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ABSTRACT. The present paper is concerned with the fast growth
of analytic functions in the sets of the form {zeCV : ¢y (2) <
R} (where ¢x(z) is the Siciak extremal function of a compact
set K') by means of the Lagrange polynomial approximation and
interpolation on K having rapidly increasing maximum modulus.
To study the precise rates of growth of such functions the concept
of index has been used.
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1. Introduction

Let K be a compact set in CV and let ||| denote the supremum norm
on K. For neN denote by P, the space of all polynomials from CV to C,
of degree at most n. Throughout the paper we assume that the set K is
L—regular, i.e., the Siciak extremal function of K[20], [21],

drc(2) = sup {[p(=)|"  pePoy pl <1, n>1}, zeC™,

is continuous in CV.

Let f be a function defined and bounded on K and let t,, denotes the n'”
Chebyshev polynomial of the best approximation to f on K. It is known that
[20], [21] if K is L—regular and limsup,, .. || f—ta||"/" = £ with1 < R < o0,
then there exists a function g analytic in Kp = {zeC’N Cor(2) < R} such
that g|x = f.

Reddy [14], [15] connected classical order and type with polynomial ap-
proximation error of the (entire) function which is an extension of a con-
tinuous function defined on [—1,1]. Contemporarly, Rice [16], Massa [11],

* This work was done in the memory of Prof. H.S. Kasana, Senior Associate, ICTP,
Trieste, Italy
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Rizvi and Juneja [18], Nautiyal and Rizvi [12], Rizvi [17], Kapoor and Nau-
tiyal [6] and Winiarski [23] studied these results for different approximation
errors of a continuous function on the arbitrary domains, Shah [19], Kapoor
and Nautiyal [7] and Nautiyal, Rizvi and Kapoor [13] have studied in this
direction for continuous functions on the domain [—1,1].

They studied the results for (a, 3)—orders. Later on, Kasana and Kumar
[8], [9] extended these results to the (p, g)—scale introduced by Juneja et.al
2], [3]. Jurgen Muller [5] studied accelerated polynomial approximation
problem of finite order entire functions by growth reduction. All these results
have been studied for R = co and N = 1 i.e., in single complex variables.
Kumar [10] and Winiarski [24] obtained various results regarding the entire
function of given growth. It has been noticed that the case R < +oo in
several complex variables has not been studied so extensively. The aim of
this paper is to study the case R < 400 in CV. Our results apply satisfacto-
rily for functions of fast growth or simply speaking if maximum modulus is
increasing so rapidly that the order of function is infinite. It is significant to
mention here that our results generalize various results contained in Juneja
and Kapoor[4].

For R > 1 let D(R) = Dg(R) denote the set of all functions analytic in
Kpr and not continuable to any Kp with R’ > R. Given a function geD(R),
we put

M(r,g) = sup{lg(2)| : ox(2) =7}, r <R
For a function geD(R), set

. logl) M (7, g)
1 = 1 m _—_—
1) Pr(a) SRY Zlog(1— r/R)

where logl’) M(r,g) = M(r,g) and logld M(r,g) = log(log[q_” M(r,g)),
q = 1,2,---. To avoid the trivial cases we shall assume throughout that
M(r,g) — oo as r — R.

Definition 1. A function geD(R) is said to have the indez—q if pr(q) <
oo and pr(q—1) =00, ¢ =1,2,---. If q is the indezx of g(z), then pr(q) is
called the g—order of g.

Definition 2. A function geD(R) having q—order pr(q), pr (¢ > 0,
q=2,3,---), is said to have q—type or(q) if

L logl=! M (r, g)
(2) or(q) = limsup 11/ R @

(For the definition of index-q etc. see[4]).
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Remark 1. Definition 1 is the generalization of the Beuermann definition
of the order of an analytic function in the unit disc [1] (compare [22]).

