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ABSTRACT. Sufficient conditions in terms of the coefficient func-
tions for the oscillation and asymptotic behavior of nonoscillatory
solutions of a class of second order nonlinear neutral differential
equations have been obtained. The results improve some earlier
results.
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1. Introduction

In this paper, we consider the oscillation and asymptotic behavior of
nonoscillatory solutions of the second order neutral differential equations of
the form

l m

(1) [o(t) = Y cilt)a(t —7)]" + Y pi()G((t = 6))
i=1 =1

_ZQi(t)G(x(t_Ui)) = f(t)
i=1

where m > n and 71 ---7;, 61---0m, and o7 - - - 0, are positive reals,c;, f €
C([0,00),R), i = 1,...,1, p; € C([0,00), [0,00)) for i = 1,--- ,m and ¢; €
C([0,00),[0,00)) for i = 1,--- ,n, G € C(R,R), G is nondecreasing with
xG(x) > 0 for x # 0. We assume that there exists a continuous function
F(t) € C?([0,00), R) such that F"(t) = f(t) and lim;_ F(t) = 0.

By a solution of (1), we mean a continuous function x(t) which is defined
for t > to — p such that z(t) — S0, ei(t)a(t —m) € C2([to, ), R) and (1) is
satisfied for ¢t > to where p = max{m - 7,010,001 -0pn}. A solution

* The work was done while the author visited Department of Mathematics and Sta-
tistics, Mississippi State University, Mississippi State, MS 39762, U.S.A.
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of (1) is called oscillatory if it has arbitrarily large zeros. Otherwise, it is
called nonoscillatory.

Throughout this work we assume that p;(t) — ¢;(t — §; + 0;) > 0 for
i=1,--,n

Sufficient conditions for oscillation of solutions of first order neutral delay
differential equations with positive and negative coefficients have been stud-
ied by many authors, see ([1],[2],[6], [7],[8]). It is recently, that second order
neutral differential equations with positive and negative coefficients have
been given a serious study. In a recent paper, Parhi and Chand [5] stud-
ied (1) when G(z) = =z and they obtained various sufficient conditions for
the oscillation of all bounded solutions of the linear homogeneous equation.
Further, Manojlovic et al. [4] studied Eq.(1) withG(z) = = where they have
assumed one additional condition ¢;(t) < ¢;(t —o;) for every i =1,--- ,n. In
this paper, we study Eq.(1) on various ranges on Zé:l ¢i(t) and improve the
results of [5] by removing not only on the boundedness on the solutions but
also relaxing other conditions as well. Our results improve the results of [4]
also, where we remove the condition ¢;(t) < Q;(t—o;) forevery i =1,--- ,n.

We consider the following ranges on Zi‘:l ci(t):
l
(A1) 0< > ci(t)<e<1
=1

(Az) -1 § C1 § i Ci(t) S 0

where c¢1, - -+ , ¢c7 are positive constants.

The following assumptions are needed for use in the sequel:

(Hy) liminf ( ) < (3, where 8 > 0 is a real number.

[ul—o0

(Hs) llnrlzfpZ —qi(s = 0; + 04)] ds = 0

_>OO’L 1tg

(Hs) tlilglogtfs{a[pi(s)—qi(s—éi—l-ai)]}ds > 1
0 1=
for any positive constant k.

(Hy)  F(t) is oscillatory.
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(Hs) B>, | 4(9)dbds <1 when §; > o;
1=1s—0;40;

(Hs) c+ﬁ§: TQi(Q)d9d8<1

i=ls—g;+0;
(H7) 6;>o0;foreveryi=1,---,n.
(HS) o; > 9; for every i =1,--- ,n.

n 0o
(Hg) ﬁz f qZ(G) dfds <1+ cy
i=1s5—;40;

The following result will be needed for our use (see Lemma 1.5.4 in [3]).

Lemma 1. Let a € (—00,0),7 € (0,00),tg € R and suppose that a
function x € C[[to — T,00), R] satisfy the inequality

t) <
z(t) < a—l—t_I:lg;(Stx(s)

fort > tg. Then x(t) cannot be a nonnegative function.

2. Main results - the case when §; > o;,, i =1,--- ,n.

In this section, we consider Eq. (1) when §; > 04, i = 1,- -+ ,n. We shall
obtain sufficient conditions under which a solution of the equation is either
oscillatory or tends to zero as t — oo. We observe that the results hold
when G is either linear or sublinear. This is mainly due to the assumption
(H1).

Theorem 1. Let ¢;(t),i = 1,---,1 be as in (A1). If (H1), (Hg), (Hy)
and either of (Ha) or (Hs) are satisfied, then every solution of (1) is either
oscillatory or tends to zero ast — oo.

