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1. Introduction

Let w be the set of all sequences of real or complex numbers and l∞, c
and c0 be, respectively, the Banach spaces of bounded, convergent and null
sequences x = (xk) with the usual norm ‖x‖ = sup

k
|xk|.

A sequence x ∈ l∞ is said to be almost convergent if all of its Banach
limits coincide. Let ĉ denote the space of all almost convergent sequences.
Lorentz [1] has shown that

ĉ =
{
x ∈ l∞ : lim

m
tmn(x) exists uniformly in n

}
where

tmn(x) =
xn + xn+1 + . . .+ xn+m

m+ 1
.

The space [ĉ] of strongly almost convergent sequences was introduced by
Maddox [2] as follows:

[ĉ] =
{
x ∈ l∞ : lim

m
tmn(|x− le|) = 0, uniformly in n, for some l

}
.

Let σ be one-to-one mapping of the set of positive integers into itself such
that σk(n) = σ(σk−1(n)), k = 1, 2, 3, . . .and σ0(n) := n. A continuous linear
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functional Φ on l∞ is said to be an invariant mean or a σ−mean if and only
if

(1) Φ(x) ≥ 0 when the sequence x = (xn) has xn ≥ 0 for all n
(2) Φ(e) = 1 where e = (1, 1, . . .) and
(3) Φ(xσ(n)) = Φ(x) for all x ∈ l∞.
For a certain kinds of mapping σ every invariant mean Φ extends the

limit functional on space c, in the sense that Φ(x) = limx for all x ∈ c.
Consequently, c ⊂ Vσ where Vσ is the set of bounded sequences all of whose
σ−means are equal.

It can be shown [3] that

Vσ =
{
x ∈ l∞ : lim

k
tkm(x) = L uniformly in m , for some L = σ − limx

}
where

tkm(x) =
xm + xσ(m) + . . .+ xσk(m)

k + 1
.

We say that a bounded sequence x = (xk) is σ−convergent if and only if
x ∈ Vσ such that σk(m) 6= m for all m ≥ 0, k ≥ 1.

[Vσ] denotes the set of all strongly σ-convergent sequences which has been
defined by Mursaleen [5], as

[Vσ] =

{
x ∈ l∞ : lim

m

1
m

m∑
k=1

∣∣∣xσk(n) − l
∣∣∣ = 0 uniformly in n

}
.

Taking σ(n) = n + 1, we obtain [Vσ] = [ĉ] so that strong σ-convergence
generalizes the concept of strong almost convergence.

By a lacunary θ = (kr); r = 0, 1, 2, . . . where k0 = 0, we shall mean
an increasing sequence of non-negative integers with kr − kr−1 → ∞ as
r → ∞. The intervals determined by θ will be denoted by Ir = (kr−1, kr]
and hr = kr − kr−1. The ratio kr

kr−1
will be denoted by qr. In [4], the space

of lacunary strongly convergent sequences Nθ was defined as follows:

Nθ =

{
x = (xi) : lim

r→∞
h−1

r

∑
i∈Ir

|xi − s| = 0 for some s

}
.

A modulus function f is a function acting from [0,∞) to [0,∞) such that
(i) f(x) = 0 if and only if x = 0,
(ii) f(x+ y) ≤ f(x) + f(y) for all x, y ≥ 0,
(iii) f increasing,
(iv) f is right continuous at zero.
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Since |f(x)− f(y)| ≤ f (|x− y|), it follows from condition (iv) that f is
continuous on [0,∞). Furthermore, we have f(nx) ≤ nf(x) for all n ∈ N,
from condition (ii) and so

f(x) = f(nx
1
n

) ≤ nf(
x

n
).

Hence, for all n ∈ N
1
n
f(x) ≤ f(

x

n
).

A modulus may be bounded or unbounded. For example, f(x) = xp, for
0 < p ≤ 1 is unbounded, but f(x) = x

1+x is bounded. Ruckle [6] used the
idea of a modulus function f to construct a class of FK spaces

L(f) =

{
x = (xk) :

∞∑
k=1

f (|xk|) <∞

}
.

