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ABSTRACT. The sequence space m(¢, A,,,p)E" of fuzzy real num-
bers for 0 < p < 1 and 1 < p < oo, are introduced. Some
properties of the sequence space like solidness, symmetricity,
convergence-free etc. are studied.
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1. Introduction

The concept of fuzzy set theory was introduced by Zadeh [16]. Later on
sequences of fuzzy numbers have been discussed by Matloka [6], Tripathy
and Nanda [15], Nuray and Savas [7], Kwon [5] and many others.

Kizmaz [4] defined the difference sequence spaces £ (A), c(A) and co(A)
for crisp sets as follows

Z(A) ={z = (z1) : (Azy) € Z},
for Z = lw, c and ¢p, where Az = (Axy) = (zr — T41).

The above spaces are Banach spaces, normed by,

I lla= lz1]+ sup|Azg].

The idea of Kizmaz [4] was applied to introduce different type of difference
sequence spaces and study their different properties by Tripathy ([11],[12]),
Tripathy and Esi [13] and many others.

Tripathy and Esi [13] introduced the new type of difference sequence
spaces, for fixed m € N by

Z(Am) ={z = (1) : (AmXy) € Z},

* The work of the authors was carried under University Grants Commision of India
project No.-F. No. 30 —240/2004 (RS).
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for Z = b, c and ¢y where A,z = (Anzk) = (T — Tiam)-

This generalizes the notion of difference sequence spaces studied by Kiz-
maz [4].

The above spaces are Banach spaces, normed by

m
I lla,= el + SUP [ Ay

r=1

Sargent [9] introduced the crisp set sequence space m(¢) and studied
some properties of this space. Later on it was studied from the sequence
space point of view and some matrix classes were characterized with one
member as m(¢) by Rath and Tripathy [8], Tripathy [11], Tripathy and Sen
[14] and others. In this article we introduce the space m(é, Ay, p)¥ of fuzzy
real numbers for 0 < p < co and m > 0, an integer.

Throughout the article w', ££', ¢£ represent the classes of all, absolutely
summable and bounded sequences of fuzzy real numbers respectively.

2. Definitions and background

A fuzzy real number X is a fuzzy set on R i.e. a mapping X : R — [
(= [0, 1]) associating each real number ¢t with its grade of membership X (¢).

A fuzzy real number X is called convezif X (t) > X (s)AX (r) = min{ X (s),
X(r)}, where s <t < r.

If there exists tg € R such that X (t9) = 1, then the fuzzy real number X
is called normal.

A fuzzy real number X is said to be upper semi continuous if for each
e>0,X"1([0,a +¢)), for all @ € I is open in the usual topology of R.

The class of all upper semi continuous, normal, convex fuzzy real numbers
is denoted by R(I). For X € R(I), the a-level set X* for 0 < av < 1is defined
by, X¢ = {t € R: X(t) > a}. The 0-level i.e. X is the closure of strong
0-cut, i.e. X0 =cl{t € R: X(t) > 0}.

The absolute value of X € R(I) i.e. |X]| is defined as(see Kaleva and
Seikkala [4])

0 otherwise.

1X|(t) = { max{X(t), X(-t)} for t>0,

For r € R,7 € R(I) is defined as,

1 f =
r(t):{ or t=r,

0 otherwise.
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The additive identity and multiplicative identity of R(I) are denoted by
0 and 1 respectively. The zero sequence of fuzzy real numbers is denoted by

|

Let D be the set of all closed bounded intervals X = [XF, X .

Define d: D x D — Rby d(X,Y) = max{|X* — Y| | X% - Y%|}. Then
clearly (D, d) is a complete metric space.

Define d : R(I) x R(I) — R by d(X,Y) = (2% d(X*Y?), for X,Y €
R(I). Then it is well known that (R(I),d) is a complete metric space.

A sequence X = (Xj) of fuzzy real numbers is said to converge to
the fuzzy number Xj, if for every € > 0, there exists kg € N such that
d(Xg, Xo) < ¢, for all k > k.

A sequence space F is said to be solid if (Y;,) € E, whenever (X,,) € E
and |Y,,| < |X,|, for all n € N.

A sequence space E is said to be monotone if ¥ contains the canonical
pre-images of all its step spaces.

Let X = (X,,) be a sequence, then S(X) denotes the set of all permuta-
tions of the elements of (X,) i.e. S(X) = {(Xz(n)) : 7 is a permutation of
N}. A sequence space F is said to be symmetric if S(X) C E for all X € E.

A sequence space F is said to be convergence-free if (Y;,) € E whenever
(X,) € E and X,, =0 implies Y,, = 0.

Remark. A sequence space F is solid implies that E is monotone.

Let ps be the class of all subsets of N those do not contain more than S
number of elements.

Throughout (¢y,) is a non-decreasing sequence of positive real numbers
such that n¢,+1 < (n+ 1)¢, for all n € N.

