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1. Introduction

Let (E,d) be a complete metric space and T': E — E a selfmap of E.
Suppose that Fp ={ p€ E | Tp=p } is the set of fixed points of T.

There are several iteration processes in the literature for which the fixed
points of operators have been approximated over the years by various au-
thors. In a complete metric space, the Picard iteration process {xy},
defined by

(1) Tpt1 =Ty, n=0,1,--,

has been employed to approximate the fixed points of mappings satisfying
the inequality relation

(2) d(Tz,Ty) < ad(z,y), Vx,y € E and a € ]0,1).

Condition (2) is called the Banach’s contraction condition. Any operator
satisfying (2) is called strict contraction. Also, condition (2) is significant in
the proof of celebrated Banach’s fixed point theorem [1].
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In the Banach space setting, we shall state some of the iteration processes
generalizing (1) as follows:
For z € E, the sequence {z,},-, defined by

(3) Tpe1 = (1 —ap)zy + @yTxyn, n=0,1,---,

where {a, },~, C [0,1], is called the Mann iteration process (see Mann [18]).
For z € E, the sequence {z,},-, defined by

Tnt1 = (1 —ap)xy + anTzy
4 n+ n = 0’1’...
(4) { zn = (1= 0Bp)en + BnTxn

where {ay,}2 and {f,},_, are sequences in [0, 1], is called the Ishikawa

iteration process (see Ishikawa [13]). See Berinde [3] for detail on various
iteration processes.
Kannan [15] established an extension of the Banach’s fixed point theorem

by using the following contractive definition: For a selfmap 7', there exists
B € (0, %) such that

(5) d(Tz,Ty) < pld(z,Tx) + d(y, Ty)], Vz,y € E.

Chatterjea [6] used the following contractive condition: For a selfmap T,
there exists v € (0, 3) such that

(6) d(Tz,Ty) < ~vyld(z,Ty) + d(y,Tx)], Y,y € E.

Zamfirescu [35] established a nice generalization of the Banach’s fixed point
theorem by combining (2), (5) and (6). That is, for a mapping 7' : £ — E,
there exist real numbers «, G, v satisfying 0 < a < 1,0< 6 < %, 0<y< %
respectively such that for each x,y € F, at least one of the following is true:

(z21) d(Tx, Ty) < ad(z,y)
(7) (22) d(Tz, Ty) < Bld(z, Tz) + d(y, Ty)]
(23) d(Tz, Ty) < y|d(z,Ty) + d(y, Tz)].

The mapping T : E — E satisfying (7) is called the Zamfirescu contraction.
Any mapping satisfying condition (z3) of (7) is called a Kannan mapping,
while the mapping satisfying condition (z3) is called Chatterjea operator.
The contractive condition (7) implies

(8) Tz = Tyl| < 20[|z = Tx|| +dl|lz —yll, Vz,yck,

— B
where § = max{a, 75 ﬁ}, 0<d<1.
Rhoades [29, 30] used condition (7) to obtain some convergence results
for Mann and Ishikawa iteration processes in a uniformly convex Banach
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space, while Berinde [4] extended the results of [29, 30] to arbitrary Banach
space for the same iteration processes.

The following definition of stability of iteration process is due to Harder
and Hicks [11].

Definition 1. Let (E,d) be a complete metric space, T : E — E a
selfmap of E. Suppose that Fr = {p € E | Tp = p} is the set of fixed points
of T. Let {z,},~, C E be the sequence generated by an iteration procedure
involving T which is defined by

(9) Tn+1 :f(TaxTL)7 n:0717"' )

where g € E is the initial approximation and f is some function. Suppose
{zn}o2y converges to a fized point p of T. Let {yn}o>y C E and set €, =
d(Yn+1, f(Tyyn)), n =0,1,---. Then, the iteration procedure (1) is said to
be T'-stable or stable with respect to T if and only if nh_{IgO en, = 0 tmplies

lim y, = p. Since the metric is induced by the norm, we have
n—oo
6n:"yn+l_f(Tayn)Ha n=0,1,---,

in place of
En:d(yn+17f(T7yn))> TL:O,l,--' )
in the definition of stability whenever we are working in normed linear space
or Banach space.
If in (9),
f(T,.fL'n):TJZ'n, n:O717"'7

then we have the Picard iteration process defined in (1), while we obtain the
Ishikawa iteration process (4) from (9) if

f(T, xn) = (1 - an)xn + o T2y,
Zn = (1_ﬁn)xn+ﬁnT$m n=01---, apfBy€ [071]'