2. Auxilliary results

Let K be a fixed compact, L—regular set in CV and let (pp)neny be a
sequence of polynomials such that
(i) pnePy,neN
o
(73) > pneD(R) with 1 < R < +o00,
n=0

(7i7) for every positive r < R the set {||p,||7" : neN} is bounded.
Set

M*(r = max {||pn||r" : neN},1 <r < R,

(@) = limsup B0
PR\ = T_,Rp—log(l—r/R)’

(0.]
if pr(q) = pr (q, > pn) is positive, we put
n=0

»(¢) = limsu lOg[q_l] M (r)
g = .
R = 0P 0/ R)—rra)

Now we shall prove some auxiliary results which will be used in the sequel.

Lemma 1. Under the assumptions of section 2
(1) pr(q) < pR(a),

(1) if pr(q)e(0,400), then or(q) < ok(q),
where pr(q) and or(q) are the q—order and q—type of the function Y p,

n=0
respectively.

Proof. We have

M(r) < S sup{lpa(2)l} : zek,.

n=0
Using the property of [20] we get

]pn(z)\ < Hanrn7 zeK,, neN.

o
M(r) < lpallr™
n=0



88 DEVENDRA KUMAR
Let us write 7 = 7 R'%(r/R)' % in above, we obtain

gM(r) < M*(r*R'")(r/R)1 0"
n=0
or ( § pl 5)
M*(r°R*~
Mir)< ——=.
") < TRy
For every § < 1, we get

1
+ + + + *x( 0 pl—§
(3) logtlog™ M(r) <log [log M*(r°R )+1OgW g

where logtz = max(logz,0),0 < r < oco. Here we shall assume that
M*(r°R'7%) — +o0 as 7 — R because if the function r — M*(rdR'~%) is
bounded, then pr(q) = pk(¢) = 0. Then for r sufficiently close to R, (3)
gives after a simple calculation

logld) M (r) - logle) M*(ré R1-9)
—log(l1—r/R) = —log(l—r/R)

(1+0(1))
and
logla= M (r) - logld=1 M= (19 R1-9)
(1—r/R)=,r(@) = (1 —r/R)=rr(@
Proceeding to the upper limits in above inequalities the proof of (i) and
(74) completed. [

(140(1)).

Remark 2. If the set K is balanced and (pp)nen 1S a sequence of homo-
geneous polynomials, then using the Cauchy inequalities M*(r) < M(r), it
gwes pp(q) < pr(q) and o3(q) < or(q) provided 0 < pr(q) < +oo.

Lemma 2. Let (pp)nen be a sequence of polynomials such that pneP, for
neN. If Y 0°  pneD(R) and if there exist positive constants §,ng and o > 1
such that
on

i 1o |

]7 nzn()v

then
(i) pr(q) < a — A(g),

(ii) if pr(q) = a — A(q), then or(q) < BPR@O+A /By(q),
where

() A(q)z{l if 4=2

0 otherwise

(pr(@)+1)PROFL —
Br(q) = { (pr(q)) R i a=2

1 otherwise .
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Proof. We have
(5) [pnllr™ < (r/R)" exp

First we consider the case for ¢ = 2,
[[pnllr™ < (r/R)" exp {ﬁn(l—l/a)} ‘

Let A* = (r/R)" exp {ﬂx(l_l/a)}, 0 < z < +o0. The suprimum of A* is
B (a=1)* 1
a% (log R/T)

attained at x = = and we obtain

(6)  lpallr™ < sup{(r/R)” exp { B2/ |
[W

= exp (logR/r)l_O‘] , n>ng, r<R.
It can be seen that for every r < R there exists a positive integer v(r)
such that

M*(r) = [|py I

and
M*(r) > |lpalr™,  n>wv(r).

If v(r) is bounded for r < R then M*(r) also is bounded, hence pj(q) =0
and consequently pr(q) = 0. So we may take v(r) > ng for r sufficiently
close to R. Putting n = v(r) in (6) we get

e} -1 a—1
M*(r) < exp [ﬁ(aaa)(logR/r)l_o‘] , ro<r<R,
or
oot log | 22e=D*""
log™ log™ M*(r) - g o Fla—1) loglog R/r
—log(1—r/R) — —log(l—r/R) log(1 —r/R)
and

