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1. Introduction and preliminaries

Metric fixed point theory is a branch of fixed point theory which finds
its primary applications in functional analysis. The interplay between the
geometry of Banach spaces and fixed point theory has been very strong and
fruitful. In particular, geometric conditions on mappings and/or underlying
spaces play a crucial role in metric fixed point problems. Although it has
a purely metric flavor, it is also a major branch of nonlinear functional
analysis with close ties to Banach space geometry, see for example [10] and
references mentioned therein. Several results concerning the existence and
approximation of a fixed point of a mapping rely on convexity hypotheses
and geometric properties of the Banach spaces. Takahashi [21] introduced
the notion of a convexity on metric spaces. Afterwards, Beg and Abbas ([4],
[5]), Ciric [8], Ding [9], Guay, Singh and Whitfield [11] and other authors
have studied fixed point theorems in convex metric spaces (see also [6],
[19]). On the other hand, Shahzad [18] introduced a class of noncommuting
mappings called R— subweakly commuting mappings, and applied it to S—
nonexpansive mappings in normed spaces. In this paper, common fixed
points, for C;— commuting maps which are more general than weakly com-
patible maps, are obtained in the setting of a convex metric space. Apply-
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ing uniformly C,—commuting mappings to asymptotically S—nonexpansive
mappings, common fixed point theorems are proved. As an application,
invariant approximation results for these mappings are also derived.

For the sake of convenience, we gather some basic definitions and set out
the terminology needed in the sequel.

Definition 1. Let (X,d) be a metric space. A mapping W : X x X x
[0,1] — X is said to be a convex structure on X, if, for each (z,y,\) €
X x X x[0,1] andu € X,

d(u, W(z,y,\)) < Md(u,z) + (1 = N)d(u,y).

A metric space X together with a convex structure W is called a convez
metric space. Obviously, W (x,z,\) = x.

Let X be a convex metric space. A nonempty subset F of X is said
to be conver if, W(z,y,\) € E whenever (z,y,\) € E x E x [0,1]. A
subset E of a convex metric space is said to be g—starshaped or starshaped
with respect to q, if there exist ¢ in F such that W(x,q,\) € E, whenever
(z,A) € E x [0,1]. Obviously ¢- starshaped subsets of X contain all convex
subsets of X as a proper subclass. Takahashi [21] has shown that open
spheres B(z,r) = {y € X : d(y,x) < r} and closed spheres Blz,r] = {y €
X :d(y,z) < r} are convex in a convex metric space X. A convex metric
space X is said to have property (A) if: d(W (y,z, A), W (z,z,A)) < A\d(y, 2),
for all x,y,z € X and A € (0,1). Property (A) is a convex metric space
analogue of condition (I) for the starshaped metric spaces of Guay, Singh
and Whitfield, see, Definition 3.2 [11]. Throughout this paper, a convex
metric space X is assumed to have a property (A).

Also note that every normed space is a convex metric space. There are
many examples of convex metric spaces which cannot be embedded in any
normed space [21].

Example 1. Let X = {(21,72,23) € R® : x1,29,23 > 0}. For z =
(x1,22,23), y = (Y1,Y2,y3) and z = (21, 22, 23) in X, and «, 3,7 € [0, 1] with
a+ B+ =1, define a mapping W : X3 x [0,1]*> — X by

W(x7y7 Z,Q, ﬁvﬁy) = (OZ.’I,'l + /8-7/'2 + yz3, oy + 592 + vys3, az1 + /822 + 7Z3)a

and a metric d : X x X — [0,00) by, d(z,y) = |z1y1 + x2y2 + z3ys3|. Here
X is a convex metric space but it is not a normed space.

Example 2. Let X = {(z1,72) € R? : 21,22 > 0}. For z = (21, 72),

y = (y1,y2) in X and a € [0, 1]. Define a mapping W : X x X x [0,1] — X
by

1—
W(%',y,Oé) = <a$1 + (1 . a)yh ar1Tre + ( a)ylyQ) ’

azy + (1 — o)y
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and a metric d : X x X — [0,00) by d(x,y) = |1 — y1| + |r122 — y192|. Tt

can be verified that X is a convex metric space but not a normed space.
Definition 2. Let T,S : X — X. A point x € X is called:

(1) a fixed point of T if T(x) = x;

(2) a coincidence point of the pair {T,S} if Tx = Sx;

(8) a common fized point of the pair {T,S} if v = Tz = Sx.