Several stability results established in metric space and normed linear
space are available in the literature. Some of the various authors whose
contributions are of colossal value in the study of stability of the fixed point
iteration procedures are Ostrowski [25], Harder and Hicks [11], Rhoades
[26, 28], Osilike [23], Osilike and Udomene [24], Jachymski [14], Berinde
[2, 3] and Singh et al [34]. Harder and Hicks [11], Rhoades [26, 28], Os-
ilike [23] and Singh et al [34] used the method of the summability theory
of infinite matrices to prove various stability results for certain contractive
definitions. The method has also been adopted to establish various stability
results for certain contractive definitions in Olatinwo et al [20, 21]. Osilike
and Udomene [24] introduced a shorter method of proof of stability results



104 MEMUDU O. OLATINWO

and this has also been employed by Berinde [2], Imoru and Olatinwo [12],
Olatinwo et al [22] and some others. In Harder and Hicks [11], the con-
tractive definition stated in (2) was used to prove a stability result for the
Kirk’s iteration process. The first stability result on 7— stable mappings
was proved by Ostrowski [25] for the Picard iteration using condition (2).
In addition to (2), the contractive condition in (9) was also employed by
Harder and Hicks [11] to establish some stabilty results for both Picard and
Mann iteration processes. Rhoades [26, 28] extended the stability results of
[11] to more general classes of contractive mappings. Rhoades [26] extended
the results of [11] to the following independent contractive condition: there
exists ¢ € [0,1) such that

(10) d(Tx,Ty) < cmax {d(z,y),d(z,Ty),d(y, Tx)}, Vx,y€ E.

Rhoades [28] used the following contractive definition: there exists ¢ € [0,1)

such that

d(z,Tx) + d(y, Ty)
2

(11) (T Ty) < cmax {do.p), Ao Ty, T) |
Va,ye E.

Moreover, Osilike [23] generalized and extended some of the results of
Rhoades [28] by using a more general contractive definition than those of
Rhoades [26, 28]. Indeed, he employed the following contractive definition:
there exist a € [0,1], L > 0 such that

(12) d(Tz,Ty) < Ld(z,Tz) + ad(x,y), Vzx,y€ E.

Osilike and Udomene [24] introduced a shorter method to prove stability
results for the various iteration processes using the condition (12). Berinde
[2] established the same stability results for the same iteration processes
using the same set of contractive definitions as in Harder and Hicks [11] but
the same method of shorter proof as in Osilike and Udomene [24].

More recently, Imoru and Olatinwo [12] established some stability results
which are generalizations of some of the results of [2, 11, 23, 24, 26, 28].
In Imoru and Olatinwo [12], the following contractive definition was em-
ployed: there exist a € [0,1) and a monotone increasing function ¢ : Ry —
R4 with ¢(0) = 0, such that

(13) d(Tz,Ty) < o(d(z,Tx)) + ad(z,y), YV, y€ E.

Condition (13) was also employed in Olatinwo et al [20] to establish some
stability results in normed linear space setting with additional condition of
continuity imposed on . In the next section, we shall state our new iteration
processes, some remarks, definition and lemmas which are required in the
sequel.
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2. Preliminaries

We shall employ the following iteration processes: Let E be a Banach
space, T : F — FE a selfmap of F and zo € E. Then, define the sequence

{xn}zozo by

k k

Tn+1 = Qp 0Tn + Z O‘n,iTiZna Z Qni = ]-7 n= 07 ]-7 27 )
(14) s el i=0

Zn = Z /Bn,jijL'na Z ﬁn,j =1,

J=0 J=0
k > s, Qn i > 07 Qn0 7é 07 Bn,i > 07 ﬂn,() 7é 07 [eT X 5’&] € [07 ]-]7 where k and
s are fixed integers.
If s =0in (14), we also obtain the following interesting iteration process

in a Banach space:

k k
(15) Tnp1 =Y o T, Y am =1, =012,
=0 =0

Qpi >0, ano # 0, ap; € [0,1], where k is a fixed integer.