IOng M (7“) < ﬁﬂR(j)‘H (pR(2))p2(2) (log R/T)pr(z)
(1—r/R)=Pr(®) — (pr(2) + 1)pr@+T (1 — r/R)—Pr(®

provided pr(2) = a—1. Proceeding to limits as r — R and using the Lemma
1 we obtain the inequalities (i) and (i) for ¢ = 2.
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Now for ¢ = 3,4, ---. The suprimum of right hand side of (5) is attained
at

«
o o T
oen | 7 gt

nEEmep (log R/7)° ’

and we get

log™t M*(r) < exp[q*Q]

log(R2/7)

5 (e}
— |1 - -
(log R/7)* ( logli=2p, Hq logla—7 n)

1
X - -1

T logli—y M7, logli=Tn

or

n
loglt=2 n T 5 loglt=

logl® M*(r) < log 3 (1 - > + log(log R/r)~* 4 0(1)

or
logl9) M*(r) < aloglog(R/T)
—log(1 —r/R) = —log(l —r/R)

Proceeding to limits as » — R and using the Lemma 1, we get

+0(1).

pr(q) < a.

Similarly, we can obtain easily from above inequality that

or(q) < 5%((1)(1

Hence the proof is completed. |

Let K be a compact, L—regular set in CV. Given a function f defined
and bounded on K we put for neN [19]

BV = ED(f.K) = |If —tal.

EP = EP(f.K) = |If =,

B = ESL(£.K) = sy = bl
where t,, denotes the n chebysev polynomial of the best approximation to
f on K and I, denotes the n!* Lagrange interpolation polynomial for f with

nodes at extremal points of K.
We have the following inequalities [23, Lemma 3.3]

(7) EY) < EP < (n+2)EY,
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~—

(8) E® <2(n, +2)E

n—1’

n>1,

where n, = ( n+N >
n

Theorem A [20]. The function f is the restriction to K of a function
from D(R) if and only if

yn 1
lim sup (E,@) "o = s=120r3.

n—oo

Lemma 3. Let K be a compact, L—regular, balanced set in CN. Then
for every geD(R)

M(r, g)

9) E7(zl)(.9|K7K) Sma

l1<r<R, neN.

Proof. The proof of this lemma follows immediately from a result of
Siciak [20, p. 344, inequality (7)] and from the Cauchy inequality. [ ]

3. Main results

Theorem 1. f is the restriction to K of a function geD(R) having the
index—q and q—order pr(q)(0 < pr(q) < o) if and only if

logli=tp

(10) pr(q) + A(g) = limsup ooy = ()
n—co logn — log* log* (En R")
=23, 5=1,2,3.

Proof. By inequalities (7) and (8), v3(q¢) < 72(q) = 71(g), so it is
sufficient to show that v1(q) < pr(q) + A(q) < v3(q).

1. m1(q) < pr(q) + A(q). From (1) and Lemma 3 for u(q) > pr(q) there
exists r,,(q) > 1 such that

(11) log* (ES)Rn) < expli=2(1 = r/R)~H)

1
+ log(R/r,)" + log T Tl <7< R, neN.
-
Substituting
1
(@)+A(9)
12 - 1 — [ logle—2 @ "
(12) r= 1= (logr 2 1 ,
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we get for ¢ = 2.

u(2) 1
+ (1) pn < n pn(2)+1 _ B M(Q) n(2)+1
log (En R ) < (M(2)> nlog |1 —
— log(ryz) — 1), n>n(u(2)).

For every € > 0 and sufficiently large n

() sy

1(2)

—log(rue) — 1) < e(p(2)) T a2+

Hence

__K(2) 1
g log* (B ) o T 4 (14 222y

logn - logn u(2)+1

Proceeding the limit as n — oo we get
1@ -1 _ )
72 T op)+1
Since pr(2) < p(2) is arbitrary, it gives
N2 -1 _ pr(2)
m(2) T pr(2)+1

or
7(2) < pr(2) + 1.
For ¢ = 3,4, -+, (11) and (12) together give for n > n(u(q))

log™ (B R™) < explt—? <1og[q—21 (u?q))) [140(1)].

