,u/(,qul)HeHooﬁl/(H'i‘l) + w,u/(,qul) Z gi7§Ml/(M+l).
=0

So there is M7 > 0 such that |z(t)] < Mj. It follows that ||z|| < M;. Hence
1 is bounded. This completes the step 1.

Step 2. Let
Qy ={z € KerL, Nz € ImL}.

Similar to that of the proof of Step 2 of Theorem 1, we can prove {2 is
bounded.

Step 3. Let
Qs ={r eKerL, ANz + (1 - AN)QNzx =0, A €[0,1]},

where A : KerL — ImQ) is the linear isomorphism given by A(c) = ¢ for all
¢ € R. Similar to that of the proof of Step 3 of Theorem 1, we can show
that Q3 is bounded.

The remainder step, Step 4, is similar to that of the proof of Step 4 of
Theorem 1 and is omitted.

Thus by Theorem GM, Lz = Nz has at least one solution in domZL N €,
which is a periodic solution of equation (1). The proof is complete. |

Proof of Theorem 5. It is similar to that of Theorem 4 and is omit-
ted. ]
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