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ABSTRACT. In this article, the existence of a unique common fixed
point of two families of compatible maps of type (P) on a com-
plete metric space and a common fixed point theorem for four
mappings on a metric space are proved. These theorems are an
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1. Introduction

Studies of common fixed points of commuting maps were initiated by
Jungck [7]. Jungck [8] further made a generalization of commuting maps by
introducing the notion of compatible mappings. In [16], Pathak ct al de-
fined compatible mappings of type (P). The notion of compatible mappings
developed in many direction such as see [[4], [9], [10], [11], [14] and [15]].
The purpose of this article is to prove Theorem 3.1 [16] for two families of
compatible mappings of type (P) on a complete metric space and a common
fixed point theorem for four mappings in a metric space.

Definition 1 ([16]). Let S,T : (X,d) — (X,d) be mappings. S and T
are said to be compatible of type (P) if

lim d(SSz,,TTx,) =0
n—-maoo

* Corresponding author.



54 M.S. KHAN, M. SAMANIPOUR AND P.P. MURTHY

whenever {x,} is a sequence in X such that Sz, Tx, — z, for some z € X,
as n — oo.

Proposition 1 ([16]). Let S,T : (X,d) — (X,d) be mappings. Let S
and T are compatible of type (P) and let Sz, Tx, — z asn — oo for some
z € X. Then we have the following:

(a) lim TTx, = Sz if S is continuous at z,
n—oo

(b) lim SSxz, =Tz if T is continuous at z,
n—oo

(¢) STz=TSz and Sz =Tz if S and T are continuous at z.

Proposition 2 ([16]). Let S,T : (X,d) — (X,d) be mappings. If S
and T are compatible of type (P) and Sz = Tz for some z € X, then
SSz=8Tz=TTx.

Lemma 1 ([17]). For any t > 0, y(t) < t, iff lim 7" (t) = 0 where 4"
n—oo
denotes the n-times composition of .

In this article a common fixed point theorem for a family of compatible
maps of type (P) in a compatible metric space is given. Finally, the existence
of a common fixed point for four mappings in a metric space is proved.

2. Main results

In this section we shall prove a common fixed point theorem for any even
number of compatible maps of type (P) in a complete metric space.

Let o be the family of all mappings ¢ : (%) — R, where Rt = [0, +-00)
and each ¢ satisfies the following conditions:

(a) ¢ is upper semicontinuous on R+

(b) ¢ is non-decreasing in each coordinate variable, and

(c) for each t >0,
o(t,t,0,at,0) < Bt and ¢(t,t,0,0,at) < Gt where f=1fora=2and < 1
for a < 2.

v(t) = @(t,t,a1t, ast,ast) <t

where v : R* — R™ is a mapping and aq + as + ag = 4.

Now we prove our main result.

Theorem 1. Let P, Py, -+, Po,, A and B are self maps on a complete
metric space (X,d), satisfying conditions:

(I) AX)C PP+ Py—1(X), B(X)C PPy Pop(X);

(I1)

Py(Py--- Pop) = (Py--- Poy) P,
PoyPy(FPs -+ Pon) = (P6- Pon) P2 Py,
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Py Poy o(Pop) = (Pon)P2- - Papa,

A(Py---Pay) = (Py---Pay)A,
A(P6-~P2n)= (P6"‘P2n)A,
APy, = Py, A,

Pi(P3---Py1)= (P3---Pyp_1)P,
PP3(Ps--- Pay,_1) (Ps -+ Pop—1)P1 P3,

Py - Poy_3(Pop—1)
B(P3 - Pyp_1)
B(Ps--- Py, 1)

(Pop—1)P1 -+ Pay—3,
(Pg--- Poy—1)B,
(Ps- - Pay—1)B,

BPy, 1= Py 1B;
(III) One Of H?:l Pgi_l = P2 e Pgn, A, B and H?:l _PQZ‘ = P1 e Pgn_l

18 continuous;
(IV') The pair (A, Py -+ Pyy,) and the pair (B, Py -+ - Pap_1) are compatible
of type (P);
(V') There exists ¢ € p such that
d(Au, B’U) S qﬁ(d(Au, P2P4 s Pgnu), d(B’U, P1P3 s Pgn_lv),
d(AU, P1P3 e Pgnflv),
d(BU, P2P4 cee Pgnu), d(P2P4 e Pgnu, P1P3 cee Pgnflv))

for all u,v € X. Then Py, Py, , Pa,, A and B have a unique common
fized point in X.