After a simple calculation, we get

log[q_l} n

=71(q).

w(q) > limsup
n—oco logn — log™ log™ (qul)R”)

By the arbitrariness of 11(q) > pr(q), we obtain v1(q) < pr(q)-

2. pr(q)+ A(q) < v3(q). We shall prove this inequality by contradiction.
Suppose that pr(q) + A(q) > 73(q) then there exists pr(q) + A(q) > a(q)
such that a(q) > v3(q), so

logli~1n
logn — log™ log+(Eq(q,3)R")

< a(q)
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for sufficiently large n. Thus
n

13 logT(EG)R™) < .

Using Lemma 2 for polynomials p, = l,, — l,—1, n > 1, pg = lp, we get

pr(q) + A(g) < a(g).

Since a(q) > v3(q) is arbitrary it follows that pr(q) + A(¢) < ~v3(¢). Hence
we get a contradiction. Hence the proof of the theorem is completed. |

Remark 3. For ¢ =2 and N = 1 the above Theorem 1 gives a theorem
of Juneja and Kapoor ([4], Thm. 4.5.5, pp. 238) as a particular case. It has
been noticed that if any two functions feD(R) have the same g—order then
the above theorem does not give a precise information about their compar-
ative rates of growth. For this purpose we have the following theorem.

Theorem 2. If a function geD(R) has a positive finite g—order pr(q)
and a finite q—type or(q), then

(1og+(E§f)R">

As(q) = lim sup(log[qu} n) = or(q)Br(q).

n—00 n

) pr(9)+A(q)

Proof. By inequalities (7) and (8), A3(q) < A2(q) = A1(q), so it suffices to
show that A1(q) < Br(g)or(q) < As(q) for ¢ = 2 and Ai(q) < or(q) < As(q)
forq=3,4,---.

By Definition 2, for every w(q) > og(q) there exists r,,,) > 1 such that

M(r) < exp ™ [w(@)(1 = r/R) D] re(ry ), R).
Using Lemma 3, we get
(14) E,(ll)Rn < <R> expld 1] [w(q)(l — T/R)pr(q)] %1’ n e N.
" Tw(q)

For ¢ = 2, let r be given by

r=R|1- (f)R@)w(?)) ””R(Z)“]

then (14) gives for n > n(w(2)) that

PR(2) PRr(2)

log T (EVR™) < w(2)(w(2)pr(2))” 7RO npr+1
1
.
" nlog [1 ) <w<2>p<2>> ] +log

n Tw(2)—1'
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For every € > 0 and sufficiently large value of n, we get

__PR(2) PRr(2)
10g+(Er(Ll)Rn) < w(2)(w(2)pR(2)) PRIy PR()FT
1
2 2)\ Pr@)FT
Fn+e) (w<>p<>) i

PR(2)

+ e(w(2)pr(2) RO R

Proceeding n — 00,e — 0 and w(2) — or(2) we get

(2)+1
. log* (B ) \ ™" (1+ pr(2))H+er®
h?i?m)<7l = reye 7
or
AM(2) < Br(2)or(2).
For ¢ = 3,4,---. Choosing r such that
1/pr(q)
r=R|1— w(q) .
logl"*(n/pr(q))
Substituting = in (14), we obtain
w(q) 1/pr(q)
logt(EXVR™) < —nlog |1 — < >
logl"*(n/pr(q))
+ + log
r(2) Tu(g) ~ 1
w(q) pr(q)
<n(l+e¢)
<1og[q2] (n/ pR(q)))
n 1
+ —— Fe(w PR N,
on(@ (w(q)pr(q))
or

(9)
logt E1(11) ny '\ PR
bgqﬂnﬂw0»<°g<R) < w(g)(1+0(1)).
n
Proceeding to limits as n — 00,e — 0 and w(q) — or(q) we get

A(q) < or(q).

Now we have to prove that Br(q)or(q) < A3(q) for ¢ = 2 and og(q) <
)\3((]) for q= 3747'” .
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Suppose that A3(q) < Br(q)or(q) for ¢ = 2. Then there exists Tr(2) <
or(2) such that A\3(2) < Br(2)Tr(2), so

<log+(Er(z3)R")
o [ log" (Ew"R")

PR(2)+1
- ) < Bgr(2)Tr(2), for sufficiently large n.

Thus
@
EY < R™"exp {(BR(2)TR(2))l/pR(2)+1.n”;}<%2)2“ } .