The space m(¢) introduced by Sargent [9] is defined as,

m(¢) = {(zx) € w:|| @ [lm(g)= _sup ¢SZ|¢%| < 00}

s>1,0€ps kco

Tripathy and Sen [14] generalized this sequence space and introduced the
sequence space m(¢,p) defined as follows

m(¢,p) = {(wk)ew‘Hme 6.0)

sup Z|xk]p < o0} for 0 < p < o0.
s>1, crEgos k:Ecr

We introduce the sequence space m(¢p, A, p)f of fuzzy real numbers as
follows

m(é Amp)’ = (X =(X0): sup — 3 (@AnX5,0)) < o0}

s>1,0€ps S keo
for 0 < p < 0.
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3. Main results

In this section, we prove some results involving the sequence space m/(¢,
A, p)F with two values of p such that 0 < p < oo.

Theorem 1. (a) The sequence space m(¢, Ay, p)t for 0 < p < 1isa
complete metric space by the metric,

Z (X, Y,) sup iZ[a(Aka,AmYk)]p

s>1,<76pS S keo

for X,Y € m(p, Am,p)~.

(b) The sequence space m(¢p, A, ) for 0 < p < 1 is a complete metric
space by the metric,

S

Z (X, Y,) sup 1 Z[E(AkayAmYk)]p

s>1 ,0E€Ps QSS keo

for X,Y € m(¢, Ap,p)F.

Proof. (a) Clearly, m(¢, A, p)* is a metric space with the above defined
metric p.

We have to prove that it is a complete metric space.

Let (X®) be a Cauchy sequence in m(¢p, A, p)" such that X(® =
(X (i)),ib’ozl. Then we have for any ¢ > 0, there exists a positive integer
no = no(e) such that,

p(XW x0y < ¢ for 4,5 > no

L . 1 _ ; A
) =Y a0 x4 sw 3 [aanx anx)]" < o
r=1 s>1,0€ps (ZSS keo
for all 4,7 > ng.
Which implies that
S AxD, XDy < e forall i,j>ng
r=1

= a(qui),X(j)) < e forall 4,7 >ng, r=1,2,3,...m

T

Hence, (Xﬁi)) is a Cauchy sequence in R(I), so it is convergent in R(I),
by the completeness property of R([), for r = 1,2, 3, ...m.
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Let '
lim X,EZ) = X, for r=1,2,3,....m

1— 00

Also, sup dT S d(An X() A X(j))}p < g, for all 4,5 > nyg.
52170'€Ps k€o
On taking s = 1, we have,

A2 XD ALXY) < (e41)7,  forall i,j>ng and k€ N.

Which implies that for each fixed k(1 < k < o), the sequence (A, X lgz))
is a Cauchy sequence in R(I), hence converges in R(I).
Let, lim AmXIEZ) =Y} (say), in R(I), for each k € N.
1—00

For k = 1, we get, (X{i)) and (Xp — X,gi)Jrl) are convergent. Hence

(Xfr?ﬂ) is convergent.

()

On applying the principle of induction, we get, zliglo X, ' = X exists for
each k € N.
Taking limit as j — oo in (1), we have,
mo ' 1 B )
2 Y dxD.X,) + sup — D [dAnX, A X < e,
—1 s>1,0€ps Skco
for all 7> mng, m>0.
= p(X™ X) < ¢, for all n > ny.

Since (X®) € m(¢, A, p)F and by (2), for all i > ng, we have, p(X,6) <
p(X(i),X) (X(Z) 6) < co. Hence, X € m(¢, A, p)F. Hence, m(¢, A, p)¥
is a complete metric space.

This completes the proof of the theorem. |

(b) This part can be proved by following similar techniques.
Theorem 2. The sequence space m(p, A, p)t is not solid for 0 < p < oo.
Proof. The proof follows from the following example. |

Example 1. Let m =3,p=2and ¢, =1, for all s € N.
Let X = 1 for all k € N. Then, we have, d(A3X,0) = 0 for all k €
N. Hence, sup —Z[ (A, Xk, 0)]P = 0. Which implies that, (X;) €
s>1,0€ps keo
m(¢, Az, 2)F". Consider the sequence (ay,) of scalars defined by

1 for k is even,
ap = i
0 otherwise.
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So, d(Asza, X, 0) =1 for all k € N. Which implies that,

1 — — 1
sup - ~— Z[d(Aka, 0)) = sup *Zl = sup Ss=oo.
s>l,o0€ps Ps o s>1,0€ps 11— s>1,0€0s

Which shows that,(ax X3) & m(¢, Az, 2)F. Hence, m(¢p, A, p)F is not
solid.

Theorem 3. The sequence space m(¢, A, p)t is not symmetric for
0<p<oo.

Proof. The result follows from the following example. |
Example 2. Let m = 1, ¢, = s, for all s € N. Let, X3 = k, for all

k € N. Then, d(AX},0) =1, for all k € N. Let (Y}) be a rearrangement of
(Xk) such that,

(V) = (X1, X2, X4, X3, X9, X5, Xi16, X6, X025, ...).

Which shows that, sup - Z[ (A, Y%, 0)]P = co. Hence, (Yy) € m(¢, A,
sEl,aEps *keo
p)F. Thus, m(¢, A, p)F is not symmetric.

