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1. Introduction

In 1938 A. Ostrowski proved the following inequality (see [5, p.468]).

Theorem A. Let f : [a, b] → R be continuous on [a, b] and differentiable
on (a, b), and whose derivative f ′ : (a, b) → R is bounded on (a, b), i.e.
‖f ′‖∞ = sup

t∈(a,b)
|f ′(t)| < ∞, then

(1)

∣∣∣∣∣∣
f (x)− 1

b− a

b∫

a

f (t) dt

∣∣∣∣∣∣
≤

[
1
4

+

(
x− a+b

2

)2

(b− a)2

]
(b− a)

∥∥f ′
∥∥
∞ ,

for all x ∈ [a, b] .

Another well known inequality proved by G.Grüss in 1935 is given in the
following theorem (see [6,p.296]).

Theorem B. Let f, g : [a, b] → R be two integrable functions such that
γ ≤ f (x) ≤ Γ, φ ≤ g (x) ≤ Φ for all x ∈ [a, b], γ, Γ, φ, Φ ∈ R are constants.
If

T (f, g) =
1

b− a

b∫

a

f(x)g(x)dx−

 1

b− a

b∫

a

f(x)dx





 1

b− a

b∫

a

g(x)dx


 ,

then

(2) |T (f, g)| ≤ 1
4

(Γ− γ) (Φ− φ) ,
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In 1997 S.S. Dragomir and S. Wang [3] proved the following Ostrowski-Grüss
type inequality.

Theorem C. Let f : [a, b] → R be continuous on [a, b] and differentiable
on (a, b). If f ′ is integrable and γ ≤ f ′(x) ≤ Γ for all x ∈ [a, b]; γ, Γ ∈ R
are constants, then

∣∣∣∣∣∣
f(x)− 1

b− a

b∫

a

f(t)dt− f(b)− f(a)
b− a

(
x− a + b

2

)∣∣∣∣∣∣
(3)

≤ 1
4

(b− a) (Γ− γ) ,

for all x ∈ [a, b].

In the past few years, a number of authors have written about general-
izations, extensions, improvements and variants of the above inequalities,
see [1-12] and the references cited therein. Motivated by the recent result
given in [1], in the present paper, we establish new inequalities similar to
Ostrowski-Grüss type inequalities involving two functions and their deriva-
tives. The analysis used in the proofs is based on the integral identity proved
in [1] and in the special case we recapture the main result given in [1].

2. Statement of results

In what follows R and ′ denote respectively the set of real numbers and
the derivative of a function. For suitable functions f, g : [a, b] → R, we use
the following notations to simplify the details of presentation:

S(f, g) = f(x)g(x)− 1
2 (b− a)


g(x)

b∫

a

f(t)dt + f(x)

b∫

a

g(t)dt




−1
2

(
x− a + b

2

)
[Fg(x) + Gf(x)] ,

H(f, g) =
1

b− a

b∫

a

f(x)g(x)dx−

 1

b− a

b∫

a

f(x)dx





 1

b− a

b∫

a

g(x)dx




− 1
2 (b− a)

b∫

a

(
x− a + b

2

)
[Fg(x) + Gf(x)] dx,

in which
F =

f (b)− f (a)
b− a

, G =
g (b)− g (a)

b− a
.
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We are now in a position to state our results to be proved in this paper.

Theorem 1. Let f, g : [a, b] → R be absolutely continuous functions
whose derivatives f ′, g′ ∈ L2[a, b]. Then

|S(f, g)| ≤ b− a

4
√

3

[
|g(x)|

(
1

b− a

∥∥f ′
∥∥2

2
− F 2

) 1
2

(4)

+ |f(x)|
(

1
b− a

∥∥g′
∥∥2

2
−G2

) 1
2

]
,

for all x ∈ [a, b] and

|H(f, g)| ≤ 1
4
√

3

b∫

a

[
|g(x)|

(
1

b− a

∥∥f ′
∥∥2

2
− F 2

) 1
2

(5)

+ |f(x)|
(

1
b− a

∥∥g′
∥∥2

2
−G2

) 1
2

]
dx.

Under the additional assumptions on the derivatives of the functions, the
following theorem holds.

Theorem 2. Let the assumptions of Theorem 1 hold. If γ ≤ f ′(x) ≤ Γ,
φ ≤ g′(x) ≤ Φ for x ∈ [a, b], where γ, Γ, φ, Φ are real constants. Then

(6) |S(f, g)| ≤ b− a

8
√

3
[|g(x)| (Γ− γ) + |f(x)| (Φ− φ)] ,

for all x ∈ [a, b] and

(7) |H(f, g)| ≤ 1
8
√

3

b∫

a

[|g(x)| (Γ− γ) + |f(x)| (Φ− φ)] dx.

Remark 1. If we take g(x) = 1 and hence g′(x) = 0 in (4) and (6),
then by simple computation we get the inequality established by Barnett,
Dragomir and Sofo in [1, Theorem 2.1, p. 114].

3. Proofs of Theorems 1 and 2

Define a function

p (x, t) =
{

t− a , if t ∈ [a, x] ,
t− b , if t ∈ (x, b] .
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By using the well known Korkine’s identity (see [6]) for mappings g, h :
[a, b] → R:

T (g, h) =
1

2(b− a)2

b∫

a

b∫

a

(g(t)− g(s))(h(t)− h(s))dtds,

which can be easily proved by direct computation, we obtain

1
b− a

b∫

a

p(x, t)f ′(t)dt−

 1

b− a

b∫

a

p(x, t)dt





 1

b− a

b∫

a

f ′(t)dt


(8)

=
1

2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))(f ′(t)− f ′(s))dtds.