The space L(f) is closely related to the space l1 which is a L(f) space
with f(x) = x for all real x ≥ 0.

Furthermore, modulus function has been discussed in [7], [8], [9], [10],
[11],[12], [15] and many others.

By a ϕ-function we understand a continuous non-decreasing function ϕ(v)
defined for v ≥ 0 and such that ϕ(0) = 0, ϕ(v) > 0 for v > 0 and ϕ(v) →∞
as v →∞.

In [12], [13], [14] and [16] some sequence spaces were studied using ϕ-function.
Let ϕ = (ϕk) and ψ = (ψk) be sequences of ϕ-functions.
A sequence of ϕ-functions ϕ is called non weaker than a sequence of

ϕ-function ψ and we write ψ ≺ ϕ (or ψk ≺ ϕk for all k) if there are con-
stants c, b, n, l > 0 such that cψk (lv) ≺ bϕk (nv) (for all, large or small v,
respectively).

Two sequences of ϕ-functions ϕ and ψ are called equivalent and we write
ϕ ∼ ψ (or ψk ≺ ϕk for all k) if there are positive constants b1, b2, c, k1,
k2, l such that b1ϕk (k1v) ≤ cψk (lv) ≤ b2ϕk (k2v) (for all, large or small v,
respectively).

A sequence of ϕ-functions ϕ is said to satisfy the ∆2-condition (for all,
large or small v, respectively) if for some constant l > 1 there is satisfied
the inequality ϕk (2v) ≤ lϕk (v) for all k. For a ϕ-function satisfying the
∆2-condition, there is L > 0 such that

(1) ϕk (cv) ≤ Lϕk (v)

for v large enough.
Indeed, for every c > 0 there is an integer s such that c ≤ 2s and

(2) ϕk (cv) ≤ ϕk (2sv) ≤ lsϕk (v)
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for v large enough.
Let A = (ank) be an infinite matrix such that;
a) A is non-negative, i.e. ank ≥ 0 for n, k = 1, 2, ... ,
b) for an arbitrary positive integer n (or k) there exists a positive integer

k0 (or n0) such that ank0 6= 0 (or an0k 6= 0), respectively,
c) there exists lim

n
ank = 0 for k = 1, 2, ... ,

d) supn

∞∑
k=1

ank <∞,

e) supn ank → 0 as k →∞.
In the present paper, we introduce and study some properties of the

following sequence space that is defined by using the sequence of ϕ -functions
and the sequence of modulus functions.

2. Main results

Let θ = (kr) be a lacunary sequence, ϕ = (ϕk) and f = (fn) be a sequence
of ϕ-functions and a sequence of modulus functions, respectively. Moreover,
let a matrix A = (ank) be given as above. Then we define,

V 0
θ ((A,ϕk, σ) , fn) =

{
x = (xk) ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) = 0, uniformly in m

}
.

Throughout this paper, the sequence of modulus functions f = (fn)
satisfy the condition lim

v→0+
sup

n
fn(v) = 0.

If x ∈ V 0
θ ((A,ϕk, σ) , fn) then the sequence x is said to be lacunary strong

(A,ϕk, σ)- convergent to zero with respect to a sequence of modulus f .
If we take θ = (2r) then we have

V 0 ((A,ϕk, σ) , fn) =

{
x ∈ w :

lim
k

1
k

k∑
n=1

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) = 0, uniformly in m

}
.

When ϕk(x) = x for all x and k, we obtain

V 0
θ ((A, σ) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ank

(∣∣∣xσk(m)

∣∣∣)) = 0, uniformly in m

}
.
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If fn(x) = x for all x and n, we write

V 0
θ (A,ϕk, σ) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) = 0, uniformly in m

}
.

When A = I, we get the following sequence space,

V 0
θ ((I, ϕk, σ) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

(
ϕn

(∣∣xσn(m)

∣∣)) = 0, uniformly in m

}
.