Proof. Let z(t) be a solution of (1). If z(t) is oscillatory, then there
is nothing to prove. Let x(¢) be nonoscillatory. Assume that x(¢t) > 0
eventually. There exists a t; > to+p > 0 such that z(¢) > 0 and z(t—p) >0
for t > t;. Setting

l

(2) Z ot — i)

/to/s 5 (x(0 —0y))dfds — F(t),

then Eq. (1) can be written as

(3) +Z{pz — qi(t — 6 + ) YG(x(t — 6;)) <0
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for t > t;.Hence w”(t) < 0 for ¢ > t1. Thus there exists a to > t; such that
w'(t) > 0 or < 0 for t > to. Let w'(t) < 0 for ¢ > to. This in turn implies
that w(t) < 0 for t > t3 > t and limy—.o w(t) = —oo. Then there exist
ty > t3, € >0and A > 0 such that 0 < e < A\, w(t) < —\ and F(t) < € for
t — p > t4. Hence from (2),

() +Zcz z(t —7)

/to /S 5, Jm ((0 — 0y)) dO ds + F(t)

_)\+ cl +ﬁZ//5+UZ des]tlz?;%ta:(s)—i-e

< (A — .
< —(A )+t_r£1§8L;<Stx(s)

IN

Then by Lemma 1, it follows that x(¢) cannot be nonnegative, a contradic-
tion. Hence w'(t) < 0 is not possible.

Next, suppose that w'(t) > 0 for ¢ > t5. Then w(t) > 0 or < 0 for large
t, say for t > t5 > to. First, suppose that w(t) < 0 for ¢ > t5. Then w(t) is
bounded and

(4) z(t)— Zcz o(t—m;) Z//H (x(0—0y))dOds < F(t).

We claim that z(t) is bounded. If not, then there exists a sequence {7} }7° ,
Ty > t5 for every k such that T, — oo and z(T}) — oo as k — oo. In
particular, for ¢t = Ty, (4) gives

2(Ty)| 1—0—5Z/Tk/ . a0 d0ds] < F(TL),

Letting £k — oo, we obtain a contradiction. Hence our claim holds. Further,
if limsup,_,., z(t) = A > 0, then integration of (3) form t5 to t yields a
contradiction, because G is nondecreasing and (Hz) or (Hs) holds. Hence
z(t) — 0 as t — oo.

Finally, suppose that w(t) > 0 for t > t5. From the increasingness of
w(t) and the assumptions on F'(t), it follows that there exists a real Gy > 0
such that w(t) + F(t) > fp for large t, that is

l

(5) $(t) = 2(t) = Y _ ci(t)z(t — )

=1

_ i:/t/ ¢i(0)G(2(0 — 0i))dOds > fo

i=1 Yo Js=dito;
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for t > tg > t5. This in turn implies that there exists a positive number 5y
such that

(6) o(t) > Brw(t)

for t > t7 > t¢.If this is not true, then there exists a sequence {7}'}, T} — oo
as k — oo such that

1

@ HIY) < Tw(dp)
or )

w(T) + T(TY) < ()
or .

(1= Du(Iy) + F(T)) < 0.
If w(T}) — oo, then F(T}') — —o0, a contradiction to the boundedness of
F(t). If w(T}') tends to a constant, then from (7), we have ¢(7}) — 0 as
k — oo a contradiction to (5). Hence (6) holds. consequently, z(t) > Srw(t)
for t > t7. Then from (3)

(8) —I—Z{pz ) — qi(t — 6 + o) }G(Brw(t — 6;)) < 0

for ¢ > tg > t7.

Let (Hz) hold. Since w(t) > p for some p > 0, then integrating (8) from
ts to t and letting ¢ — co, we obtain a contradiction.

Next, suppose that (Hs) holds. Set r(t) = —w/(t). Thenr'(t) = —w"(t).
Then r(t) < 0, nondecreasing and

tr'(t) > G(Bip)t Z{pz — qi(t — 6 + 03)}

for t > tg. Integrating the above inequality from tg to t gives

tr(t) —tsr(ts) — /t (s)ds = G(B1p) Z{Pz —qi(s — 0; + 0i) } ds.

tg tg i=1

Since r(t) is nondecreasing, then the above integral inequality gives

ﬁlu
) 5—5 g; dS
1 [t +o)

a contradiction. Hence w(t) > 0 is not possible for large ¢.
If z(t) < 0 for large ¢, then one may proceed as above to prove the
theorem. This completes the proof of the theorem. |
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Theorem 2. Let Y\_, ¢i(t) be in the range (As). If (Hy), (Ha), (Hy)
and (Hyg) are satisfied, then every solution of (1) is either oscillatory or
tends to zero as t — oo.

