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1. Introduction

Branciari [5] obtained a fixed point result for a single mapping satisfying
an analogue of Banach’s contraction principle for an integral type inequality.
The authors in [2], [3], [4], [13], [14] and [15] proved some fixed point the-
orems involving more general contractive conditions. Recently ([6]) some
fixed point theorems have been proved in non-metric setting wherein the
distance function used need not satisfying triangle inequality. The purpose
of this paper is to investigate some new result of fixed points in non-metric
settings. In the sequel, we use contractive condition of integral type on
d-complete Hausdorff topological spaces.

Let (X,7) be a topological space and d : X x X — [0,00) be such
that d(z,y) = 0 if and only if z = y. Then X is said to be d-complete if
done d(zn, xnt1) < oo implies that the sequence {x,,} is convergent in X. A
mapping T : X — X is w-continuous at z if x,, — = implies T'z,, — Tz. For
details on d-complete topological spaces, we refer to Iseki [7] and Kasahara
9)-[11].

In the sequel, we shall use the following:

A symmetric function on a set X is a real valued d on X x X such that
for all xz,y € X

(1) d(z,y) > 0, and d(z,y) = 0 if and only if x = y,

(@) d(z,y) = d(y, z).
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Let d be a symmetric function on a set X, and for any € > 0 and any
r € X, let S(z,e) = {y € X : d(z,y) < €}. From [6], we can define a
topology 74 on X by U € 74 if and only if for each = € U, some S(z,¢) C U.
A symmetric function d is a semi-metric if for each € X and for each € > 0,
S(z,¢e) is a neighborhood of x in the topology 74. A topological space X is
said to be symmetrizable (resp. semi-metrizable) if its topology is induced
by a symmetric function (resp. semi-metric) on X. The d-complete sym-
metrizable spaces form an important class of d-complete topological spaces.

Other examples of d-complete topological spaces may be found in Hicks and
Rhoades [6].

Hicks and Rhoades [6] proved the following theorem.

Theorem 1. Let (X, 7) be a Hausdorff d-complete topological space and
f, h be w-continuous self mappings on X satisfying

d(hz, hy) < G(M"*(z,y))
for x,y € X, where
M*(.’IJ, y) = maX{d(fx7 fy)7 d(f.’I,', h.%'), d(fy7 h'y)}

and G is a real-valued function satisfying the following:
(a) 0 < G(y) <y for eachy > 0; G(0) =0,
(b) g(y) = y_%(y) is a mnon-increasing function on (0, 00),
(¢) J§" 9(y)dy < oo for each y1 > 0,
(d) G(y) is non-decreasing.
Suppose also that
(1) f and h commute,

(13) h(X) C f(X).

Then f and h have a unique common fized point in X.

2. Main result
Now, we give our main theorems.

Theorem 2. Let f be self-mapping of a Hausdorff d-complete topological
space (X, T) satisfying the following

d(fz,fy) M(z,y)
(1) /O o)t < G ( /0 go(t)dt)

for allz,y € X, where ¢ : Rt — RT is a Lebesgue integrable mapping which
is summable on each compact subset of RT, non-negative and such that

(2) 5 S/ e(t)dt for each € >0,
0
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(3) M (z,y) = max{d(z,y),d(z, fx),d(y, fy)}

and G is real valued function satisfying the condition (a)-(d).
Then f has a unique fixed point in X.

Proof. Let z € X and, for brevity, define z,, = f™x. For each integer
n > 1, from (1)

d(wn,l‘n+1) M(l’n—lvxn)
(4) / o(t)dt < G / o)t |
0 0

Using (3),
M(xn—la J:n) = max{d(ajn—h -Tn)v d(fL‘n7 xn—i—l)}-
Substituting into (4), one obtains

d(Tn,Tn+1) max{d(zn—1,Tn),d(Tn,Tnt+1)}
(5) / o(t)dt < G / o(t)dt
0

0

d(zn—1,2n) d(Tn,Tn+1)
= G | max / cp(t)dt,/ e(t)dt » ).
0 0

If fod(x"’l’x”) e(t)dt < fod(x”’x”“) ©(t)dt, then from (5) we have

d(mnrx'fﬂrl) d(xnvanrl) d(x’ﬂvm’fﬂrl)
/ p(t)dt <G / p(t)dt | < / o(t)dt,
0 0 0

which is a contradiction. Thus fod(x”_l’x") o(t)dt > fod(x"’x"“) ©(t)dt and so
from (5)

