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1. Introduction and preliminaries

Tong [16] introduced the notions of A—sets and A—continuity in topo-
logical spaces and established a decomposition of continuity. In[17], he also
introduced the notions of B—sets and B—continuity and used them to ob-
tain a new decomposition of continuity and Ganster and Reilly [3] improved
Tong’s decomposition result. Quit recently, Noiri and Sayed [10] introduced
the notions of n—sets and obtained some decompositions of continuity.

In this paper, we introduce the notions of n*—sets, n** —sets, n*—continuity
and n**—continuity and obtain decompositions of a—continuity and ags—con-
tinuity.

Throughout the present paper, spaces mean topological spaces on which
no separation axioms are assumed unless explicitly stated. Let A be a subset
of a space X, the closure, the interior, the pre-closure, the pre-interior, the
a—closure and the a—interior of A in X are denoted by CI(A), Int(A),
pCl(A), pInt(A), aCl(A) and alnt(A), respectively.

Definition 1. A subset A of a space X is called:

a) a pre-open set [6] if A C Int(CI(A)) and a pre-closed set
if Cl(Int(A)) C A,

b) a semi-open set [5] if A C Cl(Int(A)) and a semi-closed set
if Int(CI(A)) C A,

¢) an a—open set [8] if A C Int(Cl(Int(A))) and an a—closed set
if Cl(Int(CI(A))) C A,
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d) at—set [11]) if Int(CI(A)) = Int(A),
e) an o — set [4] if Int(A) = Int(Cl(Int(A))),
f) an A—set [16] if A=V NT where V is open and T is a reqular-closed
set,
g) a B—set [12] if A=V NT where V is open and T is a t—set,
h) an aB—set [1] if A=V NT where V is a—open and T is a t—set,
i) an n—set [10] if A=V NT where V is open and T is an a—-closed set,
j) an « generalized semi-open [13] (written as ags—open) set in X
if U C alnt(A) whenever U C A and U is semi-closed in X,
k) a pre generalized semi-open [15] (written as pgs—open) set in X
if U C pInt(A) whenever U C A and U is semi-closed in X.

Remark 1.
1) Every ags—closed set is pgs—closed but not conversely [15].
2) Every ags—continuous map is pgs—continuous but not conversely [15].

2. n*—sets and n**—sets

In this section, we introduce and study the notions of * —sets and n** —sets
in topological spaces.

Definition 2. A subset A of a space X is said to be
a) an n*—set if A=UNT where U is semi-open and T is a—closed
m X.
b) an n**—set if A=UNT where U is ags—open and T is a t—set
mn X.
The collection of all n*—sets (resp. n**—sets) in X will be denoted by
n*(X) (resp. n™*(X)).

Theorem 1. For a subset A of a space X, the following are equivalent:
a) A is an n*—set.
b) A=UnNaCl(A) for some semi-open set U.

Proof. a) — b). Since A is an n*—set, then A = U NT, where U is
semi-open and T is a—closed. So, A C U and A C T. Hence aCIl(A) C
aCl(T). Therefore, AC UNaCl(A) CcUNaCl(T) =UNT = A. Thus,
A=UnaCl(A).

b) — a). It is obvious because aCl(A) is a—closed. |

Remark 2. In a space X, the intersection of two n** —sets is an n** —set.

Remark 3. Observe that since the union of ¢-sets need not be a t-set,
then the union of two 7™ —sets need not be an n**—set as seen from the
following example.
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Example 1. Let X = {a,b,c},7 = {0,{a,b}, X}. The sets {a}, {c} are
n**—sets in (X, 7), but their union {a, ¢} is not an n**—set in (X, 7).

Remark 4. We have the following implications.

aGSO(X) — PGSO(X)

where none of these implications is reversible as shown by [10] and the
following examples.

Example 2. Let X = {a,b,c} and 7 = {0,{a}, X}. Then {a,b} is an
n*—set but not an n—set in (X, 7). Let X = {a,b,c} and 7 = {0, {a, b}, X }.
Then {c} is an n**—set but not an ags—open set and the set {a} is an
n**—set but not an aB—set in (X, 7).

Remark 5.
1. The notions of n*—sets and ags—closed sets are independent.
2. The notions of n™*—sets and pgs—closed sets are independent.

Example 3. Let X = {a,b,c} and 7 = {0,{a,b}, X}. Then {b,c} is
ags—closed but not an n*—set in (X, 7).

Let X = {a,b,c} and 7 = {0,{a},{b},{a,b},X}. Then {a,b} is an
n*—set but not ags—closed in (X, 7).

Example 4. Let X = {a,b,c} and 7 = {0,{a,b}, X}. Then the set {c}
is an 7**—set but not a pgs—open set and also the set {a,c} is a pgs—open
set but not an n**—set in (X, 7).

Theorem 2. For a subset A of a space X, the following are equivalent:
a) A is a—closed.
b) A is an n*—set and ags—closed.

Proof. a) — b) : Obvious.

b) — a) : Since A is an n*—set, then A = U N acl(A), where U is
semi-open in X. So, A C U and since A is ags—closed, then acl(A) C U.
Therefore, aCl(A) C UNaCl(A) = A. Hence A is a—closed. [ |

Proposition 1 ([9]). Let A and B are subsets of a space X. If B is an
a*— set, then aInt(AN B) = alnt(A) N Int(B).
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Theorem 3. For a subset S of a space X, the following are equivalent:
a) S is ags—open.
b) S is an n**—set and pgs—open.

Proof. Necessity: Trivial.