Proof. Let x(t) be a nonoscillatory solution of (1). Assume that z(¢) > 0
and z(t — p) > 0 for t > t; > t9 + p > 0. Setting w(t) as in (2), we obtain
(3). Hence w”(t) < 0 for ¢t > t;. Then w'(t) > 0 or < 0 for some ¢ > to > t7.

Let w'(t) > 0 for ¢t > to. Then integration of (3) from ts to ¢ gives

Z {Pz ) —qi(s — 6 + o) }G(x(s — &;)) ds.

Letting ¢t — oo, the above inequality, in view of (Hs), yields G(z(t)) — 0 as
t — oo. Hence z(t) — 0 as t — oo.

Next, suppose that w'(t) < 0 for ¢ > t5. Thus there exists a t3 > to
such that w(t) < 0 for ¢t > t3 and limy_,o, w(t) = —oo. We claim that z(t)
is bounded. If not, there exists a sequence {7} }7°, such that T} > t3 for
every k, T, — oo as k — oo, w(T)) — oo and x(T}) — oo as k — oo and
max¢, <¢<7, T(t) = 2(T}). Then we have

l

w(Tk) = a:(Tk) — Zci(Tk)x<Tk — Ti)

n Tk s
- Z/to /s—a-m- qi(0)G(x(0 — 04)) df ds — F(Ty)

Ty
<Tk>[1—zc@Tk ﬁZ//“ 0) do ds] — F(T}).

Letting k — oo, in view of (Hyg), we obtain w(7}) — oo as k — 0o, a con-
tradiction. Hence our claim holds, that is, (¢) is bounded. Consequently,
w(t) is bounded, a contradiction.

If z(t) < 0, the proof of the theorem may be treated similarly. The
theorem is proved. |

Remark 1. Theorem 2 improves Theorem 3 due to Manojlovic et al. [4].
In the following, we give a stronger condition than (H3) under which
every solution of (1) oscillates when (H7) holds.

Theorem 3. Let Zﬁ:l ci(t) be in the range (As). If (Hy),(Hy), (H7)
and (Hy) and

(H1o) Z{p@ - —d;+0;)} >b, b>0 isa constant

hold, then every solution of (1) is oscillatory.
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Proof. Suppose that x(f) is a nonoscillatory solution of (1). Assume
that z(t) > 0 and z(t — p) > 0 for t > t; > t9 + p > 0. Then from (3), we
have w”(t) <0 for t > t; and hence w'(t) > 0 or < 0 for some t > t5 > t;.

If w'(t) < 0 for t > to, then limy_ w(t) = —00. Proceeding as in Theo-
rem 2, one may show that x(¢) is bounded.Consequently, w(t) is bounded,
a contradiction.

Next, suppose that w'(t) > 0 for ¢ > t5. Then integrating (3) from ¢3 to

t, we obtain
(e.e]

0o > w'(ty) > b G(x(s —6;)) ds.
to
Therefore, G(x(t)) € L*([t2,00)). Since uG(u) > 0 and G is nondecreasing,
then z(t) € L'([t2,00)). Hence

2(t) = z(t) = > _ci(t)u(t — m) € L' ([t, 00)).

=1
Setting ¢(t) = z(t) — F(t), we see that

noopt
() P = W+ / 4i(s)G(a(s — o)) ds > 0.

i=1 t—08;+0;
Hence ¢(t) is nondecreasing. Further, since(Hs) holds, then ¢(t) > 0 for
large ¢t. Hence

lim z(¢t) = lim (2(t) — F(t)) = tlgglo o) =p, pe(0,00).

t—o0 t—o0

Thus there exists a t3 > to and 0 < € < p such that z(t) > u — e for t > t3.
Hence 2(t) & L'([t2,00)), a contradiction. Hence z(t) # 0 for large t.

In a similar way one may show that z(¢) £ 0 for large t. This completes
the proof of the theorem. [ |

Corollary 1. Suppose that all the conditions of Theorem & are satisfied
except the condition (Hy). Then every solution of (1) is either oscillatory
or tends to zero as t — oo.

Proof. Proceeding as in the lines of Theorem 3, one may arrive at
x(t) € L'([t2,00)) and (9). Since ¢(t) is nondereasing, then

lim z(t) = lim (2(t) — F(¢)) = lim ¢(t) = p, wp € [0,00).
t—o00 t—00 t—00
If 4 > 0, then we obtain a contradiction as in the proof of Theorem 3. If

uw = 0, then z(t) < z(t) implies that z(t) — 0 as t — oo. The proof is
complete. |

Proceeding as in the lines of Theorem 1, one may prove the following
theorem.
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Theorem 4. Let ¢;(t),i = 1,---,1 be in the range (Az) or (As). Further
assume that (Hy),(Hs) and (H7) hold. If either (Hz2) or (Hs) holds, then

every solution of (1) is oscillatory or tends to zero as t — oo.