Proof. Let g € X. From condition (I) there exists z1, 22 € X such that
A{I,‘O = P1P3 s -Pgn_ll'l = Yo and Bl’l = P2P4 N ~P2n.i1:'2 = Y1. Inductively
we can construct sequence {x,} and {y,} in X

Azop = P1P3 -+ Pop_1%op4+1 = Yok
and

Brogi1 = PoPy- -+ PonToki2 = Yok+1,

for k € N. By a similar proof of Lemma 3.2 and Lemma 3.3 [16], is proved
that {y,} is a Cauchy sequence in X. Since X is complete, there exists some
z € X such that y, — z. Also, for its subsequences we have:

Bropy1 — 2z and PiP3--- Pop 1741 — 2,

Azxop — 2z and PPy Po,zop — 2.
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Now, suppose that PoPy - - Py, is continuous.
Denote P’y = PyPy--- Py, and P’y = Py Ps--- Pa,_1. Since (A, P'1) is com-
patible of type (P), by Proposition 1,

AA.CEQk — P’lz and P,1A$2k — P’lz.

a) Putting u = P2P4 ce Pgn.%'gk = Pllmgk, UV = Tok+1, and Plg = P1P3 cee
Py,,—1 in condition (V'), we have:

d(AAzgy, Brogy1) < ¢(d(AAxgy,, P'1Axy,),
d(Bxapt1, Paori1),
d(AAzoy, P'axopir),

d(Bxzogi1, P'1Axay),

d( P'1Axop, P'yxopy1)).

Letting £ — oo, we get:

d(Pllzaz) < (b(0,0,d(P/lZ,Z),d(Z,Pllz),d( Pllzvz))
< y(d(P'12,2))
< d(P'y2,2)

which is a contradiction. Thus P'1z = z, i.e., PaPy--- Popz = 2.

b) Putting U = 2, V= T2k+1, Pll = P2P4-'-P2n and PIQ = P1P3-"
Py, in condition (V'), we have:

d(Az, Bxopi1) < ¢(d(Az, P'12),
d(Bxoki1, Plawori1),
d(Az, P'yxopi1),

d(Bxagy1, P'12),

d( P'1z, P'yxoni1)).

Letting k — oo, we get:

d(Az,z) < ¢(d(Az,2),0,d(Az, 2),0,0)
< y(d(Az, 2))
< d(Az, z).

Hence d(Az, z) = 0. Therefore, Az = PoPy--- Popz = 2.



COMMON FIXED POINT THEOREMS FOR ... 57

¢) Putting u = Py Popz, v = wopy1, P'1 = PoPy--- Py, and Py =
PyPs--- Py, in condition (V), and using the condition Py(Py--- Poy) =
(Py--- Pop)Py and A(Py--- Pay,) = (Py- -+ Pyy,)A in condition (I7), we get:

d(APy -+ Popz, Bropi1) < ¢(d(APy -+ Popz, P'1Py -+ Pyy2),
d(Bxap i1, P'awori1),
(APy--- Pyyz, Ploxori1),
d(Bxogy1, P'1Py- - Poyz),
d( P'1Py--- Popz, P'axopi1)).