If we take A = I, ϕk(x) = x for all x and k, then we have

V 0
θ ((I, σ) , fn) =

{
x ∈ w : lim

r

1
hr

∑
n∈Ir

fn

(∣∣xσn(m)

∣∣) = 0, uniformly in m

}
.

If we take A = I, ϕk(x) = x for all x and k and fn(x) = f(x) for all x
and n then we have

V 0
θ ((I, σ) , f) =

{
x ∈ w : lim

r

1
hr

∑
n∈Ir

f
(∣∣xσn(m)

∣∣) = 0, uniformly in m

}
.

If we take A = I, ϕk(x) = x for all x and k, fn(x) = x for all x and n
then we have

V 0
θ (I, σ) =

{
x ∈ w : lim

r

1
hr

∑
n∈Ir

∣∣xσn(m)

∣∣ = 0, uniformly in m

}
.

If we define the matrix A = (ank) as follows:

ank =
1
n

for n ≥ k and ank = 0 for n < k,

then we have the sequence space,

V 0
θ ((C,ϕk, σ) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

(
1
n

n∑
k=1

ϕk

(∣∣∣xσk(m)

∣∣∣)) = 0, uniformly in m

}
.
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If we take σ(m) = m+1, the sequence spaces V 0
θ ((A,ϕk, σ) , fn), V 0 ((A,

ϕk, σ) , fn), V 0
θ ((A, σ) , fn), V 0

θ (A,ϕk, σ), V 0
θ ((I, ϕk, σ) , fn), V 0

θ ((I, σ) , fn),
V 0

θ ((I, σ) , f), V 0
θ (I, σ) and V 0

θ ((C,ϕk, σ) , fn) reduce to the following spaces
of sequences, respectively.

V 0
θ ((A,ϕk) , fn) =

{
x = (xk) ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk (|xk+m|)

)
= 0, uniformly in m

}
,

V 0 ((A,ϕk) , fn) =

{
x ∈ w :

lim
k

1
k

k∑
n=1

fn

( ∞∑
k=1

ankϕk (|xk+m|)

)
= 0, uniformly in m

}
,

V 0
θ ((A) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ank (|xk+m|)

)
= 0, uniformly in m

}
,

V 0
θ (A,ϕk) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

( ∞∑
k=1

ankϕk (|xk+m|)

)
= 0, uniformly in m

}
,

V 0
θ ((I, ϕk) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn (ϕn (|xn+m|)) = 0, uniformly in m

}
,

V 0
θ ((I) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn (|xn+m|) = 0, uniformly in m

}
,
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V 0
θ ((I) , f) =

{
x ∈ w : lim

r

1
hr

∑
n∈Ir

f (|xn+m|) = 0, uniformly in m

}
,

V 0
θ (I) =

{
x ∈ w : lim

r

1
hr

∑
n∈Ir

(|xn+m|) = 0, uniformly in m

}
,

V 0
θ ((C,ϕk) , fn) =

{
x ∈ w :

lim
r

1
hr

∑
n∈Ir

fn

(
1
n

n∑
k=1

ϕk (|xk+m|)

)
= 0, uniformly in m

}
.

We can note that the space [Vσ] (for l=0) is equivalent to space V 0 (I, σ)
which has been noticed by the referee.

Now we have,

Theorem 1. Let us suppose that ϕ = (ϕk) and ψ = (ψk) be two sequences
of ϕ-functions and ϕ = (ϕk (v)) satisfies the ∆2-condition for large v.

(i)If ψ ≺ ϕ then V 0
θ ((A,ϕk, σ) , fn) ⊂ V 0

θ ((A,ψk, σ) , fn).
(ii) If two sequences of ϕ-functions (ϕk (v)) and (ψk (v)) are equivalent

for large v and they satisfy the ∆2-condition for large v then V 0
θ ((A,ϕk, σ) , fn) =

V 0
θ ((A,ψk, σ) , fn).

Proof. (i) Let x = (xk) ∈ V 0
θ ((A,ϕk, σ) , fn).