By Lemma 2, 0r(2) < Br(2)Tr(2) which is a contradiction. Hence
Br(2)or(2) < A3(2).

For ¢ = 3,4, - -, suppose that A\3(q) < or(q). Then there exists Tr(q) <
or(q) such that A\3(q) < Tr(q), so

(9)
log™ (B gy \ "
(logls=2 ) <0g(n) < Tr(q)

provided n is sufficiently large. Thus
T 1/pr(q)
E®) < R"exp{n _Trle) .

Therefore by Lemma 2, Tr(q) > or(q) and we et a contradiction, because
Tr(q) has been chosen less than or(q). Hence or(q) < A3(q).
Hence the proof is completed. |

Remark 4. For ¢ = 2 and N = 1 the Theorem 2 gives a Theorem 4.5.6.
of Juneja and Kapoor ([4], pp. 238) as a particular case.

4. Convergence of sequence of errors

Now we shall show how the speed of convergence to 0 of the sequence

(Eff)( fy K))nen estimates the set on which the function f can be extended
analytically and determines the growth of this extension.

Theorem 3. Given a function f, defined and bounded on K, set

) = e o B
logn —log™ log™ (Ey ' R™)

If o*(q)e(0,00), then the function f = lo + Yol (ly — lp—1) belongs to
D(R), flx = f and f has the g—order pr(q) = a*(q) — A(q).
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Proof. For every p*(q)e(a*(q), 00)

logle=1 py .
Do <K ()
logn —log™ logt (E,’ R")
provided n is sufficiently large. Hence
15 EWR" < o
(15) " = &P { (logla=2 p) 1/ ()

or
lim sup(EV RMY™ < 1.
Since a*(q) > 0, the sequence (ET(LI)R")MN is unbounded, which gives
that
limsup(EMR™M)Y™ > 1.
Thus 1
lim sup(EM)Y™ = =

n—00 R

Hence in view of Theorem A, feD(R). Moreover inequalities (15), (7)
and (8) give

2
1y — Ln_1]| < R™exp { " } .

PEERES

Thus by Lemma 2 and Theorem 1 we get pr(q) = a*(q) — A(q). |

Theorem 4. Let f be a function defined and bounded on K. If for some
positive and finite g—order pr(q)

() pn
8(q) = lim sup(logh=2 n) @ (M)

n—00 n

is finite, then the function f =lo+ 3% (I, — ln_1) belongs to D(R), f|x =
fypr(q) is the g—order of f and

(g(q))m(qHA(q)
Br(q)

or(q) =

s the q—type of f



ON THE FAST GROWTH OF ANALYTIC FUNCTIONS ... 97

_ Proof. Following on the lines of Theorem 2 one may easily prove that
feDg. In order to estimate the growth of f take any 7(q) > ((¢q). Then

log™ (Efll) R™)
n

EW < g™ exp{ tg)n }

(logla=2 n)m ( > <ugq), n>n(lq))

or

Using Inequalities (7) and (8) we get

2
ln — ln1]| < R exp { ig)n }

(1Og[q—2] n)4PR<q>1+A(q>

for n sufficiently large. Hence by Lemma 2, pr(q) the g—order of ]7, satisfies
pr(q) < pr(q). Suppose that pr(q) < pr(q). Then, in view of Theorem 1

for every p}‘g(Q)E(PR(Q)a pr(q))

loglt=1n

pr(0) + Alq) = 0> (ph(q)).

~ logn — log™ log™ (ESZI)R”)

1 + (1) pn
limsup(log[q_z} n) PROFTAD <IOg(E”R)> <1.

n—00 n

Thus

or

+ (1) pn
lim sup(logl?—2 n)m <IOg(E"R)>

n—00 n

+ (1) pn
= limsup(logl?=? n)m (W)

n—o00 n

1
[4-2] ) PR@FA@
n

Which is a contradiction, whence pr(q) = pr(q). Moreover, by Lemma 2
and Theorem 2

(5(q))pa(q)+A(Q)

Br(q)
Hence the proof is completed. |

or(q) =

Remark 5. In view of inequalities (7) and (8), one may replace E}ll) by
Eff) or E,(f) in Theorems 3 and 4.
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