By simple computation we obtain

1
b− a

b∫

a

p(x, t)f ′(t)dt = f(x)− 1
b− a

b∫

a

f(t)dt,

1
b− a

b∫

a

p(x, t)dt = x− a + b

2
,

and

1
b− a

b∫

a

f ′(t)dt =
f(b)− f(a)

b− a
= F.

Using these facts in (8) we get (see [1, p. 115]):

f(x)− 1
b− a

b∫

a

f(t)dt− F

(
x− a + b

2

)
(9)

=
1

2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))(f ′(t)− f ′(s))dtds,

for all x ∈ [a, b]. Similarly, we get

g(x)− 1
b− a

b∫

a

g(t)dt−G

(
x− a + b

2

)
(10)

=
1

2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))(g′(t)− g′(s))dtds.
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Multiplying both sides of (9) and (10) by g(x) and f(x) respectively,
adding the resulting identities and rewriting we get

S(f, g) =
1
2


g(x)

1
2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))(f ′(t)− f ′(s))dtds(11)

+ f(x)
1

2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))(g′(t)− g′(s))dtds


 .

From (11) and using the properties of modulus we get

|S(f, g)| ≤ 1
2


|g(x)| 1

2(b− a)2

b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣f ′(t)− f ′(s)
∣∣ dtds(12)

+ |f(x)| 1
2(b− a)2

b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣g′(t)− g′(s)
∣∣ dtds


 .

By using the Cauchy-Schwarz inequality for double integrals we observe that

1
2(b− a)2

b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣f ′(t)− f ′(s)
∣∣ dtds(13)

≤

 1

2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))2dtds




1
2

×

 1

2(b− a)2

b∫

a

b∫

a

(f ′(t)− f ′(s))2dtds




1
2

.

It is easy to observe that

1
2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))2dtds(14)

=
1

b− a

b∫

a

p2(x, t)dt−

 1

b− a

b∫

a

p(x, t)dt




2

=
1

b− a




x∫

a

(t− a)2dt +

b∫

x

(b− t)2dt


−

(
x− a + b

2

)2

=
1

b− a

[
(x− a)3 + (b− x)3

3

]
−

(
x− a + b

2

)2

=
(b− a)2

12
,
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and

1
2(b− a)2

b∫

a

b∫

a

(f ′(t)− f ′(s))2dtds(15)

=
1

b− a

∥∥f ′
∥∥2

2
−

(
f(b)− f(a)

b− a

)2

=
1

b− a

∥∥f ′
∥∥2

2
− F 2.

Using (14) and (15) in (13) we get

1
2(b− a)2

b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣f ′(t)− f ′(s)
∣∣ dtds(16)

≤ b− a

2
√

3

(
1

b− a

∥∥f ′
∥∥2

2
− F 2

) 1
2

.

Similarly, we get

1
2(b− a)2

b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣g′(t)− g′(s)
∣∣ dtds(17)

≤ b− a

2
√

3

(
1

b− a

∥∥g′
∥∥2

2
−G2

) 1
2

.

Using (16) and (17) in (12) we get the desired inequality in (4).

Integrating both sides of (11) with respect to x over [a, b] and dividing
throughout by (b− a) we get

H(f, g) =
1

2(b− a)

b∫

a

[
g(x)

2(b− a)2
(18)

×
b∫

a

b∫

a

(p(x, t)− p(x, s))(f ′(t)− f ′(s))dtds

+
f(x)

2(b− a)2

b∫

a

b∫

a

(p(x, t)− p(x, s))(g′(t)− g′(s))dtds


 dx.
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From (18) and using the properties of modulus we have

|H(f, g)| ≤ 1
2(b− a)

b∫

a

[ |g(x)|
2(b− a)2

(19)

×
b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣f ′(t)− f ′(s)
∣∣ dtds

+
|f(x)|

2(b− a)2

b∫

a

b∫

a

|p(x, t)− p(x, s)| ∣∣g′(t)− g′(s)
∣∣ dtds


 dx.

Using (16) and (17) in (19) we get the required inequality in (5). This
completes the proof of Theorem 1.

From the hypotheses of Theorem 2 and using the Grüss inequality in
Theorem B, it is easy to observe that

0 ≤ 1
b− a

b∫

a

(f ′(t))2dt−

 1

b− a

b∫

a

f ′(t)dt




2

≤ 1
4
(Γ− γ)2,

i.e.

(20) 0 ≤ 1
b− a

∥∥f ′
∥∥2

2
− F 2 ≤ 1

4
(Γ− γ)2.

Similarly, we obtain

(21) 0 ≤ 1
b− a

∥∥g′
∥∥2

2
−G2 ≤ 1

4
(Φ− φ)2.

Using (20), (21) in (4) and (5) we get the required inequalities in (6) and
(7). This completes the proof of Theorem 2.

Remark 2. If we take x = a+b
2 in (4) and (6), then we get the corre-

sponding midpoint inequalities. For similar results, see [1, 4, 11, 12]. We
believe that the Grüss type inequalities established in (5) and (7) are new
to the literature.
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