The iteration process defined in (14) will be called the Kirk-Ishikawa
iteration process, while that of (15) will be called the Kirk-Mann iteration
process.

(1) If s =0, k=1 1n (14), then we have z, = (B, 02n = Tpn, Bno = 1 and

Tp4+1 = (1 - an,l)xn + an,lTxna

1
which is the usual Mann iteration process with » o =1, ap1 = .
i=0
(7i) Also, if s =k =1, in (14), we get

{ Tn+l = (1 - an,l)xn + an,szn
Zn = (1 - ﬁn,l)xn + ﬁn,lT-Tna

1 1
which is the usual Ishikawa iteration process with > an; = > fni = 1,
i=0 i=0
On,1 = Qn, Bn,l = Bn.
(79i) If s = 0 and oy, = «; in (14), then we obtain the usual Kirk’s
iteration process

k k
(16) Tn+1l = ZaiTixna Zai = 17 n = 07 17 27 T
1=0 =0

with 2z, = Bn 0%y = Ty, since B, = 1.
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Eq. (15) is also a generalization of Picard, Schaefer, Mann and the Kirk’s
iteration processes. See Berinde [3] for detail on the various already existing
fixed point iteration processes.

Remark 1. If & = 1 in (2), then the mapping 7' : E — FE is called
nonexpansive, that is,

(17) Tz =Ty|| <llz —yll, Va,yeck.

We shall use both condition (17) and the following contractive definition
to obtain our results: there exist a € [0,1) and a subadditive monotone
increasing function ¢ : Ry — IRy such that p(0) = 0 and V z,y € X, we
have

(18) Tz = Tyl| < @(|lz — Tl]) + allz —yll.

Remark 2. Since metric is induced by norm, then the contractive con-
dition (18) is a reformulation of (13) in terms of norm.

Definition 2. A Banach space (E,|| - ||) is called uniformly convex if,
given any € > 0, there exists § > 0 such that for all z, y € E with ||z|| <1,
lyl| <1, and ||z — y|| > €, we have L]z +y|| < 1 —34.

Lemma 1 (Berinde [2, 3]). If ¢ is a real number such that 0 < § < 1,

and {e,}5° is a sequence of positive numbers such that lim €, = 0, then
n—oo

for any sequence of positive numbers {u,}7>, satisfying
un+1§5un+en, n:O)17"'7

we have

lim u,, = 0.
n—oo

Lemma 2 (Groetsch [10]). Let X be a uniformly convexr Banach space
and let v,y € X. If ||z]| < 1, |ly|| < 1 and ||z — y|| > € > 0, then
Az 4+ (1= N)y]| <1 —=2X1—=N)d(e) for 0 < A < 1.

Lemma 3 (Olatinwo et al [22]). Let (E,||-||) be a normed linear space
and let T : E — E be a selfmap of E satisfying (18). Let ¢ : IRy — IR, be
a subadditive, monotone increasing function such that ©(0) = 0, ¢(Lu) <
Lo(u), L>0,u€ IRy. Then, Vi€ IN andV x,y € F,

19)  |[Ti T’y\|<2(> S (lz — Tel)) + aillz — y]).

The contractive condition (18) is more general than a number of other con-
tractive conditions in the following sense:
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If in (18), p(u) = Lu, L > 0, ¥ u € IR, then we obtain the condition
(12) employed in [23, 24].

If o(u) =0, VY u € IR;, then (18) reduces to the Banach’s contraction
condition (2). In a similar manner, condition (18) reduces to the Zamfirescu
contractive condition. The Banach’s contraction condition and the Zam-
firescu contractive condition were used in [2, 11] to obtain stability results
for both the Picard and Mann iteration processes.

For a nonexpansive operator T, Fp # ¢ is not generally true. A general-
ization of a nonexpansive operator, with at least one fixed point, is that of
the quasi-nonexpansive operators.

Definition 3. An operator T : E — FE is said to be quasi-nonerpansive
if T has at least one fized point in E and, for each fixed point p € Fr, we
have ||[Tz —p|| < ||z —p||, Vx € E.