U

Letting k — oo, we get:

APy Popz,z) < ¢(d(Py-+- Popz,2),0,d(Py- - Payz, 2),0,0),
< y(d(Py - '-P2n272))
< d(P4 s PQTLZ, Z)

Hence it follows that Py--- Py,z = z. Then Py(Py--- Panz) = Pyz and so
Poz=PP; - Popz=z.
Continuing this procedure, we obtain

Az=Poz =Pz =+ = Pz = 2.

d) As A(X) C PiPs--- Py, 1(X), there exists v € X such that z =
Az = P Ps--- Py, qv. Putting u = .TQk,P/l = PPy P, and Py =
PyPs--- Py, in condition (V'), we have:

d(Azor, Bv) < ¢(d(Azoy, P'1xar),

Letting k — oo, we get:

d(z, Bv) < ¢(0,d(Bv, z),0,d(Bv, z),0)
< v(d(Bwv, z))
< d(Bw, 2).

Therefore Qv = z. Hence, P1P3 - Py, 1v =Bv =2. As (B, Py Po,_1)
is compatible mappings type of type (P) and Py Ps--- Py,—1v = Bv, by
Proposition 2 d(B P'qv, P'9P'yv)) = 0. Hence Bz = BP'ov = P'9P'ov =
PIQZ. Thus P1P3 s Pgn_lz = Bz.
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e) Putting U =29k, V=2, Pll = P2P4 s -P2n and P,2 = P1P3 c -Pgnfl
in condition (V'), we have:

Letting £ — oo, we get:
d(Z, BZ) < ¢(07 d(BZ, Z)a Oa d(BZ, Z)v 0)
< v(d(Bz,z)) < d(Bz,z).

Therefore Bz = z. Hence, P1P3--- Py,_12 = Bz = 2.
f) Putting U = Tk, UV = P3---P2n,12, Pll = P2P4"'P2n and PIQ =
Py Ps--- Py, in condition (V'), we have:

d(Azog, BPs -+ Pap_12) < ¢(d(Axak, P1z2ok),

Letting k£ — oo, we get:

d(z,P3- Popn—12) < ¢(0,0,d(z, P3 -+ Pap12),d(Ps - - Pap_12, 2),
d(Z, P3 L Pgn_lz))
< v(d(z, P3 s Pgn,lz))
< d(Z, P Pznflz).
Therefore P3 - -+ Po,_12 = z. Hence, Pz = z. Continuing this procedure,

we have:
Bz = P1Z = P3,Z == Pgn_lz.

Thus we proved
Az=Bz=Piz=Pyz=+---=Pyp_12 = Pypz = z.
|

Proof of uniqueness. Let 2z’ be another common fixed point of men-
tioned maps, then Az’ = Bz = P12/ = P2/ = -+ = Py, = 7/. Putting
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U=z, = Z/, Pll = P2P4 s Pgn and Plg = P1P3 s Pgnfl in condition (V),
we have:
d(Az,Bz') < ¢(d(Az, PaPy- - Papz),d(Bz',PiPs - Py, _12),
d(AZ, P1P3 s Pgnflz,),
d(BZ,, P2P4 R Pgnz), d(P2P4 cee Pgnz, P1P3 R Pgnflzl)).

It means that
d(z,2") <~(d(z,2)).

Thus z = 2’ and this shows that z is a unique common fixed point of the

maps.
Similarly, we can also complete the proof when A, B and P; - -+ Py, 1 is
continuous. This complete the proof. |

Remark 1. Theorem 1 is generalization of Theorem 3.1 [16].

Now we shall prove a common fixed point theorem for four mappings in
metric space. Let BT be the set non-negative real numbers and ¥ be the
family of mappings ¢ : (M) — R+ such that

(i) ¢ is non-decreasing,

(ii) ¢ is upper-semi-continuous in each coordinate variable

(1ii) y(t) = p(t,t,a1t,ast,t) < t, where v : BT — RT is a mapping with
~v(0) =0 and a; + ay = 2.

