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ABSTRACT.We obtain in this paper the solution of the following
difference equation

Tn

_ =0,1,...
Tp_1(zy £ 1) " B

Tn4+1 =
where the initial conditions z_1, xg are arbitrary real numbers.
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1. Introduction

In this paper we obtain the solution of the following recursive sequence

Tn

S — T
Tp—1(zn £ 1)

(1) Tnt+l =

where the initial conditions x_1, g are arbitrary real numbers.

Recently there has been a lot of interest in studying the global attrac-
tivity, boundedness character the periodic nature, and giving the solution
of nonlinear difference equations. For some results in this area, see for ex-
ample [1-11]. Since Cinar [1,2,3] investigated the solutions of the following
difference equations

Tn—1 Tp—1 ATp—1

Tptl = Tntl = Tp4l = T—7 —.
’ 1+ bxpxn_1

14+ axnThn_1 —1+axnTn_1’

Elabbasy et al. [4] investigated the global stability, periodicity character
and give the solution of special case of the following recursive sequence

bx,,
Tptl = ATy — ———————.
CTy — dTp—1
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Elabbasy et al. [5] studied the global stability, periodicity character and
give the solution of some special cases of the difference equation

ATp_k

k .
B+1lizozn—i

Elabbasy et al. [6] investigated the global stability, periodicity character
and give the solution of some special cases of the difference equation

Tp41 =

. dl‘n*l-xn*k
Tpy1 = —> +a
CTp—s—b

Karatas et al. [8] gave that the solution of the difference equation

- _ Ln—5
i 1+ xp_oTn_s .
Simsek et al. [11] obtained the solution of the difference equation

Tn—3

Tpr] = ———.
i 14z,

Here, we recall some notations and results which will be useful in our inves-
tigation.
Let I be some interval of real numbers and let

[l

be a continuously differentiable function. Then for every set of initial con-
ditions x_g, T_gy1,...,x0 € I, the difference equation

(2) Tnt1 = [(Tny X1y, Tnk), n=0,1,...,

has a unique solution {z,}7° . [10].
A point T € [ is called an equilibrium point of Eq(2) if
z = f(z,7,..,T).
That is, x,, = T for n > 0, is a solution of Eq(2), or equivalently, T is a fixed
point of f.

Definition. [Periodicity] A sequence {x,}°° . is said to be periodic with
period p if Tpyp = xy, for alln > —k. |
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2. Main results

2.1. First equation

In this section we give a specific form of the solutions of the difference
equation
Tn

—— n=0,1,...
xnfl(mn + 1)

(3) Tn41 =

where the initial conditions x_1, x¢ are arbitrary real numbers with z_1,
i) ¢ {0, —1}.

Theorem 1. Let {z,}5° 1 be a solution of Eq(3). Then equation (3)
have all solutions and the solutions are

h
T = —
1 k

x = - €T = —

Tsn—1 =k, Tsn = h,

where x_1 =k, x_g = h.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that
our assumption holds for n — 1. We shall show that the result holds for n.
From our assumption for n — 1, we have the following:

h

x5n—4:m7
1 ok

k+hthk) 2T (A 1k)

Tsn—6 = k, Tsn—5 = h,
T5p—3 =

Now, it follows from Eq(3) that

S 9(lf5n—2 | _ k(k+h-+ hk}i
Tsn—3(1 + Tsn—2
h(1+k)(1+ m)
_ k(k+h+hk)
 h(l+k)+k
5, — Trp—1 _ hk (1 + k) _
Tsn—2(1 +x50-1) k(1 +k)
_ T5n _ h
Tontl = x5n71(1 + 335n) B k(l + h)
Tnp2 = T5n+1 _ h _ 1 .
Tsn (1 + Tsp41) h (k(L4+h)+h)
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T5n42 k(1+ h)
T a0 ) g kb (L)
(k(1+h)+h)
B k(14 h) B k(1+h) B k
 hk+kh+h+1)  hk+1)(R+1)  R(E+1)
Thus, the proof is completed. |

Theorem 2. Suppose that {x,}32 _; be a solution of equation (3). Then
all solutions of equation (3) are periodic with period five.

Proof. From Eq(3), we see that

Tn
T = —
et Tn—1(1 4 xy,)
fprg = Tn+1 o In
n+ - = T
Tn(1 4 Tpt1) (1 140 =
Tndn 1( + an)( + .%'nfl(l T l’n))
B 1
(1'71—1(1 + xn) + xn) '
fpig = Tn+2
m Tpt1(1 + Tnt2)
B Tn-1(1+ xy)
B 1
Tp—1+ TpTp—1+ Tpn)Tn(l+
( n—1 ndn—1 n) n( (xnfl NS n l‘n))
_ xnfl(l + xn) _ Tn—1
xn(ZUnfl + TpTp—1+Tn + 1) xn(l + l‘nfl) .
Tnig = Tn+3 _ xnfl(xnfl + TnTp—1+ xn)
nta = = T
Tpt2(14 Tnt3) (14 2y 1) (14 —
_ xn—l(xn—l + TnTp—1 + wn) _ .
(l'n(l + xnfl) + -xnfl) e
B Tn+4 _ xn—l(l + $n—1)xn —
n+ Tnt3(1l + Tpia) Tp—1(1+zp_1) "
This completes the proof. |
Theorem 3. Eq(3) have three equilibrium points which are 0, @,
—v/5—1
—5—.

