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1. Introduction

Let w be the set of all sequences of real or complex numbers and l∞, c
and c0 be, respectively, the Banach spaces of bounded, convergent and null
sequences x = (xk) with the usual norm ‖x‖ = supk |xk|.

Let λ = (λn) be a non-decreasing sequence of positive numbers tending
to ∞ and λn+1 ≤ λn + 1, λ1 = 1.

The generalized de la Vallee-Poussin mean is defined by

tn(x) =
1
λn

∑
k∈In

xk

where In = [n− λn + 1, n].
A sequence x = (xk) is said to be (V, λ)-summable to a number l [1]

if tn(x) → l as n → ∞. If λn = n, then (V, λ)-summability and strongly
(V, λ)-summability reduce to (C, 1)-summability and [C, 1]-summability, re-
spectively.

An Orlicz function is a function M : [0,∞) → [0,∞), which is continuous,
non-decreasing and convex with M(0) = 0, M(x) > 0 for x > 0 and M(x) →
∞ as x →∞. If the convexity of an Orlicz function M is replaced by

M(x + y) ≤ M(x) + M(y)
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then this function is called modulus function, defined and discussed by
Ruckle [2] and Maddox [3].

Lindenstrauss and Tzafriri [4] used the idea of Orlicz function to construct
the sequence space

lM =

{
x ∈ w :

∞∑
k=1

M

(
|xk|
ρ

)
< ∞, for some ρ > 0

}
.

The space lM becomes a Banach space with the norm

‖x‖ = inf

{
ρ > 0 :

∞∑
k=1

M

(
|xk|
ρ

)
≤ 1

}

which is called an Orlicz sequence space. The space lM is closely related
to the space lp which is an Orlicz sequence space with M(x) = xp for 1 ≤
p < ∞. Orlicz sequence spaces were introduced and studied by Parashar
and Choudhary [5], Nuray and Gulcu [6], Bhardwaj and Singh [7] and many
others.

It is well known that if M is a convex function and M(0) = 0, then
M(tx) ≤ tM(x) for all t with 0 < t < 1.

An Orlicz funtion M is said to satisfy ∆2-condition for all values of u,
if there exists constant K > 0, such that M(2u) ≤ KM(u) (u ≥ 0). The
∆2-condition is equivalent to the inequality M(Lu) ≤ K.L.M(u) for all
values of u and for L > 1 being satisfied [8].

The difference sequence space X(∆) was introduced by Kızmaz [9] as
follows:

X(∆) = {x = (xk) ∈ w : (∆xk) ∈ X}

for X = l∞, c and c0 ; where ∆xk = xk − xk+1 for all k ∈ N.
The notion of difference sequence spaces was further generalized by Et

and Colak [10] as follows:

X(∆m) = {x = (xk) ∈ w : (∆mxk) ∈ X}

for X = l∞, c and c0, where ∆mxk = ∆m−1xk −∆m−1xk+1 and ∆0xk = xk

for all k ∈. Taking X = l∞(p), c(p) and c0(p), these sequence spaces has
been generalized by Et and Basarır [11].

The generalized difference has the following binomial representation:

∆mxk =
m∑

v=0

(−1)v

(
m
v

)
xk+v

for all k ∈ N.



Some generalized difference sequence . . . 19

Subsequently, difference sequence spaces have been discussed by several
authors [12], [13] and [14].

The following inequality will be used throughout this paper. Let p = (pk)
be a sequence of positive real numbers with 0 < pk ≤ sup pk = G, and let
D = max

(
1, 2G−1

)
. Then for ak, bk ∈ C, the set of complex numbers for all

k ∈ N, we have [15]

(1) |ak + bk|pk ≤ D {|ak|pk + |bk|pk} .

Now we introduce the following sequence spaces.
Let M = (Mi) be a sequence of Orlicz functions, m be a positive integer

and u = (ui) be any sequence such that ui 6= 0 for all i, then we define:

w0(λ, Mi, p, u, s)∆m = {x ∈ w : lim
n→∞

1
λn

∑
i∈In

i−sMi(
|ui∆mxi|

ρ
)
pi

= 0,

for some ρ > 0, s ≥ 0}

w(λ, Mi, p, u, s)∆m = {x ∈ w : lim
n→∞

1
λn

sup
i∈In

i−sMi(
|ui∆mxi − le|

ρ
)pi = 0,

for some l, ρ > 0, s ≥ 0}

and

w∞(λ, Mi, p, u, s)∆m = {x ∈ w : sup
n

1
λn

sup
i∈In

i−sMi(
|ui∆mxi|

ρ
)pi < ∞,

for some ρ > 0, s ≥ 0}

where ui∆mxi = (ui∆m−1xi−ui+1∆m−1xi+1) such that ui∆mxi =
m∑

n=0
(−1)n

×mnui+nxi+n, ui∆0xi = (uixi) and ui∆xi = (uixi − ui+1xi+1).
Here for convenience, we put Mi(

|ui∆
mxi−le|
ρ )

pi
instead of [Mi(

|ui∆
mxi−le|
ρ )]

pi
.

We get the following sequence spaces from the above sequence spaces on
giving particular values to s, m, M = (Mi), p = (pi), u = (ui) for all i.

(i) If Mi(x) = x for all i, then we write w0(λ, p, u, s)∆m , w(λ, p, u, s)∆m

and w∞(λ, p, u, s)∆m , respectively.
(ii) If Mi(x) = x and p = (pi) = 1 for all i, u = e, s = 0 and m = 1 then

we write w0(λ)∆, w0(λ)∆ and w∞(λ)∆, respectively.

2. Main results

In this section, we examine some topological properties of w0(λ, Mi, p, u,
s)∆m , w(λ, Mi, p, u, s)∆m and w∞(λ, Mi, p, u, s)∆m spaces and investigate
some inclusion relations between these spaces.
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Theorem 1. Let (Mi) be a sequence of Orlicz functions, m be a positive
integer and p = (pi) be a bounded sequence of strictly positive real numbers.
Then w0(λ, Mi, p, u, s)∆m, w(λ, Mi, p, u, s)∆m and w∞(λ, Mi, p, u, s)∆m are
linear spaces over the set of complex numbers.

Proof. It is easy to prove this theorem using (1). �

Theorem 2. Let (Mi) be a sequence of Orlicz functions and m be a
positive integer. If sup

i
(Mi(x))pi < ∞ for all fixed x > 0 then

w(λ, Mi, p, u, s)∆m ⊂ w∞(λ, Mi, p, u, s)∆m .

Proof. Let x ∈ w(λ, Mi, p, u, s)∆m . Then there exists some positive ρ1

such that

lim
n→∞

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi − le|

ρ1

)pi

= 0.

Define ρ = 2ρ1. Since Mi is non-decreasing and convex, for each i, by
using (1), we have

sup
n

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)pi

= sup
n

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi| − le + le

ρ

)pi

≤ D

{
sup

n

1
λn

∑
i∈In

i−s 1
2pi

Mi

(
|ui∆mxi| − le

ρ1

)pi

+ sup
n

1
λn

∑
i∈In

i−s 1
2pi

Mi

(
|le|
ρ1

)pi
}

< ∞.

Hence x ∈ w∞(λ, Mi, p, u, s)∆m . This completes the proof. �

Theorem 3. Let (Mi) be a sequence of Orlicz functions, m be a positive
integer and 0 < h = inf pi.Then w∞(λ, Mi, p, u, s)∆m ⊂ w0(λ, p, u, s)∆m if
and only if

(2) lim
n→∞

1
λn

∑
i∈In

i−sMi(t)pi = ∞

for some t > 0.
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Proof. Let x ∈ w∞(λ, Mi, p, u, s)∆m ⊂ w0(λ, p, u, s)∆m . Suppose that
(2) does not hold. Therefore there is a subinterval In(k) of the set of interval
In and a number t0 > 0 , where t0 = |ui∆

mxi|
ρ for all i such that

(3)
1

λn(k)

∑
i∈In(k)

i−sMi(t0)pi ≤ K < ∞, k = 1, 2, 3, . . . .

Let us define x = (xi) as following

ui∆mxi =
{

ρt0, i ∈ In(k) ,

0, i /∈ In(k) .

Thus by (3), x ∈ w∞(λ, Mi, p, u, s)∆m . But x /∈ w0(λ, p, u)∆. Hence (2)
must hold.

Conversely, suppose that (2) holds and that x ∈ w∞(λ, Mi, p, u, s)∆m .
Then for each n

(4)
1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)pi

≤ K < ∞.