F(T),C(T,S) and F(T,S) denote set of all fired points of T, the set of all
coincidence points of the pair {T, S}, and the set of all common fized points
of the pair {T, S}, respectively.

Definition 3. Let E be a q—starshaped subset of a convexr metric space
X, q € F(S), with E is both T and S invariant where, T, S : X — X. Put
YqTx ={yr:yr=W(Tx,q,\) and X € [0,1]},

and, for each x in X, d(Sz,Y]™) = inf{d(Sz,y») : A € [0,1]}. The map T
is said to be:

(1) an S— contraction if there exists k € (0,1) such that
d(Tz, Ty) < kd(Sz, Sy);

(2) asymptotically S—nonexpansive if there exists a sequence {ky}, ky >
1, with lim k, = 1 such that d(T"x,T"y) < k, d(Sz,Sy), for each

n—oo

z,y in B andn € N. If k, = 1, for all n € N, then T is called an
S— nonezxpansive mapping. If S = I (the identity map), then T is an
asymptotically nonexpansive mapping;

(3) R—weakly commuting if there exists a real number R > 0 such that
d(STz,TSz) < Rd(Tx,Sx)

for all x in E;
(4) R—subweakly commuting if there exists a real number R > 0 such that

d(TSx,5Tx) < Rd(Sz, Y, ™);

for all x € E;

(5) uniformly R-subweakly commuting if there exists a real number R > 0
such that
d(T" Sz, ST"x) < Rd(Sz,Y;"");

forallx € E.
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(6) Cq— commuting if STx = TSz for allz € Cy(S,T), where Cy(S,T) =
U{C(S,T}) : 0 < k <1}, and Tyx = W(Tz,q, k).
Clearly Cy— commuting maps are weakly compatible but converse is not
true in general ( see for example [2] ).

A self mapping T on a convexr metric space X is said to be
(7) affine on E if
TW(z,y,\) =W (Tx, Ty, \),

forall x,y € E and X € (0,1);

(8) uniformly asymptotically reqular on E if, for each € > 0, there exists
a positive integer N such that d(T"z, T™y) < € for alln > N and for all
x in E.

Definition 4. Let E be a q-starshaped subset of a convex metric space
X, and T, S : E — E be maps with ¢ € F(S). Then T and S are said to be
uniformly Cq—commuting on E if ST"x = T" Sz for all x € Cy(S,T) and
neN.

Clearly, uniformly Cj-commuting maps on E are Cj-commuting but not
conversely in general, as the following example shows.

Example 3. Let X be set of all real numbers with usual metric and
E = [1,00). Define, Tz = 2z — 1 and Sz = 2%, for all x € E. Take, q = 1.
Then E is g— starshaped with Sq¢ = ¢ and Cy(S,T) = {1}. Note that S
and T" are Cj-commuting maps but not uniformly Cj-commuting, because
ST?1 # T?%S51.

Uniformly R— subweakly commuting maps are uniformly C, -commuting
but the converse does not hold in general, for this, we consider a following
example.

Example 4. Let X be set of all real numbers with usual metric, and
E =10,00). If,

S 2 if 0<z<l,
€Tr =
r if z>1

and

1 .
= if 0<z<1
T =< 2 - ’
{w2 if x>1,

then E is 1— starshaped with S1 =1 and C,(S,T) = [1,00]. Note that S
and T" are uniformly C;— commuting but not R—weakly commuting for all
R > 0. Thus S and T are neither R— subweakly commuting nor uniformly
R— subweakly commuting maps.
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2. Common fixed point results

In this section, the existence of common fixed points of uniformly C,—
commuting, C;— commuting, and uniformly R— subweakly commuting map-
pings is established in a convex metric space.