The following theorem is an improvement over the theorems generalizes
Banach Fixed Point Theorems [1], Kannan Fixed Point Theorem [12], Edel-
stein Fixed Point Theorem [6], Boyd and Wong’s Fixed Point Theorem [2],
Ciri¢’s Fixed Point Theorems [3], Das and Naik’s Fixed Point Theorems [5]
for at least a pair of maps of the Jungck Fixed Point Theorem Type [7] in
which the least possibility is that at least one self mapping is continuous on
the point of convergence. We have oppose to assume any mapping is con-
tinuous. Also we have relaxed the completeness of the metric space (X, d).
Many corollaries are also given of this theorem. Here any kind of weakly
commuting means we can choose the pair from Murthy [13].

Theorem 2. Let (X,d) be a metric space and let A, B, S and T be
mappings of X into itself such that:
(1) A(X)UB(X) € S(X)T(X),
(II) The pairs (A, S) and (B,T) are any kind of weakly commuting maps,
(III) [1 + ad(Sz,Ty)].d(Az, By)
< amax{d(Sxz, Az)d(Ty, By),d(Sz, By)d(Ty, Ax)}
+ ¢(d(Sx,Ty),d(Sz, Ax)d(Ty, By),d(Sx, By)d(Ty, Az))
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for every x,y € X, where « > 0 and ¢ € V. If S(X)T(X) be a closed
subspace of X, then

(1) (A,S) and (B,T) are coinciding at a common point,

(1) A, B,S and T have a unique common fixed point in X.

Proof. Since A(X)JB(X) C S(X)NT(X), we can choose A(X) C
T(X), for any arbitrary point ¢ € X, we can choose a point z; € X such
that yo = Azg = Tx1. Since B(X) C S(X), for the point x1, we can choose
a point xo € X, such that y; = Bxy = Sxs and so on. Inductively, we can
define a sequence {x,} in X such that

(1) yon = Twons1 = Axop, Yont1 = STont2 = Bront1,
for n=0,1,2,...
We shall prove that {y,} be a Cauchy sequence. Putting z = x9, and
Yy = Top41 in (IIT), we have
1+ ad(Szont1, Trons1)]d(Azon, Bropi1)
< amax{d(Swon, Axen)d(TTon41, Brani1),
d(Sxon, Brop1)d(Tvon1, Axan)}
+ o(d(Szon, Txont1), d(Swon, Az )d(Txon i1, Broni1),
d(Sxon, Bropy1)d(Txoni1, Axay)),

i.e;
(14 ad(y2n—1, y2n)]d(Y2n, Y2n+1)
< amax{d(y2n—1,Y2n)d(Y2n, Y2n), A(Y2n—1, Y2n+1)d(Y2n, Y2n) }
+ p(d(y2n-1,Y2n), A(Y2n—1, Y2n)d(Y2n, Y2n+1),
d(Y2n—1, Y2n+1)d(Y2n: Y2n)),
i.e;

d(Yan, Yon+1) + ad(Y2n—1, Yon)d(Yon, Y2n+1)
< ad(yan—1, Y2n)d(Y2n, Y2n+1)
+o(d(Y2n—1,Y2n), A(Y2n—1, Y2n)d(Y2n, Y2n+1), A(Y2n—1, Y2n+1)d(Y2n, Y2n))-

So

d(Yon, Yan+1) < ©(d(Y2n—1,Y2n), A(Y2n—1, Y2r)d(Y2n, Y2n+1),
d(Yan—1,Y2n) + d(Y2n, Y2n+1)-d(Y2n, Y2n))-

If d(yon, Y2n+1) > d(y2n—1, yon) for some n, then d(yon, yan+1) < v(d(y2n, Yant1))
< d(Y2n, Y2n+1), which is a contradiction. Thus we have

d(y2n, Yon+1) < Y(d(Y2n—1,Y2n))-
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Similarly,
d(Yon+1, Yan+2) < Y(d(Y2n, Y2n+1))-

