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ABSTRACT. In this paper we study the behavior of the positive
solutions of the following nonlinear difference equation

Tpn—(3k+2)

Tp41 = y n:071,2,...
+ T+ zp kTn_2k41)
where the initial values _(3x12), T—(3641), - - T—1, Zo € (0,00)
and £ =0,1,2,....
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1. Introduction

Difference equations appear naturally as discrete analogues and as nu-
merical solutions of differential and delay differential equations having ap-
plications in biology, ecology, economy, physics, etc. So, recently there has
been an increasing interest in the study of qualitative analysis of rational
difference equations. For some recent results concerning among other prob-
lems, the periodic nature of scalar nonlinear difference equations see, for
examples [1-10].

In [1-5] Cinar studied the solutions of the difference equations

Tp+1 = ﬁ, Tn+l = Lv
1+ 2,201 1+ axr,xn—1
Tn—1 ATn—1 an + bpxy
Tl = 9 + aTpTn_1 Tntl = 7 +bTp 1 Tntl = CnTn—1

where the positive initial values.
In [9] Stevic studied the following problem

Tn—1

1+,

Tptl = for n=0,1,2,...
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where x_1,x9 € (0,00). Also, this result was generalized to the equation of
the following form:

Tn—1
Tptl = for n=0,1,2,...
" 9(xn)

where z_1,x0 € (0, 00).
Moreover in [6], Simsek et al. solved the following problem for the positive
initial values

Tn—5

——— for n=0,1,2,....
1+ zp12n-3

Tn+1 =
Also in [7], Simsek et al. studied the behavior of the positive solutions of
the difference equation

Ln—(5k4+9)
L+ Zp—aZn—9...Tp_(5k+4)

T+l = , n=0,1,2,...
where T (5k+9)s T—(5k+8)s --+s T—1, L0 € (0, 00).

In this paper we study the behavior of the positive solutions of the fol-
lowing nonlinear difference equation

Ln—(3k+2)
1+ Zn—kTn_(2k41)

(1) Tnyl = , n=0,1,2,...

where the initial values x_(3p12), T_(3k+1), - T-1,Z0 € (0,00) and k =
0,1,2....

To the best of our knowledge, the Eq.(1) has not been investigated so far.
Therefore, it is meaningful to study the qualitative properties of the Eq.(1).

2. Main result

In this section we consider the behavior of the positive solutions of Eq.(1).
The following theorem describes the behavior of the positive solutions of

Eq.(1).
Theorem 1. Consider the difference Eq.(1). Then the following state-
ments are true:
(a) The sequences (x(3k+3)nf(3k+2)); (x(3k+3)nf(3k+l))7 ) ($(3k+3)n) are
decreasing and there exist ay,az,...,asx+s = 0 such that
Lim 23k 3)n—(3k4+2) = a1,
Jim 23k 3)n—(3k4+1) = a2,

lim =z =aq
T (3k+3)n 3k+3



ON A CLASS OF RATIONAL DIFFERENCE . .. 15

(0) (a1,a2,...,a3%+3,01,02,...,a43k+3,--.) 1S a solution with period (3k+
3) of Eq.(1) .
(c) am - Am+(k+1) * Am+(2k+2) = 0 form=1,2,...,(k+1)

(d) If there exists ng € N such that

Tp—(2k+1) = Tntl

for all n > ng, then

lim z, = 0.
n—oo

(e) The following formulas
Lb—(k4+1)Tb—(2k+2)
L+ Zp (k1) To—(2k+2)
= 1
> H

Toinl L+ C (k1) itb— (k+1) T (kt-1)i+b— (2k+2)

T(3k43)n+b = Th—(3k+3)(1 —

Lp—(k+1)Lb—(3k+3)
L+ & (k1) %o—(2k+2)
n 3j+1

<11 :

T L it () Tk Ditb—(2h42)

T(3k43)n+(k+1)+b = To—(2k+2)(1 —

Lh—(2k+2)Lb—(3k+3)
L+ Ty (k+1)To—(2k+2)

- 1
XZ =

=0 i=1 L(k+1)i+b—(k+1)L(k+1)i+b—(2k+2)