Theorem 1. Let E be a nonempty q— starshaped complete subset of
convexr metric space, and T, f and g be self mappings on X. Suppose q €
F(f)N F(g), T is continuous, f and g are continuous and affine on E,
c(T(E)) is compact and T(E) C f(E) = g(E). If the pairs {T, f} and
{T, g} are Cqy— commuting and satisfy, for all z,y € E,

(1) d(Tz,Ty) < max{d(fz,gy),d(fz,Y,"),d(gy, YY),
Sz, YY) + dlgy, Y[,
then T, f and g have a common fized point in E.
Proof. Define T,, : E — E by
Towx =W (Tz,q, ),

where A\, € (0,1) with lim A, = 1. Since F is ¢— starshaped, T}, is the self

n—oo
mapping on E for each n > 1. As f and T are C;— commuting and f is

affine on E with fq =g, if, x € C(f,T,,) C Cy(f,T'), then
JThr = f(W(Tm, q, An)) = W(fou q, An) = W(foa q, )\n) =Tyfx.

Thus f and 7;, are weakly compatible for all n. Also since g and T are Cy—
commuting and g is affine on F with gq = ¢, g and T}, are weakly compatible
for all n. Also,

d(Tox, Toy) = dW(Tz,q,2\), W(Ty,q,\n)) < And(Tz, Ty)

< Apmax{d(fz,gy), d(fz,Y,"),d(gy, Y,"),
S, YY) + d(gy, YN)

An max{d(fz, gy), d(fz, Thx), d(gy, Tny),
%[d(fx, Tny) + d(gy, Tnz)]}

A

IN

By Corollary 3.1 of [7], for each n > 1, there exist x, in E such that z, is
a common fixed point of f, g, and T},. The compactness of ¢l(T(E)) implies
that there exists a subsequence {T'zy} of {Tx,} such that Txp — y as
k — o0. The definitions of Tz and convexity structure on X give x, — y.
From the continuity of T, f and g, we have y € F(T)N F(f) N F(g). |
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Corollary 1. Let E be a nonempty q— star shaped complete subset of
a convexr metric space X, and T, f and g be self mappings on X. Suppose
that g € F(f) N F(g), T is continuous, f and g are continuous and affine
on E, c(T(FE)) is compact and T(E) C f(E) = g(F). If the pairs {T, f}
and {T, g} are R— subweakly commuting mappings satisfying (1), then T,
f and g have a common fized point in E.

Corollary 2. Let E be a nonempty closed q— star shaped subset of
convex metric space X, and T and S be R— subweakly commuting mappings
on E such that T(E) C S(E), c(T(E)) is compact where g € F(S). If T
is continuous S— nonexpansive and S is affine on E, then F(T) N F(S) is
nonempty.

Theorem 2 ([15]). Let E be a subset of a metric space (X,d), and S
and T be weakly compatible self-maps of E. Assume that clT(E) C S(E),
cT(E) is complete, and T and S satisfy, for all z,y € E and 0 < h < 1,

(2) d(Tz,Ty) < hmax{d(Sz,Sy),d(Sz,Tz),
d(Sy,Ty),d(Sz,Ty),d(Sy, Tx)} .

Then ENF(S)NF(T) is a singleton.

Theorem 3. Let E be a nonempty closed q— starshaped subset of a convex
complete metric space X, and T and S be uniformly Cy— commuting map-
pings on E —{q} such that S(E) = E and T(E —{q}) C S(E — {q}), where
q € F(S). Suppose that T is continuous asymptotically S— nonexpansive
with sequence {ky} and S is affine on E. For each n > 1, define a mapping

A
T, on E by T,x = W(T"z, q, ), where ay, = k—n and {\,} is a sequence in
(0,1) with lim A\, = 1. Then for eachn € N, FT’L(TH) N F(S) is a singleton.
n—oo

Proof. For all z,y € E, we have

d(Tn (.%'), Tn(y)) = d(W(Tn.I‘, q, Oén), W(Tny7 q, an))
< apd(T"x, T"y) < \pd(Sz, Sy).

Moreover, as T' and S are uniformly C;— commuting and §' is affine on
E with Sq = g, for each, z € C(S,T),) C Cy(S,T),

ST,z = SW(T"z,q,\n)) = W(ST"x,q, \n)
= W(T"Sxz,q, ) =T,Sx.