Then lim
r

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) = 0, uniformly in m. By as-

sumption, ψ ≺ ϕ, we have

(3) ψk (|xk|) ≤ bϕk (c |xk|)

for b, c, v0 > 0, all k, and |xk| > v0. Let us denotes x = x′+x′′, where for all
m, x′ =

(
x′

σk(m)

)
and x′

σk(m)
= xσk(m) for

∣∣∣xσk(m)

∣∣∣ < v0 and x′
σk(m)

= 0 for

remaining values of k and m. It is easy to see that x′ ∈ V 0
θ ((A,ψk, σ) , fn).

Furthermore, by the assumptions and the inequality (3) we get

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankψk

(∣∣∣x′′σk(m)

∣∣∣)) ≤ 1
hr

∑
n∈Ir

fn

(
b

∞∑
k=1

ankϕk

(
c
∣∣∣x′′σk(m)

∣∣∣))

≤ 1
hr

∑
n∈Ir

fn

(
bL

∞∑
k=1

ankϕk

(∣∣∣x′′σk(m)

∣∣∣))

≤ K

hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣x′′σk(m)

∣∣∣))
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where the constants K and L is connected with properties of f and ϕ func-
tions. We recall that a ϕ−function satisfying the ∆2−condition imply (1)
and (2).

Finally we obtain x′′ = (x′′k) ∈ V 0
θ ((A,ψk, σ) , fn) and in consequence

x ∈ V 0
θ ((A,ψk, σ) , fn).

(ii) The identity V 0
θ ((A,ϕk, σ) , fn) = V 0

θ ((A,ψk, σ) , fn) is proved by
using the same argument. �

Theorem 2. Let the sequence ϕ = (ϕk (v)) of ϕ-functions satisfies the
∆2-condition for all k and for large v then V 0

θ ((A,ϕk, σ) , fn) is linear space.

Proof. Firstly we prove that if x = (xk) ∈ V 0
θ ((A,ϕk, σ) , fn) and α is

an arbitrary number then αx ∈ V 0
θ ((A,ϕk, σ) , fn). Let us remark that for

0 < α < 1 we get

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣(αxσk(m)

)∣∣∣)) ≤ 1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) .
Moreover, if α > 1 then we may find a positive number s such that α < 2s

and we obtain

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣(αxσk(m)

)∣∣∣))

≤ 1
hr

∑
n∈Ir

fn

(
ds

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

≤ K

hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))
where d and K are constants connected with the properties of ϕ and f func-
tions. We recall that a ϕ−function satisfying the ∆2−condition imply (1)
and (2). Hence we obtain αx ∈ V 0

θ ((A,ϕk, σ) , fn).
Secondly, let x, y ∈ V 0

θ ((A,ϕk, σ) , fn) and α, β arbitrary numbers. We
will show that αx+ βy ∈ V 0

θ ((A,ϕk, σ) , fn).

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣(αxσk(m) + βyσk(m)

)∣∣∣))

≤ K1

hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

+
K2

hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣yσk(m)

∣∣∣))
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where the constants K1 and K2 are defined as above. In consequence,
αx+ βy ∈ V 0

θ ((A,ϕk, σ) , fn). �

Now, we give the following Proposition that is necessary for proof of the
Theorem 3.

Proposition 1 (15). Let f be a modulus and let 0 < δ < 1. Then for
each v ≥ δ we have f(v) ≤ 2f(1)δ−1v.

Theorem 3. Let ϕ = (ϕk) and f = (fn) be a given sequence of ϕ-functions
and a sequence of modulus functions, respectively, and sup

n
fn(1) <∞. Then

V 0
θ (A,ϕk, σ) ⊂ V 0

θ ((A,ϕk, σ) , fn).