Remark 3. (i) If T is an operator satisfying (18), then 7" is a (strict)
quasi-nonexpansive operator. That is, from (18) with p € Fp, we have

[Tz —pl| = [|[Tp — Tx|| < allp — x| + ¢(llp = Tpll) < |z —pl|-

(ii) The Zamfirescu and Kannan operators are also nice examples of
quasi-nonexpansive operators. See [3, 5, 15, 35] for detail on the Zamfirescu
and Kannan operators.

(7i7) It follows from the Remark 3 (7) that if 7" is a quasi-nonexpansive
operator satisfying (18), then

(20) |]Ti:U—pH <|lx—=pl|l, Vz,y€ E and p € Fr.

That is, from condition (18) and Lemma 3, we have that

[T = pl| = ||T%% = T'p|| = ||T'p — T'a]|
A .
< Z(j)a i1 (|lp = Tpll) + a'llp — 2l
j=1

= a'||lz = pl| < [lz = pll.

See Berinde [3, 5] and Olatinwo [19] for detail on nonexpansive and
quasi-nonexpansive operators.

It is our purpose in this paper to examine the stability of two new iteration
processes for nonexpansive and quasi-nonexpansive operators in uniformly
convex Banach space. Our results are improvements, generalizations and
extensions of some of the results of Harder and Hicks [11], Rhoades [26, 27],
Osilike [23], Osilike and Udomene [24], Berinde [2, 3] as well as Imoru and
Olatinwo [12].
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3. Main results

The following are stability results for the Kirk-Ishikawa and Kirk-Mann
type iteration processes in uniformly convex Banach space.

Theorem 1. Let E be a closed convex subset of a uniformly convex
Banach space X and T : E — E a nonexpansive operator. Suppose that T
has at least a fized point p. Let xo € E and let {xy},-, be the Kirk-Ishikawa
iteration process defined by (14), where {cni}o” o, {Bnjtoey C [0,1] such
that o = min(an0, 1 — angp), n = 0,1,--+, and a?5(e) > %, 0<ac<l,
0 < k < 1. Then, the Kirk-Ishikawa iteration process is T-stable.

Proof. We proceed as follows using by using the nonexpansiveness con-

dition (17): Suppose that ||y, —p|| # 0, s, = > 7, B T yn, > 50 Bng =1,
Zf:l an,i(TiSn_Tip)

_ _Yn—p R
Un = gy a0 Uns = SE T
Then, we have
lyn — pl| llyn — pl|
and

fonl = | (ZL enslTon - Tip)) | < Zimaonilsn —pl
’ (1= ano)llyn — pll (1= ano)llyn —pll
Sty @nill X5 B (T4 — 1)
(1 = an0)llyn — pll
< X i X5 o Bugllvn —pll _
(1= ano)llyn —pl]

Y

since Zle ani =1—ano.
Now let €, = ||Ynt+1 — On,0Yn — Z?Zl aniT'spll,n =0,1,---, and suppose
lim €, = 0. Then, we shall establish that lim ¥, = p, using the triangle
?Ireaouality as follows: Therefore, we have e
k
1) ynsr =2l < lyns1 — noyn — > 0T snl|
i=1

k k
+ ||an,0yn + Z an,iTzSn - Z an,iTZpH
i=1 =0
k . .
— Nlano(on — )+ 3 @ns(Tisn — Tp)l| + €
=1
Iy — pID[an,oun + (1 — ano)vnilll + €n
< lanoun + (1 = ano)vnll [[yn — pll + €n.
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By using Lemma 2 in (21) as well as applying the condition on oy, ¢ and
1 — a0, we obtain that

< [1=20m,0(1 = an,0)8(6)][lyn — pl| + €n

< [1=20%6(e)]||yn — pll + €n

< (1= K)llyn — pll + €.

yn+1 = pll

(
Since 0 <1—-k < 1,0 < k < 1, using Lemma 1 in (22) yields lim ||y,—p|| =
0, that is, lim y, =p A
ConversZaTyfolet lim y, = p. Then, we have by the triangle inequality
and Lemma 2 thautn—>OO

k
en = [|Yynt+1 — an,0yn — Zan,iTzan
i=1

k k
> Hyn—i—l - PH + H Z Oén,iTiP — Qn,0Yn — Z an,iTisn"

<

=0 =1
= |[yn+1 = pll + [[([lyn — pID[am,0un + (1 — an,0)vn,lll
< [lynt1 = 2l + llan,o0un + (1 — an0)vnil| |lyn — pl|
< ||yn+1 _pH =+ [1 - 20@%0(1 - an,O)é(e)]Hyn _p”
< gnt1 — pll + [1 = 2025(6)]|lyn — pl|
< lyn+1 —pll + (1 = K)[lyn —pl| = 0 as n — oo.