Hence S and 7T,, are weakly compatible for all n. The result now follows
from Theorem 2. [ |
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Corollary 3. Let E be a nonempty closed q— starshaped subset of convex
complete metric space X and T and S be Cy— commuting mappings on
E—{q} such that S(E) = E and T(E—{q}) C S(E—{q}), where g € F(95).
Suppose that T is continuous asymptotically S— nonexpansive with sequence
{kn} and S is affine on E. For each n > 1, define a mapping T,, on E by

A
Thx =W(T"x,q,ay), where oy, = k—n and {\n} is a sequence in (0,1) with
lim A\, =1. Then for each n € N, %(Tn) N F(S) is singleton.
n—oo

Theorem 4. Let E be a nonempty closed q— starshaped subset of convex
metric space X, and T and S be continuous self mappings on E such that
S(E)=FE and T(E—{q}) C S(E—{q}), g € F(S). Suppose T is uniformly
asymptotically reqular, asymptotically S- nonexpansive, and S is affine on

E. If cl(E —{q}) is compact and S and T are uniformly Cy— commuting
mappings on E — {q}. Then F(T)N F(S) is a singleton in E.

Proof. From Theorem 3, for each n € N, F(T,) N F(S) is singleton in
E. Thus,
Sy =y = W(T" 20, q, ).

Also,

d(xp, T"xy) = dW(T"xn,q,an), T"xy))
< (I —ap)d(q, T"xy) < (1 — a)d(q, T"xy,).

Since T'(E — {q}) is bounded, d(zp,T"z,) — 0 as n — co. Now,

d(zn, Txy) < d(xp, T"x,) + d(T"2n, TN 2,) + d(T" 2y, Txy)
< d(xp, T"xyp) + d(T ", T" 2y + k1d(ST 2y, Sty

( )
< d(zn, T"xp) + d(T" vy, Tn+1xn) + k1d(ST"xy, SW(T" 2y, q, )
< d(xp, T"xn) + d(T"2p, T ) + k1d(ST 2y, W(ST "z, q, o))
< d(xy, T"xy) + d(T "z, T2y, + k1 (1 — a)d(ST 2, Sq)

< d(zp, T"xy) + d(T"xp, T”+1xn) + k(1 — an)d(ST"zp, Sq),

which implies that, d(zp, Tz,) — 0, as n — co. As cl(E — {q}) is compact

and E is closed, there exists a subsequence {z,,} of {z,} such that z,, —

xg € E as i — oo. The continuity of T implies that T'(xg) = xo. Since

T(E —{q}) C S(E —{q}), it follows that zo = T(x¢) = Sy for some y € E.
Moreover,

d(Txy,;, Ty) < k1d(Szp,, Sy) = kid(xy,, x0).

Taking the limit as ¢ — oo, we get Txg = Ty. Thus Txy = Sy =Ty = xo.
Since S and T" are uniformly Cy— commuting on £ — {q}, and y € C(S,T),

d(Txo, Sxo) = d(T' Sy, STy) = 0.
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Hence the result follows. [ |

Corollary 4. Let E be a nonempty closed q-starshaped subset of a convex
metric space X, and T and S be continuous self mappings on E such that
S(E) = E and T(E — {q}) € S(E —{q}), q € F(S). Suppose that T is
uniformly asymptotically reqular, asymptotically S- nonexpansive and S is
affine on E. If cl(E — {q}) is compact and S and T are Cy— commuting
mappings on E — {q}, then F(T)N F(S) is a singleton in E.

3. Invariant approximation results

Meinardus [16] was the first to employ a fixed point theorem to prove the
existence of an invariant approximation in Banach spaces. Subsequently,
several interesting and valuable results have appeared in the literature of
approximation theory ([1], [18] and [20]). In this section we obtain results on
best approximation as a fixed point of uniformly C;,— commuting mappings
and Cy— commuting in a convex metric space.

Definition 5. Let X be a metric space and M be a closed subset of X. If
there exists a yo € M such that d(x,yo) = d(z, M) = inf{d(z,y) : y € M},
then yo 1is called a best approzimation to x out of M. We denote by Py(x),
the set of all best approximations to x out of M.