Proof. Let x ∈ V 0
θ (A,ϕk, σ) and put sup

n
fn(1) = M . For a given ε > 0

we choose 0 < δ < 1 such that fn(x) < ε for every x ∈ [0, δ] and for all n.
We can write

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) = S1 + S2

where

S1 =
1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))
and this sum is taken over

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣) ≤ δ

and

S2 =
1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))
and this sum is taken over

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣) > δ

By the definition of the modulus f we have

S1 ≤
1
hr

∑
n∈Ir

fn (δ) <
1
hr

(hrε) = ε

and moreover

S2 ≤ 2M
1
δ

1
hr

∑
n∈Ir

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)
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by Proposition 1. Finally we have x ∈ V 0
θ ((A,ϕk, σ) , fn).

This completes the proof. �

Theorem 4. Let ϕ = (ϕk) and f = (fn) be a given sequence of ϕ-functions
and a sequence of modulus functions, respectively. If lim

v→∞
inf
n

fn(v)
v > 0

V 0
θ ((A,ϕk, σ) , fn) = V 0

θ (A,ϕk, σ).

Proof. If lim
v→∞

inf
n

fn(v)
v > 0 then there exists a number c > 0 such that

fn(v) > cv for v > 0 and n ∈ N. Let x ∈ V 0
θ ((A,ϕk, σ) , fn). Clearly

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) ≥ 1
hr

∑
n∈Ir

c

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

=
c

hr

∑
n∈Ir

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)) .
Therefore x ∈ V 0

θ (A,ϕk, σ). We complete the proof using Theorem 3. �

Theorem 5. Let θ = (kr) be a lacunary sequence and f = (fn) be a
sequence of modulus functions.

(i) If lim inf qr > 1 then V 0 ((A,ϕk, σ) , fn) ⊂ V 0
θ ((A,ϕk, σ) , fn) .

(ii) If lim sup qr <∞ then V 0
θ ((A,ϕk, σ) , fn) ⊂ V 0 ((A,ϕk, σ) , fn) .

(iii) If 1 < lim inf qr ≤ lim sup qr <∞ then V 0
θ ((A,ϕk, σ) , fn) = V 0 ((A,

ϕk, σ) , fn).

Proof. This can be proved by using the same techniques as in [9] and
hence we omit the proof. �

The next result follows from Theorem 4 and Theorem 5.

Corollary 1. If lim
v→∞

inf
n

fn(v)
v > 0 and 1 < lim inf qr ≤ lim sup qr < ∞

then V 0
θ (A,ϕk, σ) = V 0 ((A,ϕk, σ) , fn).

3. S0
θ (A, ϕk, σ) -statistical convergence

Let the matrix A = (ank) be given as previously, θ = (kr) be a lacunary
sequence, the sequence of ϕ-functions ϕ = (ϕk) and a positive number ε > 0
be given. We write,

Kr
θ (((A,ϕk, σ) , ε)) =

{
n ∈ Ir :

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣) ≥ ε

}
.
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The sequence x is said to be lacunary (A,ϕk, σ)- statistically convergent
to a number zero if for every ε > 0

lim
r

1
hr
µ (Kr

θ (((A,ϕk, σ) , ε))) = 0

where µ (Kr
θ (((A,ϕk, σ) , ε))) denotes the number of elements belonging to

Kr
θ (((A,ϕk, σ) , ε)). We denote by S0

θ (A,ϕk, σ), the set of sequences x =
(xk) which are lacunary (A,ϕk, σ)-statistically convergent to a number zero.
We write

S0
θ (A,ϕk, σ) =

{
x = (xk) : lim

r

1
hr
µ (Kr

θ (((A,ϕk, σ) , ε))) = 0
}
.

When we take θ = (2r), S0
θ (A,ϕk, σ) reduces to S0 (A,ϕk, σ).

If we take A = I and ϕk(x) = x for all k and x, then S0
θ (A,ϕk, σ) reduces

to S0
θ (σ) defined by

S0
θ (σ) =

{
x = (xk) : lim

r

1
hr

∣∣∣{k ∈ Ir :
(∣∣∣xσk(m)

∣∣∣) ≥ ε
}∣∣∣ = 0

}
.

Now we have,

Theorem 6. Let θ = (kr) be a lacunary sequence, ϕ = (ϕk (v)) and
ψ = (ψk (v)) are two sequences of ϕ-functions.