Proceeding in this way, we have

d(Yns Yn+1) < Y(d(Yn—1,Yn)) < ’72(d(yn—27yn—1)) < ... <9"(d(yo,y1))

by Lemma 1, hm ~¥"(d(y0,y1)) = 0 and in turn it implies that hm A(Yns Yn+1)

= 0. Then, by a sumlar proof of Theorem 4.1 [13], is proved that {yn}is a
Cauchy sequence in X. Since A(X) C T(X) and B(X) C S(X), then there
exists u, v in X such that Su = w and Tv = w, respectively. By (I11])

[1+4 ad(Su, Tran+1)|d(Au, Brani1)
< amax{d(Su, Au)d(Txon+1, Bron+1), d(Su, Bropt1)d(Twon+1, Au)}
+ @(d(Su, Tzap+1), d(Su, Au)d(Txon+1, Bran+i),
d(Su, Brop41)d(Twon41, Au)).

Letting n — oo, we have

d(Au,w) < ¢(0,d(Au,w),0,0,d(Au,w))
< d(Au,w),
which means that Su = Au = w. Similarly, we can show that Tv = Bv = w.
Now we shall assume that (A, S) be a weak compatible pair of type (A),
so ASu = SSu implies that Aw = Sw. Similarly, Tw = Bw by assuming
(B,T) as a weak compatible pair of type (A). Now we shall prove that w

is a common fixed point of A and S. let if possible Aw # w, then by (I11),
we have

[1+ ad(Sw, Txont1)]d(Aw, Bxayy1)
< amax{d(Sw, Aw)d(Tzon+1, Bxront1),d(Sw, Bropi1)d(Txont1, Aw)}
+ p(d(Sw, Txon+1), d(Sw, Aw)d(Txon+1, Bran+1),
d(Sw, Bxopy1)d(Txont1, Aw)).

Taking n — oo, we have
[1+ ad(Sw,w)]d(Aw, w)
< a maz{0, d(Sw, w)d(w, Aw)}
+ gO(d(SU}, UJ), d(S’U}, AU)), d<w7 U}), d(SU}, UJ), d(w7 Aw))
So
d(Aw7 w) < So(d(va U)), 0,0, d(va w)7 d(w7 Aw))
< d(Aw,w).
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implies Aw = w = Sw. i.e. w is a common fixed point A and S. Similarly,
we can show that w is a common fixed point of B and T'. By uniqueness of
w. w is common fixed point of A, B, S and T. This completes the proof of
the Theorem. |

As an immediate consequence of the Theorem 2. with A = B, we have
the following:

Corollary 1. Let A, S and T be mappings from a metric space (X, d)
into itself satisfying:
(I) A(X) c S(X)NT(X),
(II) [1 4 ad(Sz,Ty)]d(Ax, Ay)
< amax{d(Sz, Az)d(Ty, Ay),d(Sx, Ay).d(Ty, Azx)},

+ ¢(d(Sz,Ty),d(Sx, Ax),d(Ty, Ay),d(Sz, Ay),d(Ty, Ax)).
for every x,y € X, where p € ¥ and o > 0. If S(X)NT(X) be a closed
subspace of X, then (i) A, S and A, T have a coincidence point. Indeed, if
A is one-to-one, then (ii) A, S and T have a coincidence point If A, S and
A, T are weakly compatible maps of type (A), then (iit) A, S and T have a
unique common fized point in X.

Proof. Omitted as it follows in the lines of Theorem 2. [ |

Corollary 2. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying::
(I) AX)UB(X) C S(X)NT(X),
(IT) [1 + ad(Sz, Ty)|d(Ax, By)
< amax{d(Sz, Az)d(Ty, By), d(Sz, By)d(Ty, Ax)},

+ S max{d(Sx,Ty),d(Sz, Ax),d(Ty, By), d(Sz, By),d(Ty, Az)}
for every x,y € X, where « >0 and § € (0,1). If S(X)NT(X) be a closed
subspace of X, then (i) A, S, B and T have a coincidence point. If A, S
and B, T are weakly compatible maps of type (A), then (ii) A, B, S and T
have a unique common fized point in X.