d(Tn,Tnt1) d(Ty—1,2n)
(6) / p(t)dt <G / p(t)dt ] for n>1.
0 0

Next we define a sequence {S,} of real numbers by S, 11 = G(S,) with
S = fod(m’fm) @(t)dt > 0. By (a), we then have 0 < S, 41 < S, < 51, n > 1.
Moreover, by (b) and (c), the series > >° | S, converges (see [1]). We
shall show that fod(x"’x"“)gp(t)dt < Sp+1, n > 1. From (6), we have

fod(zl’”) p(t)dt <G (fod(w’fm) <p(t)dt> = G(S1) = Sy and the desired inequal-

ity is valid for n = 1. So, assume that it is true for some n > 1. From (6)
again, we have fod(x"’x”“) p(t)dt < G <f0d(x”_1’x") cp(t)dt) < G(S,) = Sni1.
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Since >, Sy, is convergent, it follows that » >, fod(m"’x"“) ©(t)dt is con-
vergent too. From (2) the series > >, d(zp,zn41) converges.

Again, since X is d-complete {z,} converges to some z € X.
From (1),

d(fz,xny1) M(z,xn)
/ p(t)dt < G / o(t)dt
0 0
d(z,zn) d(z,f2)
= G | max / gp(t)dt,/ p(t)dt,
0 0
d(%n,$n+1)
/ p(t)dt » | .
0

Taking the limit as n — oo, one obtains

d(fz,z) d(z,fz)
/ p(t)dt <G / e(t)dt |,
0 0

which implies that fod(fz’z) @(t)dt = 0 which from (2) implies that d(z, fz) = 0
or z = fz.
Suppose that z and w are fixed points of f. Then from (1),

d(z,w) d(fz,fw) d(z,w)
/ p(t)dt = / p(t)dt < G / o(t)dt
0 0 0

which implies that fod(z’w) @(t)dt = 0, which from (2), implies d(z,w) = 0 or
z = w and the fixed point is unique. |

Theorem 3. Let (X, 1) be Hausdorff d-complete topological space, f, h
w-continuous self-mappings of X satisfying

d(ha,hy) M*(z,y)
(7) /0 p(t)dt < G (/0 go(t)dt)

for all x,y € X, where ¢ and G are as in Theorem 2 and

M*(z,y) = max{d(fz, fy),d(fz, hx),d(fy, hy)}.

Suppose also that
(1) f and h commute,
(13) h(X) C f(X).

Then f and h have a unique common fized point in X.
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Proof. Let z € X and define 71 = fod(fxo’hwo) e(t)dt. If Th = 0, then
d(hhzo,hxo) M*(hzo,x0)
/ o(t)dt < G / o(t)dt |,
0 0
where

M*(hzo, z0) = max{d(fhzo, fxo), d(fhxo, hhxo),d(fxo, hao)}.

Since f and h commute and fzg = hxg, d(fhzo, frg) = 0. Therefore
M*(hxo,xo) = d(hhxo, hxg) and M*(hxo,xo) must be zero. For, otherwise
we have

d(hhzo,hxo) M*(hzo,x0)
/ ot < c | Pt
0 0

d(hhzo,hxo) d(hhzo,hxo)
=G / o(t)dt </ o(t)dt
0 0

a contradiction. Thus M*(hxzg,z¢) = 0 and hzxg is a fixed point of h. But
then fhxg = hfxg = hhxo = hxg and hxg is also a fixed point of f.

Suppose that 77 > 0. By (i7) there exists an z; € X such that fz; = hxy.
In general define {z,} C X so that fx,, = hx,_1 for n > 1.

Without loss of generality we may assume that fz, # hx, for each n.
For, if fx, = hx, for some n, the above argument, with xg replaced with
Ty, yields fx, as a common fixed point of f and h.

Define {T;,} by Tni1 = G(Ty), with Ty = [/ o(#)dt > 0. By (a),
0<Th1 <Tp,<Ti,n>1.

Moreover, by (b) and (c) the series Y > T,, converges. We shall show
that [{Men=tmo0) o(4)dt < Tpon > 1.