T(3k43)n+bt(2k+2) = Th—(k+1)(1 —

hold forb=1,2,... k+ 1.
Proof. (a) Firstly, from the Eq.(1), we obtain
1 (1 + Tk Tp—(2k41)) = Tn—(3k+2)-
Since Tk, Tn—(26+1) € (0,00), then (1 + xp 1T, (241)) € (1,00). So,
Tn+l < Tp—(3k+2)-
This implies that

0<...< Tokar < T3haa < T1 < T_(3k+2)
0 < ... < Zgi+s < T3p45 < T2 < T (3k+1)

0<... <wopts < Tekts < Tagr2 < T—1
0<... <zgp49 < Toka6 < T3k+3 < X0
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Hence, we obtain that there exist

lim =z =aq

M T3k 43)n— (3k+2) 1

lim z =aq

M T (35 43)n— (3k+1) = 025
ey

lim (3543), = a3k+3-

n—oo

(b) (a1,a9,...,as;+3,01,02,...,a3k+3, .. .) is a solution with period (3k+
3) of Eq.(1).
(¢) In view of the Eq.(1), we obtain

L (3k+3)n—(3k+3—m)

:1: p—
(3k+3)n+m 1+ T(3k+3)n—(k+1—m)T(3k+3)n—(2k+2—m)

form=1,2,3,....,(k+1).
Take the limits on both sides of the above equality

. . L (3k+3)n—(3k+3—m)
lim z(3p43)p4m = lim
n—oo n—00 1 4+ T (354 3)n—(k+1-m)T(3k+3)n—(2k-+2—m)

from the above equality, we obtain

Am * Qg (k41) * G (2k+2) = 0.
(d) If there exists ng € N such that
Tp_(2k+1) = Tnt1  forall n =mng
then we get

a1 2 A2k43 = Qky2 = A1 = U243,

a2 2 G9k14 2 Q43 = A2 2 A2 14,

af 2 03k4+2 = Q2k+1 = Ak = 43542,
k41 = O3k+3 = A2k42 = Afy] = A3%+3-

Hence,

lim z, = 0.
n—oo

(e) Subracting z,,_(3x19) from both the left and right-hand sides of the
Eq.(1) we obtain

1
L+ ZppZp—(2k41)

Tn4+1 — Tpn—(3k+2) — (Tn—k — $n_(4k+3))
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and the following formula

(2) T (kg Dyntb = Tkt Dntb—(3k+3) = (Tb — Ty—(3k+3))

I 1

0 L T )it b— (e 1) T (k1) i+b— (2k+2)

hold forn > 0 and b=1,2,...,(k + 1). From the Eq.(2), we obtain
(3) T(3k43)n+b — To—(3k+3) = (Tb — Tp—(3k+3))

! 1

o e L+ Tk 1)itb— (k+1) T (kt-1)i+b—(2k+2)

(4) T(3h4-3)n-+(k+1)+b — To—(2k+2) = (Tb — Tp_(3k43))
n 3j+1 1
X
jzz:o g L+ Tk 1)itb— (k+1) T (kt-1)i+b—(2k+2)
(5) T(3h4-3)n-H(2k+2)+b — To—(k+1) = (Tb — Tp—_(3k+3))
n 3j+2

SN :

por e L+ (k1) it b (k1) T (k-1 )i+b—(26+2)
forn>0
Now, we obtain from the Eq.(3), Eq.(4) and Eq.(5)
Lo—(k4+1)Tb—(2k+-2)
L+ 2y (k1) %o—(2k+2)
- 1
x Z H

L+ @kt 1)itb— (k1) T (k+1)i+b— (2k+2)

T(3k43)n+b = Th—(3k+3)(1 —

Lp—(k+1)Lb—(3k+3)
L+ 2 (k1) %o—(2k+2)
n 37+1

SN -

0 it L T )it (k) (k1) i+ b (2h+2)

T(3k43)n+(k+1)+b = To—(2k+2)(1 —

and
Lh—(2k+2)Tb—(3k+3)
L+ Zp— (k+1)To—(2k+2)

1

T(3k43)n+(2k+2)+b = To— (k1) (1 —

=0 i=1 L(k+1)i+b—(k+1)L(k+1)i+b—(2k+2)

Then, the proof is complete.
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