Proof. Define ¢ : (R1)> — R by ©(t1, 12,13, ta,t5) = Bmax(ty, o, 3,
t4,t5), then proof follows. [ |

Corollary 3. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying:
(I) AX)UB(X) c S(X)NT(X),
(II) [1 4 ad(Sz,Ty)]d(Ax, By)
< amax{d(Sz, Az)d(Ty, By),d(Sz, By).d(Ty, Ax)},
+ Bmax{d(Sz,Ty),d(Sz, Az),d(Ty, By), 5[d(Sz, By)+d(Ty, Az)|}



COMMON FIXED POINT THEOREMS FOR ... 63

for every x,y € X, where a« >0 and 5 € (0,1). If S(X)T(X) be a closed
subspace of X, then (i) A, S, B and T have a coincidence point. If A, S
and B, T are weakly compatible maps of type (A), then (ii) A, B, S and T
have a unique common fixed point in X.

Proof. Define ¢ : (RT)5 — R+ by o(t1,ta,t3, ta, t5) = fmax(ty,ta, 3,
3[ta + t5]), then proof follows. [ |

Corollary 4. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying:

(I) A(X)UB(X) c S(X)NT(X),
(II) [1 + ad(Sx,Ty)]d(Az, By)
< amax{d(Sxz, Az)d(Ty, By), d(Sz, By)d(Ty, Az)},
+ Bild(Sz, Ty)] + B2ld(Sz, Ax) + d(T'y, By)]
+ Bsd(Sz, By) + d(Ty, Az)]
for every x,y € X, where a > 0 and (1, 82,03 > 0 and 81 + 262 + 203 < 1.
If S(X)NT(X) be a closed subspace of X, then (i) A, S, B and T have
a coincidence point. If A, S and B, T are weakly compatible maps of type
(A), then (ii) A, B, S and T have a unique common fized point in X.

Proof. Define ¢ : (RT)> — RT by ¢(t1,t2,t3,ts,t5) = Bit1 + Btz +
ts) + B3(ts + t5), then proof follows. [ |

Corollary 5. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying:

(I) AX)UB(X) c S(X)NT(X),
(II) [1 + ad(Sx,Ty)]d(Az, By)

< amax{d(Sz, Ax)d(Ty, By),d(Sz, By)d(Ty, Ax)},

+ f(max{d(Sxz,Ty),d(Sz, Az),d(Ty, By),d(Sz, By),d(Ty, Az)})
for every x,y € X, where a > 0 and f : RT — RT is a function satisfying
(i) f is non-decreasing; (i) f is upper semi-continuous, and (iii) f(t) <t
for each t > 0. If S(X)(T(X) be a closed subspace of X, then (i) A, S,
B and T have a coincidence pomt If A, S and B, T are weakly compatible
maps of type (A), then (ii) A, B, S and T have a unique common fized
point in X.

Proof. Define ¢ : (R1)? — BT by o(t1,t2,t3,ts,t5) = f max(ty,to, 13,
3[ta + t5]), then proof follows. [ |

If we put o = 0, then we have the following corollary:

Corollary 6. Let A, S and T be mappings from a metric space (X, d)
into itself satisfying:
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() A(X) Cc S(X)NT(X),
(II) d(Azx, Ay) < amax{d(Sz, Ax)d(Ty, Ay),d(Sz, Ay)d(Ty, Azx)},
+ o(d(Sz, Ty),d(Sz, Ax),d(Ty, Ay),
d(Sxz, Ay),d(Ty, Ax))
for every x,y € X, where o € W. If S(X) (T (X) be a closed subspace of X,
then (i) A, S and A, T have a coincidence point. Indeed, if A is one-to-one,
then (ii) A, S and T have a coincidence point If A, S and A, T are weakly

compatible maps of type (A), then (iii) A, S and T have a unique common
fized point in X.