For n =1, we have

d(hxo,hzy) M*(zo,71)
/ p(t)dt < G / orar
0 0

M*(zo,21) = max{d(fzo, fx1),d(fzo, hxo),d(fx1, hz1)}
= max{d(fzo, hxo),d(hzo, hx1)}.

If M*(xg,x1) = d(hxo, hx1), then

d(hxo,hz1) M*(xo,1)
/ p(t)ydt < G / p(t)dt
0 0

d(hxzo,hz1)
< / p(t)dt,
0

where
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a contradiction. Thus M*(xg,x1) = d(fzo, hzg), and the desired inequality
is valid for n = 1, in fact

d(hao,ha1) d(fxo,hzo)
/ pt)dt <G / p(t)dt | =G(Th) < Th.
0 0

Assume that it is true for some n > 1. Then

d(hzn,hxnt1) M*(xn,xn+1)
/ p(t)dt <G / o(t)dt |,
0 0

M*(xn, Tpt1) = max{d(hzn_1, hxy),d(hzy, hr,i1)}.

where

By assumption, M*(xy,, zp4+1) # 0 for each n. If M*(z,, xy41) = d(hay, hani1),

then we get
d(h$n7hxn+1) M*(xn7$n+1)
/ o(t)dt < G / o(t)dt
0 0

d(hzn,htni1)
< / p(t)dt,
0

a contradiction. Therefore, M*(z,, Xy 1) = d(hzp—1, hay,) and

d(hxp,hent1) M*(n,Tni1)
/ o)dt < G / o(t)dt
0 0

d(hzy—1,hzn)
_ G / o(t)dt
0

< G(Tn) = Tn+1-
Since > >° | T, is convergent, it follows that > >, Od(hm”’hx”“) (t)dt is
convergent too. Therefore the series > 7 | d(hay,, han41) converges.
Now X is d-complete so {hz,, } converges to some z € X. Then w-continuity
of f implies that fhx, — fz. Since f and h commute, and h is w-continuous,
fhx, = hfx, = hhx,—1 — hz. Since X is Hausdorff, hz = fz. Again using

(7),
d(hhz,hz) M*(hz,z)
/ e(t)dt < G </ go(t)dt)
0 0

M*(hz,z) = d(fhz,hz) = d(hfz, hz) = d(hhz, hz),

and
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since hz = fz and h and f commute. If hz # hhz, then we obtain the

contradiction
d(hhz,hz) M*(hz,z)
/ p(t)dt < G / o(t)dt
0 0

d(hhz,hz)
< / o(t)dt.
0

Thus hz is a fixed point of h. Since fhz = hfz = hhz = hz, hz is also fixed
point of f. The uniqueness of the common fixed point can be easily shown
using (7). |

Remark 1. If ¢(¢) =1 in Theorem 3, we have Theorem 1.

Remark 2. If we take a complete metric space instead of Hausdorff
d-complete topological space in Theorems 2 and 3, we have the following
theorems. Note that the condition (2) has been weakened in these theorems,
but we have changed the conditions of the function G.

We need the following lemma for the proofs of these theorems.
Lemma ([12]). Let G : Rt — R™ be right continuous function such that
G(t) <t for every t > 0, then lim G"(t) = 0.

n—oo

Theorem 4. Let f be self-mapping of a complete metric space (X,d)
satisfying the following

d(fz,fy) M(z,y)
/ p(t)dt < G / @(t)dt
0 0

forallx,y € X, where p : R™ — R™ is a Lebesque integrable mapping which
is summable on each compact subset of R*, non-negative and such that

3
(8) / e(t)dt >0 for each € >0,
0

M (z,y) = max{d(z,y),d(z, fx),d(y, fy)}

and G : RT™ — R™ is a right continuous and nondecreasing function such
that G(0) =0, and G(t) < t for each t > 0.
Then f has a unique fixed point in X .