(i) If ψ ≺ ϕ and ϕk satisfies the ∆2-condition for large v and for all k
then S0

θ (A,ψk, σ) ⊂ S0
θ (A,ϕk, σ).

(ii) If ϕ ∼ ψ and ϕk and ψk satisfy the ∆2-condition for large v and for
all k then S0

θ (A,ψk, σ) = S0
θ (A,ϕk, σ).

Proof. (i) Let x ∈ S0
θ (A,ψk, σ). By assumption we have ψk

(∣∣∣xσk(m)

∣∣∣) ≤
bϕk

(
c
∣∣∣xσk(m)

∣∣∣) and we have for all m,

∞∑
k=1

ankψk

(∣∣∣xσk(m)

∣∣∣) ≤ b

∞∑
k=1

ankϕk

(
c
∣∣∣xσk(m)

∣∣∣) ≤ K
∞∑

k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣)
for b, c > 0, where the constant K is connected with properties of ϕ func-
tions. Thus the condition

∑∞
k=1ankψk

(∣∣∣xσk(m)

∣∣∣) ≥ ε implies the condition
∞∑
k=1ankϕk

(∣∣∣xσk(m)

∣∣∣) ≥ ε and in consequence we get

Kr
θ (((A,ϕk, σ) , ε)) ⊂ Kr

θ (((A,ψk, σ) , ε))

and

lim
r

1
hr
µ (Kr

θ (((A,ϕk, σ) , ε))) ≤ lim
r

1
hr
µ (Kr

θ (((A,ψk, σ) , ε))) .
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This completes the proof.
(ii) The identity S0

θ (A,ψk, σ) = S0
θ (A,ϕk, σ) is proved by using the same

argument. �

Theorem 7. Let f = (fn) be given a sequence of modulus functions. If
inf
n
fn(v) > 0, for v > 0, then

V 0
θ ((A,ϕk, σ) , fn) ⊂ S0

θ (A,ϕk, σ) .

Proof. If inf
n
fn(v) > 0 then there exists a number α > 0 such that

fn(v) ≥ α for v > 0 and n ∈ N. Let x ∈ V 0
θ ((A,ϕk, σ) , fn).

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

≥ 1
hr

∑
n∈Ir

∞P
k=1

ankϕk

�����xσk(m)

����
�
≥ε

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

≥ α

hr

∣∣∣∣∣
{
n ∈ Ir :

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣) ≥ ε

}∣∣∣∣∣
and it follows that x ∈ S0

θ (A,ϕk, σ). �

Theorem 8. Let f = (fn) be given a sequence of modulus functions. If
sup

v
sup

n
fn(v) <∞ then

S0
θ (A,ϕk, σ) ⊂ V 0

θ ((A,ϕk, σ) , fn) .

Proof. We suppose T (v) = sup
n
fn(v) and T = sup

v
T (v). Let x ∈

S0
θ (A,ϕk, σ). Since fn(v) ≤ T for n ∈ N and v > 0, we have

1
hr

∑
n∈Ir

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

=
1
hr

∑
n∈Ir

∞P
k=1

ankϕk

�����xσk(m)

����
�
≥ε

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))

+
1
hr

∑
n∈Ir

∞P
k=1ankϕk

�����xσk(m)

����
�

<ε

fn

( ∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣))
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≤ 1
hr
T

∣∣∣∣∣
{
n ∈ Ir :

∞∑
k=1

ankϕk

(∣∣∣xσk(m)

∣∣∣) ≥ ε

}∣∣∣∣∣+ T (ε).

Taking the limit as ε→ 0, it follows that x ∈ V 0
θ ((A,ϕk, σ) , fn). �

Corollary 2. Let f = (fn) be a given sequence of modulus functions. If
inf
n
fn(v) > 0(v > 0) and sup

v
supnfn(v) <∞ then S0

θ (A,ϕk, σ) = V 0
θ ((A,ϕk,

σ) , fn).
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