Proof. For the equilibrium points of Eq(3), we can write
_r
T(T+1)

xr =
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Then
P+ -T=0,
or
(@ 4T 1) =

0.
Thus the equilibrium points of Eq(3) isZ =0, T = \/52_1, T = _*/25_1. |

Remark 1. Eq(3) has no prime period two solution.
Numerical examples

For confirming the results of this section, we consider numerical examples
which represent different types of solutions to Eq(3).

Example 1. See Fig. 1, since x_1 = 15, g = —2.

plot of x(n+1)= x(n)/(x(N-1)(x(n)+1))

0 5 10 15 20 25 30
n

Figure 1.

Example 2. See Fig. 2, since x_1 = =5, x¢g = 4.2.

plot of x(n+1)= x(n)/(x(n-1)(x(n)+1))

0 5 10 15 20 25 30
n

Figure 2.
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2.2. Second equation

In this section we give a specific form of the solutions of the difference
equation

In

=01,
Tp—1(zn — 1)

(4) Tn+1 =

where the initial conditions x_1, xg are arbitrary real numbers with x_1, ¢ ¢
{0,1}, x—1 + xo # zoz_1.

Theorem 4. Let {x,}°° ;| be a solution of Eq(4). Then equation (4)
have all solutions and the solutions are

_ h
1 k

Tsn—1 = k‘, Tsn = h7

where x_1 =k, x_og = h.

Proof. For n = 0 the result holds. Now suppose that n > 0 and that
our assumption holds for n — 1. We shall show that the result holds for n.
From our assumption for n — 1, we have the following:

h
k(h—1)
1 k
Ton—3 = my Ton—2 = ma

Tsn—6 = K, ZTsn—5 = h, Tsn—4 =

Now, it follows from Eq(4) that

. B T5n—2 _k(k—i—h—hk)_k
LT ns@an2—1)  (k—h(k—1))
Tsn—1 hk (k—1)
T, = = = h.
° Tsn—2(T5n-1—1)  k(k—1)
. . Tsn . h
sntl = {L‘5n71(l‘5n — 1) - k‘(h — 1) ’
x _ Tsn+1 _ 1
otz Ton(@snp1 — 1) (h+k — hk)
Tonag = Lsn+2 _ k
i Tsn1(Tsnp2 — 1) h(k—1)

Thus, the proof is completed. |
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Theorem 5. Suppose that {x,}5° | be a solution of equation (4). Then
all solutions of equation (4) are periodic with period five.

Proof. From Eq(4), we see that

Tn
T = -
ot Tp—1(xn — 1)
Lo = Tn+1 . Tn
nt2 = = T
ZTp(Tps1 — 1) B 1 n 1
Ty—1Zn(Tn )(ﬂfn—l($n ) )
_ 1
(xn — Tp—1Tn + l'nfl)’
Tn+42
Tpty —
n+ Tpi1(Tng2 — 1)
B Tp—1(zn — 1)
B 1
— Ty _ —1
(Tn — Tn-1Tn + Tn 1)xn(<mn T )
_ Tp—1(zn — 1)
xn(l —Tp + Tp_1Tpn — mn—l)
_ Tp—1(xn — 1) _ Tp—1
Tn(xy — ) (-1 —1)  xp(xp_1—1)
_ Tn+3 . (xn — Tp—1ZTp + xn—l)xn—l .
Tnt2(Tn+3 ) Tp(Xp-1 — 1) (——— —1)
Tn(Tp—1 — 1)
Tn+44 $n,1($n,1 - 1)3771
i xn+3(xn+4 - 1) xn—l(xn—l - 1) "
This completes the proof. |
1+v5

Theorem 6. Eq(4) have three equilibrium points which are 0, =522,

1—
2

1S

Proof. For the equilibrium points of Eq(4), we can write

_ xT
T=——.
(T - 1)
Then
-7 -7=0,
or
(@ -7 —1)=0.

Thus the equilibrium points of Eq(4) isT =0, T = 1+2‘/5, T = 1_2\/5 |
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Remark 2. Eq(4) has no prime period two solution.
Numerical examples

Example 3. Consider z_; =7, g = 3. See Fig. 3.

plot of x(n+1)= x(n)/(x(n-1)(x(n)-1))

0 5 10 15 20 25 30
n

Figure 3.

Example 4. See Fig. 4, since z_1 = —6, 9 = —8.

plot of x(n+1)= x(n)/(x(n—1)(x(n)-1))

0 5 10 15 20 25 30
n

Figure 4.
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