Suppose that x /∈ w0(λ, p, u, s)∆m . Then for some number 0 < ε < 1,
there is a number i0 such that for a subinterval In1 of the set of interval In,
|ui∆

mxi|
ρ > ε for i ≥ i0. From properties of the Orlicz function, we can write

Mi(
|ui∆

mxi|
ρ )pi ≥ Mi(ε)pi which contradicts (2), by using (4). Hence we get

x ∈ w∞(λ, Mi, p, u, s)∆m ⊂ w0(λ, p, u, s)∆m . This completes the proof. �

Theorem 4. Let 0 < h = inf pi ≤ pi ≤ sup pi = H < ∞. Then for a
sequence of Orlicz functions (Mi) which satisfies the ∆2−condition, we have
w0(λ, p, u, s)∆m ⊂ w0(λ, Mi, p, u, s)∆m, w(λ, p, u, s)∆m ⊂ w(λ, Mi, p, u, s)∆m

and w∞(λ, p, u, s)∆m ⊂ w∞(λ, Mi, p, u, s)∆m.

Proof. Let x ∈ w(λ, p, u, s)∆m . Then we have

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi − le|

ρ

)pi

→ 0 as n →∞, for some l.

Let ε > 0 and choose δ with 0 < δ < 1 such that Mi(t) < ε for 0 ≤ t ≤ δ.
Then we can write

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi − le|

ρ

)pi

=
1
λn

∑
i∈In

|ui∆
mxi−le|

ρ ≤δ

i−sMi

(
|ui∆mxi − le|

ρ

)pi

+
1
λn

∑
i∈In

|ui∆
mxi−le|

ρ >δ

i−sMi

(
|ui∆mxi − le|

ρ

)pi

=
∑

1
+
∑

2
.
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For the first summation above, we immediately write∑
1

=
1
λn

∑
i∈In

|ui∆
mxi−le|

ρ ≤δ

i−sMi

(
|ui∆mxi − le|

ρ

)pi

< max(ε, εH)

by using continuity of Mi. For the second summation, we will make the
following procedure. We have(

|ui∆mxi − le|
ρ

)
< 1 +

(
|ui∆

mxi−le|
ρ

)
δ

.

Since Mi is non-decreasing and convex, it follows that

Mi

(
|ui∆mxi − le|

ρ

)
< Mi

1 +

(
|ui∆

mxi−le|
ρ

)
δ


≤ 1

2
Mi(2) +

1
2
Mi

2

(
|ui∆

mxi−le|
ρ

)
δ

 .

Since Mi satisfies the ∆2−condition, we can write

Mi

(
|ui∆mxi − le|

ρ

)
≤ 1

2
L


(
|ui∆

mxi−le|
ρ

)
δ

Mi(2)

+
1
2
L


(
|ui∆

mxi−le|
ρ

)
δ

Mi(2) = L


(
|ui∆

mxi−le|
ρ

)
δ

Mi(2).

In this way, we write∑
2

= max

{
1,

[
LMi(2)

δ

]H
}

1
λn

∑
i∈In

i−s

(
|ui∆mxi − le|

ρ

)pi

.

Taking the limit as ε → 0 and n → ∞, it follows that x ∈ w(λ, Mi, p, u,
s)∆m . Following similar arguments, we can prove that w0(λ, p, u, s)∆m ⊂
w0(λ, Mi, p, u, s)∆m and w∞(λ, p, u, s)∆m ⊂ w∞(λ, Mi, p, u, s)∆m . �

Theorem 5. Let (Mi) be a sequence of Orlicz functions. Then the
following statements are equivalent:

(i) w∞(λ, p, u, s)∆m ⊂ w∞(λ, Mi, p, u, s)∆m,
(ii) w0(λ, p, u, s)∆m ⊂ w∞(λ, Mi, p, u, s)∆m,
(iii) sup

n

1
λn

∑
i∈In

i−sMi(t)
pi

< ∞ for all t > 0.
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Proof. (i) ⇒(ii): Let (i) holds. To verify (ii), it is enough to prove
w0(λ, p, u, s)∆m ⊂ w∞(λ, p, u, s)∆m . Let x ∈ w0(λ, p, u, s)∆m . Then there
exists n ≥ n0, for ε > 0, such that

1
λn

∑
i∈In

i−s

(
|ui∆mxi|

ρ

)pi

< ε.

Hence there exists K > 0 such that

sup
n

1
λn

∑
i∈In

i−s

(
|ui∆mxi|

ρ

)pi

< K.