Theorem 5. Let ¢;(t), i =1,---,1 be in the range (A4). Let (Hy), (Hr)
and

(Hi1) Z/ / g;(0)dfds < oo
i=1 to s—0;+0;

hold. If either (Hs) or (Hs) is satisfied, then every bounded solution of (1)
1s oscillatory or tends to zero as t — oo.

Proof. Since z(t) is bounded, then limsup,_,. x(t) > 0 implies that
w'(t) — —oo as t — oo and hence w(t) — —oo as ¢ — oo. On the other
hand, since x(t) is bounded ,and (H7) and (Hjp) hold, then (2) yields that
x(t) — oo as t — 0o, a contradiction. Thus the theorem is proved. |

Remark 2. In the above results, the condition (Hy) forces us to assume
(H1). The above results remain true when G is linear or sublinear. The
prototype of G satisfying the hypothesis of the above results is G(u) =
lu|Ysgnu, v < 1.

3. Main results - the case when o; > 6,, i =1,--- ,n.

In the following, we shall replace the assumption (H7) by (Hs). Hence
the following results remains true for all types of G.

Theorem 6. Let c;(t),i =1,---,1 be in the range (Az) or (As) or (As).
Further, suppose that (Hs) and (Hg) hold. Then every solution of (1) is
oscillatory or tends to zero as t — oo.

Proof. let z(t) be a eventually positive solution of (1). Then w(t) > 0 or
< 0 for large t. If w(t) < 0 for large ¢, then x(t) < F(t) for large ¢ and hence
z(t) — 0 ast — oo. If w(t) > 0 for large ¢, then w'(t) > 0 for large ¢, say for
t > ty. Integration (3) from ty to ¢t and using (Hs) and the nondecreasing
property of G, we see that z(t) — 0 as t — oco. The above line holds when
x(t) < 0 for large t. The proof is complete. |

Theorem 7. Suppose that c;(t),i = 1,---,1 be in the range (Ay). If
(H2) and (Hg) hold, then every solution of (1) is oscillatory or tends to zero
ast — o0.

Proof. If z(t) is an eventually positive solution of (1). Setting w(t) as in
(2), we obtain (3) for large t. Hence w(t) > 0 or < 0 for large ¢. If w(t) >0



OSCILLATION AND ASYMPTOTIC BEHAVIOUR OF SOLUTIONS ... 113

for large ¢, then w'(t) > 0 eventually. Then integration of (3) from ¢, ¢;
large enough, to oo, in view of (Hz) and the nondecreasing property of G,
we see that z(t) — 0 as t — oco. Let w(t) < 0 for large ¢. then

l

(10) 2(t) < Ft) +wt)+ ) at)at — 7).

i=1

If limy oo w(t) = —A, A > 0, then there exists a € > 0 such that for 0 < e < A,
we obtain, for large ¢

limsupz(t) < —(A —€) + climsup z(t)
t—o0 t—o00
or,
(1 —¢)limsupz(t) < —(A—¢€) <0
t—00
a contradiction to the fact that z(¢) > 0 eventually. If lim; .. w(t) = 0,
then taking limsup both sides in (10) we have

limsup z(t) < climsupz(t),
t—o0 t—00
which ultimately yields that z(¢) — 0 as t — oco. The proof of the theorem
is same if z(t) < 0 eventually. This completes the proof of the theorem. W

Theorem 8. Let ¢;(t), i =1,---,1 be in the range (A4). If (Hs), (Hg)
and

n (e%¢] s—0;+0;
(Hi2) Z/ / ¢(0)dods < 1,
i=17t0 /s

then every bounded solution of (1) is oscillatory or tend to zero ast — oo.

Proof. If z(t) > 0 for large ¢, and bounded, then (H;2) implies that w(t)
is bounded. If limsup,_,,, x(t) > 0, then integration of (3) from t3 to oo, t2
large enough, we have w'(t) — —oo a contradiction to the boundedness of
w(t). Hence x(t) — 0 as t — oo. The proof of the theorem may be treated
similarly if we assume z(t) < 0 for large ¢. The proof is complete. |

Remark 3. From the above results, it follows that when G(u) = u, that
is for the linear case, the assumption «; > o; or o; < 0; is not required
though the authors have assumed (see [4], [5]). It would be interesting if
one removes the restriction (Hj) on G for §; > 04, i =1,--- ,n (see Section
2).
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