Proposition 1. The sequence space m(¢, Am,p)F s not convergence-free,
forO<p<landl <p<oo.

Proof. The result follows from the following example. |

Example 3. Let p = % and ¢s = s for all s € N. Consider the sequence
(X)) defined as follows:

1+kt for te[—4,0],

Xp(t)=9 1—kt for te|0,4],
0 otherwise .
Then,
14 By for e [ im0,
ApXp(t) =4 1 BEtmy for ¢ e o, g,
0 otherwise .

Such that, E(Aka’ﬁ) — ﬁ(ii% _

2
Gy + Bemy <00 m 2> 1.
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Then,

[E(Aka, 6)] 8
keo

sup
s>1,0€ps Ps

D=

= su EZ [ 2 + m < 0
SZl,O’%K)s S ko (k+m) k(k+m) '

Thus, (Xj) € m(s, Ap, )7
Now, let us take another sequence (Y%) such that,

1+ for te[-k%0],
Vi(t)=4q 1—4& for te[0,k?],
0 otherwise.
for all k € N. So that,
1+m fOI' te [—(2k2+2km+m2),0],
0 otherwise .

for all k € N. But, d(A,Y%,0) = (2k? + 2km + m?), for all m > 1.

Which implies that, sup 3 (2k? 4 2km +m2)7 = co. Thus, (V) ¢
s>1,0€ps k€o

m(s, A, %)F Hence m(¢, A, p)F is not convergence-free, for 0 < p < 1.
Similarly, it can be proved that m(¢, A, p)f is not convergence-free for 1 <
p < 0o. The following result is a consequence of Lemma and Proposition 1.

Proposition 2. m(¢, Ay € m(é, A, p)t.

Proof. Let X € m(¢, Ap)Y, then we have

1
sup — d(A, X, 0) = K(< 00).
s>1,0€ps ¢s kEZ; ( ) ( )

Hence, for each fixed s, we have

> d(AnXy,0) < K¢y,  for o€, m>1.
k€o

= [Z {1(AnX1,0) }p] " < Ko,

k€o

=
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1
p
d(AnX,0)}| <K, > 1.
:stgrpGpgqss[kezg{ F )}] - =

i.e. sup
s>1,0€ps Qbs

> {d (AnX,0 )}pr<oo.

keo

Which implies that, X € m(¢, Ap,,p), for 1 < p < co. This completes the
proof. |

Proposition 3. m(¢, Ay, p)! € m(, A, p)F, if and only if sup(zf)
s>1
< o0.

Proof. Suppose, sup(is) = K(< o0), then we have, ¢5 < K.

Now, if (X) € m(qb, A, p)¥, then

3=

sup S[Z{dAXk, }] < o0

szl,crEgas kco

> {d (AmX,0 )}r<oo,

= sup
le,oEpg s keo
ie. (Xi) € m(v,An,p)f. Hence m(op, A, )F C m(y, A, p)¥. Con-
versely, suppose that m(é, A, p)¥ € m(, A, p)F". To show that, sup(is) =
s>1 7
sup(ns) < oo. Suppose if possible, sup(ns) = oco. Then there exists a subse-

s>1 s>1
quence (ns,) of (ns) such that,

lim (ns,) = oo.

1—00

Then for (Xj) € m(¢, Ay, p)Y, we have  sup W LIS {d(A, Xk, 0 )}p]% >
s>1,0€ps kEU

P (YA A X, 0))7]7 = oo, Le. sup L[ Y {d(A Xi, 0)}7]7

sup
s>Lo€ps ' k€o s>1,06p, ¥ keo
= 00, which implies that (X3) & m(1, A, p)F', a contradiction.

This completes the proof. |

Corollary 1. m(¢, A, p)E = m(¥, A, p)F, if and only if sup(ns) < oo
s>1

and sup(n; ') < oo, where ng = % for 0 <p < 0.
s>1 s

Theorem 4. (,(Ay) € m(e, A, p)t C loo(Ap)E for 1 < p < oo.
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Proof. Since m(¢, Ay, p)" = p(Am)F for ¢, =1 and 0 < p < 1 and
for all n € N.

So, the first inclusion is clear. Next, suppose that, (Xi) € m(¢, Ap,, p)
that implies that,

F

)

sup i[Z:{E(Aka,ﬁ)}p]% = K(< 00).

s>1,0€ps Ps keo

For s = 1, d(An X, 0) < K¢1, k € o, which implies that, sup{d(A,, X,0)} <
k>1

oo which implies that, Xy € foo(A)T.
This completes the proof. |

Putting ¢, = 1, for all n € N, in Corollary 1, we get
Proposition 4. m(¢, Ap,p)¥ = £,(A)F if and only if sup(¢s) < oo
s>1

and sup(¢3t) < oo.
s>1

Using the properties of ¢, spaces, we get the following results.
Proposition 5. If p < q, then m(¢, A, p)¥ € m(¢, A, q)F.

Proposition 6. m(¢, A, p)t € m(y, Ap,q)F if p < q and sup(%)
s>1 °

< Q.

Corollary 2. m(¢, A, p)¥ = €,(A)T if lim (%) > 0.

§— 00
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