So we get x ∈ w∞(λ, p, u, s)∆m .
(ii) ⇒(iii): Let (ii) holds. Suppose (iii) does not hold. Then for some

t > 0
sup

n

1
λn

∑
i∈In

i−sMi(t)pi = ∞

and we can find a subinterval In(k) of the set of interval In such that

(5)
1

λn(k)

∑
i∈In(k)

i−sMi

(
1
r

)pi

> r, r = 1, 2, 3, . . . .

Let us define x = (xi) as following

ui∆mxi =
{ ρ

r , i ∈ In(k),

0, i /∈ In(k).

Then x ∈ w0(λ, p, u, s)∆m , but by (5) x /∈ w∞(λ, Mi, p, u, s)∆m , which con-
tradicts (ii). Hence (iii) must holds.

(iii) ⇒(i): Let (iii) holds and x ∈ w∞(λ, p, u, s)∆m . Suppose that x /∈
w∞(λ, Mi, p, u, s)∆m . Then for x ∈ w∞(λ, p, u, s)∆m

(6) sup
n

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)pi

= ∞.

Let t = |ui∆
mxi|
ρ for each i, then by (6)

sup
n

1
λn

∑
i∈In

i−sMi(t)pi = ∞

which contradicts (iii). Hence (i) must holds. �
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Theorem 6. Let (Mi) be a sequence of Orlicz functions. Then the
following statements are equivalent:

(i) w0(λ, Mi, p, u, s)∆m ⊂ w0(λ, p, u, s)∆m,
(ii) w0(λ, Mi, p, u, s)∆m ⊂ w∞(λ, p, u, s)∆m,
(iii) inf

n

1
λn

∑
i∈In

i−sMi(t)
pi

< ∞ for all t > 0.

Proof. (i) ⇒ (ii): It is obvious.
(ii) ⇒ (iii): Let (ii) holds. Suppose (iii) does not hold. Then

inf
n

1
λn

∑
i∈In

i−sMi(t)pi = 0 for some t > 0

and we can find a subinterval In(k) of the set of interval In such that

(7)
1

λn(k)

∑
i∈In(k)

i−sMi(r)pi <
1
r
, r = 1, 2, 3, . . . .

Let us define x = (xi) as following

ui∆mxi =
{

ρr, i ∈ In(k),

0, i /∈ In(k).

Thus by (7), x ∈ w0(λ, p, u, s)∆m , but x /∈ w∞(λ, p, u, s)∆m which contra-
dicts (ii). Hence (iii) must holds.

(iii) ⇒ (i): Let (iii) holds. Suppose that x ∈ w0(λ, Mi, p, u, s)∆m . Then

(8)
1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)pi

→ 0 as n →∞.

Again suppose that x /∈ w0(λ, p, u, s)∆m . Then for some number ε > 0
and a subinterval In(k) of the set of interval In, we have |ui∆

mxi|
ρ > ε for

all i. From properties of the Orlicz function, we can write Mi(
|ui∆

mxi|
ρ )pi ≥

Mi(ε)pi .
Consequently by (8), we have

lim
n→∞

1
λn

∑
i∈In

i−sMi(ε)pi = 0

which contradicts (iii). Hence (i) must holds. �

Theorem 7. Let (pi) be any bounded sequences of strictly positive real
numbers. Then

(i) If 0 < inf pi ≤ pi ≤ 1 for all i, then
w(λ, Mi, u, s)

∆m ⊆ w(λ, Mi, p, u, s)∆m,
(ii) If 1 ≤ pi ≤ sup pi = H < ∞ then

w(λ, Mi, p, u, s)
∆m ⊆ w(λ, Mi, u, s)∆m.
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Proof. (i) Let x ∈ w(λ, Mi, u, s). Then since 0 < inf pi ≤ pi ≤ 1, we get

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)pi

≤ 1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)
and hence x ∈ w(λ, Mi, p, u, s)∆m .

(ii) Let 1 ≤ pi ≤ sup pi = H < ∞ and x ∈ w(λ, Mi, p, u, s)∆m . Then for
each 0 < ε < 1, there exists a positive integer n0 such that

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)
≤ ε < 1

for all n ≥ n0. This implies that

1
λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)
≤ 1

λn

∑
i∈In

i−sMi

(
|ui∆mxi|

ρ

)pi

.