Corollary 7. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying:

(1) A(X)UB(X) Cc S(X)NT(X),

(II) d(Azx, By) < amax{d(Sx, Azx)d(Ty, By),d(Sz, By)d(Ty, Az)},

+ B(max{d(Sz,Ty),d(Sz, Ax),
d(Ty, By),d(Sz, By),d(Ty, Az)})

for every x,y € X, where € (0,1). If S(X)T(X) be a closed subspace
of X, then (i) A, S, B and T have a coincidence point. If A, S and B,

T are weakly compatible maps of type (A), then (ii) A, B, S and T have a
unique common fized point in X.

Corollary 8. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying:

(1) AX)UB(X) c S(X)NT(X),

(I1) d(Az, By) < amax{d(Sz, Az)d(Ty, By),d(Sz, By)d(Ty, Az)},

+ B(max{d(Sz,Ty),d(Sz, Az), d(Ty, By),
3[d(Sz, By) + d(Ty, Ax)]})

for every x,y € X, where 5 € (0,1). If S(X)(T(X) be a closed subspace
of X, then (i) A, S, B and T have a coincidence point. If A, S and B,

T are weakly compatible maps of type (A), then (ii) A, B, S and T have a
unique common fized point in X.

Corollary 9. Let A, B, S and T be mappings from a metric space (X, d)
into itself satisfying:
(1) AX)UB(X) c S(X)NT(X),
(II) d(Azx, By) < amax{d(Sxz, Az)d(Ty, By),d(Sz, By)d(Ty, Az)},
+ 51[d(Sx, Ty)] + B2[d(Sx, Az) + d(Ty, By)]
+ B3[d(Sz, By) + d(T'y, Ax)]
for every x,y € X, where o > 0 and B1,P2,03 > 0 and B1 + 202 + 205 < 1.
If S(X)NT(X) be a closed subspace of X, then (i) A, S, B and T have
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a coincidence point. If A, S and B, T are weakly compatible maps of type
(A), then (ii) A, B, S and T have a unique common fixed point in X.

Corollary 10. Let A, B, S and T be mappings from a metric space
(X, d) into itself satisfying:

(I) AX)UB(X) c S(X)NT(X),

(I1) d(Az, By) < amax{(Sz, Az)d(Ty, By),d(Sz, By)d(Ty, Az)},

+ f(max{d(Sz,Ty),d(Sz, Az),d(Ty, By),
d(Sz, By),d(Ty, Az)})

for every x,y € X, where a > 0 and f : R — RT is a function satisfying
(7) f is non-decreasing; (ii) f is upper semi-continuous, and (iii) f(t) <t
for each t > 0. If S(X)T(X) be a closed subspace of X, then (i) A, S,
B and T have a coincidence point. If A, S and B, T are weakly compatible
maps of type (A), then (ii) A, B, S and T have a unique common fized
point in X.

Example 1. Let X = [0,1) and d be the Euclidean metric on X. Define
A, B, S and T as follows:

and

S(x)=T(x)=x

Hence A(X)UB(X) Cc S(X)NT(X). Also, (A,S) and (B,T) are the
weakly compatible of type (A). It is easy to see that all conditions of The-
orem 2 hold and there exists a x = 0 such that Az = Bx = S =Tx = .

Example 2. Let X = R and d be the Euclidean metric on X. Define
A, B, S and T as follows:

0 if <0
Ay=4" = =7
xz if x>0,

and

B(x) 0 if x<0,
€Tr) =
x if x>0,

S(x)=T(x)=x
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for all z in X and let v : BT — R be given by

y(t) <t

and let ¢ : BT — R be given by p(t1,t,t3,t4,t5) = Smax{t;} for some
0<p<1,i=1,23,4,5. Hence A(X)JB(X) C S(X)NT(X). Also,
(A,S) and (B,T) are the weakly compatible of type (A). It is easy to see
that all conditions of Corollary 3 hold and for £ = 0 we have Az = Bx =
Sr=Tx = .
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