Proof. Let x € X and define x, = f"z. As in the proof of Theorem 2,
we can obtain

d(Tn,Tn+1) d(zn—_1,2n)
(9) / pt)dt <G / p(t)dt | for n> 1.
0 0
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Now, from (9), we have

d(zn,Tn+1) d(zn—1,2n)
/ s)dt < G / o(t)dt
0 0
d(xn—van—l)
< G / o(t)dt
0
. d(zo,21)
< e ([ ).
0

and, taking the limit as n — oo and using Lemma, we have

d(Tn,Tnt+1) d(zo,1)
lim o(t)dt < lim G" / p(t)dt | =0,
0

n—oo 0 n—oo
which from (8), implies that

(10) lim d(xn, zp+1) = 0.

n—oo

We now show that {z,} is a Cauchy sequence. Suppose that it is not.
Then there exists an € > 0 and subsequences {m(k)} and {n(k)} such that
m(k) < n(k) < m(k+ 1) with

(11) AT (k) Tn(k)) = € ATk Tnky—1) < €

Now from (10), we have

ATy (k)= 15T m(k)) (T (k) —1-Tn(k))
(12) lim p(t)dt = lim @(t)dt = 0.

k—oo Jo k—oo Jo
On the other hand, using the triangular inequality and (11), we have
(13)  d@m@)-1>Tnk)y-1) < ATmk)—1 Tmk)) + ATm(k), Tn(k)—1)
< d(xm(k)—la :Em(k)) te.

Hence,

€ AT (k) T (k)
(14) / p(t)dt < / o(t)dt
0 0

d(fxm(k)flvfxn(k)fl)
/ o(t)dt

0



SOME FIXED POINT THEOREMS FOR MAPPINGS ... 13

(/M(Im(k) 1Zn(k)—1) )
o(t)dt

max{d(Zy (k)= 1:Tn(k)=1)sAUTm (k) = 1>Tm(k))s A Tr (k) —15Tn(k)) }
</ olt)dt
Using (11), (12), (13) and (14), we have

/O o(t)dt < /Od(wmm’w"(k)) o(t)dt < G </0€ ap(t)dt) ,

which is a contradiction. Therefore {z,} is Cauchy. Since X is complete
{x,} converges to some z € X. Therefore we can complete the proof as in
the proof of Theorem 2. |

<G

[e=]

Q

<G

[e=]

Max{d(Zom (k) —1:Tm (k) TEUTm k) =1:Tm (k) ) A Tn (k) =1, Tn(k)) }
/ byt

We can prove the following theorem using the proofs of Theorem 3 and
Theorem 4.

Theorem 5. Let (X,d) be complete metric space, f,h continuous self-
mappings of X satisfying

d(hz,hy) M*(z,y)
(15) /O p(t)dt < G ( /0 <p(t)dt>

for all x,y € X, where ¢ and G are as in Theorem 4 and

M*(z,y) = max{d(fz, fy),d(fz, hx),d(fy, hy)}.

Suppose also that
(i) f and h commute,
(i4) h(X) C £(X).

Then f and h have a unique fixed point in X.

Remark 3. If ¢(t) = 1 in Theorem 5, we have a generalization of main
theorem of [8].

Example. Let X = {% :n =2,3,...} U{0} with the metric induced by

d(z,y) = |z — y|, thus since X is a closed subset of it is a complete metric
space. We consider now two mappings h, f : X — X defined by

O3

1 L1
hx:{ +17 . 8 and fr = .
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It is obvious that f and h commute and h(X) C f(X). Then h and f
satisfies (7) with ¢ : [0,00) — [0, 00)

14+In2 1
B t>3

p(t)=4q ti21—Int], 0<t<i
0, t=0

and G(s) = . In this context one has, if 0 < ¢ < 1, fg o(s)ds = t1 so that,

1
since sup{d(z,y) : z,y € X} = 3 (15) for x # y is equivalent to:

1

1 1 1 I
(16)  dlha, hy) T < G (M (2, ) 7D ) = DM (1, ) T,

Since d(z,y) < M*(z,y) and fg p(s)ds = t s non-decreasing, we show
sufficiently that

(17) d(hz, hy) T <G (d(x, Y) d(ffl’y)) = %d(%y) T

instead of (16). Using [5, Example 3.6 | we can show the condition (17) is
satisfied. Thus h and f satisfies (15). Therefore the Theorem 5 is applicable
in this example.

But, since

sup  GhmhY)
{zyeX: x#y} M (way)

then there is not any constant k£ € (0,1) such that d(hx, hy) < kM*(x,y).
Thus the main theorem of [8] is not applicable in this example.
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