Therefore x ∈ w(λ, Mi, u, s). �

Theorem 8. Let 0 < pi ≤ qi for all i and let (pi

qi
) be bounded. Then

w(λ, Mi, q, u, s)∆m ⊆ w(λ, Mi, p, u, s)∆m.

Proof. Let x ∈ w(λ, Mi, q, u, s)∆m . Write ti =
[
Mi(

|ui∆
mxi−le|
ρ )

]qi

and
µi = pi

qi
for all i ∈ N. Then 0 < µi ≤ 1 for all i ∈ N. Take 0 < µ < µi for all

i ∈ N. Define the sequences (ui) and (vi) as follows:
For ti ≥ 1, let ui = ti and vi = 0 and for ti < 1, let ui = 0 and vi = ti.
Then clearly for all i ∈ N we have ti = ui + vi, tµi

i = uµi
i + vµi

i .Now it
follows that uµi

i ≤ ui ≤ ti and vµi
i ≤ vµ

i .
Therefore

1
λn

∑
i∈In

tµi
i =

1
λn

∑
i∈In

(uµi
i + vµi

i ) ≤ 1
λn

∑
i∈In

ti +
1
λn

∑
i∈In

vµ
i .

Now for each i,

1
λn

∑
i∈In

vµ
i =

∑
i∈In

(
1
λn

vi

)µ( 1
λn

)1−µ

≤

(∑
i∈In

[(
1
λn

vi

)µ] 1
µ

)µ
∑

i∈In

[(
1
λn

)1−µ
] 1

1−µ

1−µ

=

(
1
λn

∑
i∈In

vi

)µ
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and so
1
λn

∑
i∈In

tµi
i ≤ 1

λn

∑
i∈In

ti +

(
1
λn

∑
i∈In

vi

)µ

.

Hence x ∈ w(λ, Mi, p, u, s)∆m . �

3. Su∆m

λ -statistical convergence

In this section, we introduce the concept of Su∆m

λ -statistical convergence
and give some inclusion relations related to these sequence spaces.

The notion of statistical convergence was introduced by Fast [16] and was
studied by [17], [18], [19] and [20].

Definition 1. A sequence is said to be Su∆m

λ -statistically convergent to
l, if for any ε > 0

lim
n→∞

1
λn
|{i ∈ In : |ui∆mxi − le| ≥ ε}| = 0.

In this case, we write Su∆m

λ − lim x or xi → L(Su∆m

λ ) and Su∆m

λ ={
x = (xi) : Su∆m

λ − lim x = l, for some l
}
.

If λn = n, we shall write Su∆m
instead of Su∆m

λ .
Let Λ denote the set of all non-decreasing sequences λ = (λn) of positive

numbers tending to ∞ such that λn+1 ≤ λn + 1 and λ1 = 1.
The proof of Theorem 9 and Theorem 10 are obtained by using the same

techniques of Mursaleen [19].

Theorem 9. Let λ ∈ Λ and u = (ui) ∈ l∞, then
(i) xi → L(w(λ, u)∆m) ⇒ xi → L(Su∆m

λ ) and the inclusion is strict,
(ii) If x ∈ l∞(∆m) and xi → L(Su∆m

λ ) then xi → L(w(λ, u)∆m) and
hence xi → L(w(u)∆m) provided x = (xi) is not eventually constant,

(iii)
{
Su∆m

λ ∩ l∞(∆m)
}

= {w(λ, u)∆m ∩ l∞(∆m)}
where l∞(∆m) = {x ∈ w : (∆mxi) ∈ l∞, m ∈ N}.

Proof. (i) Let ε > 0 be given and (xi) ∈ w(λ, u)∆m . Then we can write

1
λn

∑
i∈In

|ui∆mxi − le| ≥ 1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

|ui∆mxi − le|

≥ 1
λn
|{i ∈ In : |ui∆mxi − le| ≥ ε}| ε.

Hence xi → L(Su∆m

λ ).
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(ii) Let x ∈ l∞(∆m), u ∈ l∞, xi → L(Su∆m

λ ) and say |ui∆mxi − le| ≤ M
for all i. Given ε > 0, we have

1
λn

∑
i∈In

|ui∆mxi − le| =
1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

|ui∆mxi − le|

+
1
λn

∑
i∈In

|ui∆
mxi−le|<ε

|ui∆mxi − le|

≤ M

λn
|{i ∈ In : |ui∆mxi − le| ≥ ε}|+ ε

which implies that xi → L(w(λ, u)∆m).
Further, we have

1
n

n∑
i=1

|ui∆mxi − le| ≤ 1
n

n−λn∑
i=1

|ui∆mxi − le|+ 1
n

∑
i∈In

|ui∆mxi − le|

≤ 1
λn

n−λn∑
i=1

|ui∆mxi − le|+ 1
λn

∑
i∈In

|ui∆mxi − le|

≤ 2
λn

∑
i∈In

|ui∆mxi − le| .