Remark 1. Let M be a closed convex subset of a convex metric space.
As, W(u,v,\) € M for (u,v,\) € M x M x [0, 1], the definition of convexity
structure on X further implies that W(u,v,\) € Pys(x). Hence Py(z) is a
convex subset of X. Also, Py/(z) is a closed subset of X. Moreover, it can
also be shown that Pys(x) C OM, where OM stands for the boundary of M.

Theorem 5. Let M be a nonempty subset of a convex metric space X,
T, f and g be self maps on X such that u is common fixed point of f,g and
T and T(OM N M) C M. Suppose that f and g are affine and continuous
on Pyr(u) with Pyr(u) g— starshaped, f(Ppr(u)) = Py(u) = g(Pa(u)) and,
q € F(f)NF(g). If the pairs {T, f} and {T,g} are Cy— commuting and
satisfy,

d(fx,gu) if Yy =u,
d(Tx,Ty) < maX{d(fw gy), d(fz,Y,"),
d(gy, Y{Y), Sld(f, YgY) + d(gy. YO} if y € Pu(u)

forall x € Py(u)U{u}, and if cl(Pa(w)) is compact and Py(u) is complete,
then Py(uw) N F(T)NFE(f) N F(g) is nonempty.
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Proof. Let © € Py (u), then d(xz,u) = d(x, M). Note that for any
A€ (0,1)

d(yn,u) = d(W(z,u, \),u) < Md(z,u) < d(xz,u) = d(z, M),

which shows that, Y,;* = {yx : yp = W(z,u,\)}NM is empty so z € IMNM
and Tx € M. Since fx € Py (u), u is common fixed point of f,g and T,
from the given contractive condition we obtain

d(Tz,u) =d(Tz,Tu) < d(fz,gu) = d(fz,u) = d(u, M).
Thus Pys(u) is T- invariant. Also,
T(Py(u)) C Prr(u) = f(Prr(w) = g(Par(u)),

and result follows from Theorem 1. [ |

Theorem 6. Let M be a nonempty subset of a convex metric space X,
and T, S be two continuous self mappings on X such that and T(OM N
M)C M, ue F(S)NF(T) for some u in X. Suppose that T is uniformly
asymptotically regular, asymptotically S— nonexpansive and S is affine on
Pyr(u) with S(Pp(u)) = Py(u), g € F(S) and Py (u) is g— starshaped. If
cl(Pyr(u)) is compact, Pyr(u) is complete and the pair {S, T'} is uniformly
Cy— commuting on Pyr(u) U {u} satisfying d(Tx,Tu) < d(Sz,Su), then
Py(u)NF(T)NF(S) # ¢.

Proof. Let © € Py(u), then d(x,u) = d(z,M). Note that for any
A€ (0,1),

Ay, u) = AW (2,0, A), 0) < Ad(@,u) < d(e,u) = d(a, M),
which shows that, V.7 = {y : y» = W(x,u, \)} N M is empty so x € OMNM
and Tz € M. Since Sz € Py(u), u is common fixed point of S and T, and
therefore, by given contractive condition, we obtain

d(Tz,u) = d(Tz,Tu) < d(Sz,Su) = d(Sz,u) = d(u, M).
Thus Pys(u) is T- invariant. Also,

T(Pyr(u)) € Par(u) = S(Pas(u)).

The result now follows from Theorem 4. |
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Corollary 5. Let M be a nonempty subset of convex metric space X, and
T and S be two continuous self mappings on X such that and T(OMNM) C
M, ue F(S)NF(T) for some u in X. Suppose that T is uniformly asymp-
totically reqular, asymptotically S- nonexpansive, S is affine on Pyr(u) with
S(Puy(u)) = Py(u), g € F(S) and, Py(u) is g— starshaped. If cl(Pps(u))
is compact, Pyr(u) is complete and pair {S,T} is uniformly R—subweakly
commuting on Pyr(u)U{u} satisfying d(Txz, Tu) < d(Sz, Su), then Py(u)N
F(T)NF(S) # ¢.

Remark 2. Theorem 4 extends and improves Theorem 6 of [3] to convex
metric spaces. The results of this paper generalize the comparable results
of [5] along with the reference in [5].

Acknowledgement: Author is grateful to Professor B.E. Rhoades for
his suggestions to improve the presentation of the paper.
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