Sufficiency: Assume that S is pgs-open and an n**—set in X.

Then S = AN B, where A is ags— open and B is a t—set in X.

Let F© C S, where F is semi-closed in X. Since S is pgs-open in X,
F C pInt(S) = SN Int(Cl(S)) = (AN B)NInt(CI(ANB)) C ANBN
Int(Cl(A))NInt(Cl(B)) = ANBNInt(Cl(A))NInt(B), since B is a t—set.
This implies, F' C Int(B). Note that A is ags—open and that F' C A. So,
F C alnt(A). Therefore, F' C alnt(A) N Int(B) = alnt(S) by Proposi-
tion 1. Hence S is ags—open. |

3. n*—continuity and n**—continuity

Definition 3. A function f: X — Y is said to be n*—continuous (resp.
n**—continuous ) if f~H(V) is an n*—set (resp. an n**—set ) in X for every
open subset V of Y.

Definition 4. A function f : X — Y is said to be Cn*—continuous if
f~H(V) is an n*—set in X for every closed subset V of Y.

We shall recall the definitions of some functions used in the sequel.

Definition 5. A function f: X — Y is said to be
a) A—-continuous [16] if f~1(V) is an A—set in X for every open set V

of Y,

b) B—continuous [12] if f~1(V) is a B—set in X for every open set V
of Y,

¢) a—continuous [7] if f~H(V) is an a—open set in X for every open set
VoofY,

d) LC— continuous [2] (resp. aB—continuous [1]) if f~1(V) is an LC—set
(resp. aB—set) in X for every open set V of Y,
e) n—continuous [10] if f~1(V) is an n— set in X for every open set V
of Y,
f) ags—continuous [14] (resp. pgs—continuous [15]) if f~1(V) is an
ags— open set (resp. pgs— open set) in X for every open set V
of Y.

Remark 6. It is clear that, a function f : X — Y is a—continuous if
and only if f~1(V) is an a—closed set in X for every closed set V of Y,
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From the definitions stated above, we obtain the following diagram.

A — continuity — LC — continuity

1 l
n—continuity — n*—continuity
l
B—continuity — aB—continuity — 7" —continuity

0

ags—continuity— pgs—continuity

Remark 7. None of the implications is reversible as shown by the fol-
lowing examples.

Example 5. Let X =Y = {a,b,c},7 = {0,{a}, X} and 0 = {0, {a}, {b},
{a,b},Y}. Then the identity function f: X — Y is n*—continuous but not
n—continuous.

Example 6. Let X =Y = {a,b,c},7 = {0,{c},{b,c}, X} and ¢ =
{0,{a},{a,b},{a,c},Y}. Then the identity function f : X — Y is n**—conti-
nuous but not aB—continuous.

Example 7. LetX =Y = {a,b,c},7 = {0,{a,b}, X} and 0 = {0, {a}, {c},
{a,b},Y}. Then the identity function f : X — Y is n**—continuous but not
ags—continuous.

Remark 8. The following examples show that the concept of
1. ags—continuity and n*—continuity are independent.
2. ags—continuity and C'n*—continuity are independent.
3. n*—continuity and C'n*—continuity are independent.

Example 8. Let X =Y = {a,b,c},7 = {0,{a,b}, X} and 0 = {0, {a}, Y}.
Let f: X — Y be the identity function on X. Then f is ags—continuous
but not n*—continuous.

Example 9. Let X =Y = {a,b,c},7 = {0,{a},{b},{a,b}, X} and
o=10,{a},{b},{a,b},Y}. Let f: X — Y be the identity function on X.
Then f is n*—continuous but not ags—continuous.

Example 10. Let X =Y = {a,b,c},7 = {0,{a,b},X} and 0 =
{0,{a},Y}.Then the identity function f : X — Y is ags—continuous but
not C'n*—continuous.

Example 11. Let X =Y = {a,b,c}, 7 = {0,{a},{c},{a,c}, X} and o =
{0,{a},{b,c},Y}. Then the identity function f : X — Y is Cn*—continuous
but not ags—continuous.
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Example 12. Let X, Y, 7 as in Example 10 and o = {0, {b}, {c}, {b,c},Y'}.
Let f: X — Y be the identity function on X. Then f is C'n*—continuous
but not n*—continuous.

Example 13. Let X,Y, 7 as in Example 10 and o = {0, {a,c},Y}. Let
f+ X — Y be the identity function on X. Then f is n*—continuous but not
Cn* —continuous.

Remark 9. The following examples show that the concept of pgs—conti-
nuity and n**—continuity are independent.

Example 14. Let X = Y = {a,b,¢},7 = {0,{a,b}, X} and o =
{0,{a},{b},{a,b},{a,c},Y}. Then the identity function f : X — Y is

pgs—continuous. But it is not #**—continuous.

Example 15. Let X =Y = {a,b,c},7 = {0, {c}, X} and o = {0, {a}, {b},
{a,b},Y}. Let f: X — Y be defined by f(a) = ¢, f(b) = b and f(c) = a.
Then f is n**—continuous but it is not pgs—continuous.

Theorem 4. For a function f: X — Y, the following are equivalent:
a) f is a—continuous.
b) f is Cn*—continuous and ags— continuous.

Proof. The proof follows from Definitions 4, 5f), Remark 6 and Theo-
rem 2. |

Theorem 5. For a function f: X — Y, the following are equivalent:
a) f is ags—continuous.
b) f is n**—continuous and pgs— continuous.

Proof. The proof follows from Theorem 3. |
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