Hence xi → L(w(u)∆m), since xi → L(w(λ, u)∆m).
(iii) This immediately follows from (i) and (ii). �

It is easily seen that Su∆m

λ ⊂ Su∆m
for all λ, since λn

n is bounded.
Now, we prove the following relation.

Theorem 10. If lim inf
n

λn
n > 0 then Su∆m ⊂ Su∆m

λ .

Proof. For given ε > 0 we have

{i ≤ n : |ui∆mxi − le| ≥ ε} ⊃ {i ∈ In : |ui∆mxi − le| ≥ ε} .

Therefore
1
n
|{i ≤ n : |ui∆mxi − le| ≥ ε}| ≥ 1

n
|{i ∈ In : |ui∆mxi − le| ≥ ε}|

=
λn

n

1
λn
|{i ∈ In : |ui∆mxi − le| ≥ ε}| .

Taking the limit as n →∞ and using lim inf
n

λn
n > 0, we get

xi → L
(
Su∆m) ⇒ xi → L

(
Su∆m

λ

)
.

�
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Theorem 11. Let (Mi) be a sequence of Orlicz functions, 0 < h =
inf pi ≤ pi ≤ sup pi = H < ∞ and u = (ui) ∈ l∞. Then w(λ, Mi, p, u)∆m ⊂
Su∆m

λ .

Proof. Let x ∈ w(λ, Mi, , p, u)∆m . Then there exists ρ > 0 such that

lim
n→∞

1
λn

∑
i∈In

Mi

(
|ui∆mxi − le|

ρ

)pi

= 0.

Then

1
λn

∑
i∈In

Mi

(
|ui∆mxi − le|

ρ

)pi

=
1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

Mi

(
|ui∆mxi − le|

ρ

)pi

+
1
λn

∑
i∈In

|ui∆
mxi−le|<ε

Mi

(
|ui∆mxi − le|

ρ

)pi

≥ 1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

Mi

(
|ui∆mxi − le|

ρ

)pi

≥ 1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

Mi(ε1)
pi

(where
ε

ρ
= ε1)

≥ 1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

min
{

Mi(ε1)inf pi ,Mi(ε1)H
}

≥ 1
λn
|{i ∈ In : |ui∆mxi − le| ≥ ε}|min

{
Mi(ε1)inf pi ,Mi(ε1)H

}
.

Hence x ∈ Su∆m

λ . �

Theorem 12. Let 0 < h = inf pi ≤ pi ≤ sup pi = H < ∞ and u =
(ui) ∈ l∞. Then{

Su∆m

λ ∩ l∞(∆m)
}

= {w(λ, Mi, p, u)∆m ∩ l∞(∆m)} .

Proof. By Theorem 11, we need only show that{
Su∆m

λ ∩ l∞(∆m)
}
⊂ {w(λ, Mi, p, u)∆m ∩ l∞(∆m)} .

Let yi = |ui∆mxi − le| → θ(Sλ).
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Since x ∈ l∞(∆m) and u ∈ l∞, so there exists K > 0 such that

Mi

(
yi

ρ

)
≤ K.

Then for a given ε > 0 and for each n ∈ N, we have

1
λn

∑
i∈In

Mi

(
|ui∆mxi − le|

ρ

)pi

=
1
λn

∑
i∈In

|ui∆
mxi−le|≥ε

Mi

(
|ui∆mxi − le|

ρ

)pi

+
1
λn

∑
i∈In

|ui∆
mxi−le|<ε

Mi

(
|ui∆mxi − le|

ρ

)pi

≤ max
(
KhKH

) 1
λn
|{i ∈ In : |ui∆mxi − le| ≥ ε}|

+ max

([
Mi

(
ε

ρ

)]h

,

[
Mi

(
ε

ρ

)]H
)

.

Hence x ∈ {w(λ, Mi, p, u)∆m ∩ l∞(∆m)}. �
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