Theorem 2. Let E be a closed convex subset of a uniformly convex
Banach space X and T : E — E a quasi-nonexpansive operator satisfying
(18). Suppose that T has at least a fized point p. Let xg € E and let {z,},
be the Kirk-Ishikawa iteration process defined by (14), where {an i}, ",
{Bnjtory € [0,1] such that o = min(amp, 1 — ano), n = 0,1,2,---, and
a?d(e) > %, 0<a<l1,0<k<1. Suppose also that ¢ : IRy — IRy is a
monotone increasing function such that ¢(0) = 0. Then, the Kirk-Ishikawa
iteration process is T'-stable.

Proof. We proceed as follows using the Remark 3 (iii): Suppose that
Hyn _pH 7é 0, s, = z;zo /Bn,jTJym ijo ﬁn,j =1, u, = H?Z,/IZ:IP;H and Un,i =
i ani(Thsn=T'p)

(I—an,0)llyn—pl|

Then, we have |[|u,|| <1 and

k (T's, — T
(22) |vn,i||=||(zi=1o‘"ﬂ Tp))n

(1= an0)llyn = pll
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Sk anllTisn = T'pll _ T4 anllsn = o
(1= an0)llyn = pll (1 — ano)llyn — ol
Yy Qni > 30 Bl T7yn — T7p|
(1= ano)llya - pl
Z?:l Qn,i {Z?:I ﬂn,jHijn — Tip|| + Brollym — p”}
(1- an,O)Hyn —7l|
Zf=1 Qg [ijl Bn.jllyn — 2l + Bnollyn — pH]

<
(1 = an0)llyn — pll
k
. Zi:l Qg Zj’:o /Bn,j Yn — p” —1
(1 = an0)llyn — pll ’
since Zle ani=1—anoand 3% ;=1 [

The second part of the proof of this theorem is the same as that of
Theorem 3.1.

Remark 4. Theorem 1 is a generalization and extension of Theorem
3.1 of Olatinwo [19] while Theorem 2 is a generalization and extension of
Theorem 3.2 of Olatinwo [19], results of the author in [12, 20, 21, 22],
Theorem 2 and Theorem 3 of Harder and Hicks [11], some results of Rhoades
[26, 27, 28], Theorem 1, Theorem 2 and Theorem 3 of Osilike [23], Theorem
4 and Theorem 5 of Osilike and Udomene [24] as well as the results of
Berinde [2].

Remark 5. If s = 0 and k = 1 in iteration process of (14), then Theorem
1 and Theorem 2 reduce to stability results for the Mann iteration process
i uniformly convexr Banach space for nonexpansive and quasi-nonexrpansive
operators. In a similar manner, we can obtain stability results in uniformly
convexr Banach space for some other celebrated fixzed point iteration processes
using more general contractive definitions.

We now establish the following stability results in uniformly convex Ba-
nach space for the Kirk-Mann iteration process defined in (15).

Theorem 3. Let E be a closed convex subset of a uniformly conver
Banach space X and T : E — E a nonexpansive operator. Suppose that T
has at least a fived point p. Let xo € E and let {xn}, -, be the Kirk-Mann
iteration process defined by (15), where {an i} C [0,1] such that a =
min(ay,0, 1 — anp), n=10,1,2,--+, and a?5(e) > 5, 0<a<1,0<k < 1.
Then, the Kirk-Mann iteration process is T-stable.
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Proof. We proceed as follows by using the nonexpansiveness condition
Siy i (Tiyn—T'p)
(I—an,0)llyn—pll

Then, we have ||u,|| <1 and ||v, || < 1, since Zl 104,“- =1—ano.

Now let €, = ||yn+1— Zf 00niT" “Ynll,m = 0,1, -, and suppose hm €n =

(17): Suppose that ||y, —p|| # 0, u, = || H and vy, ; =

0. Then, we shall establish that hm Yn = p, using the triangle 1nequahty

as follows: Therefore, we have

k
23)  lynsr =2l < lynr1 = D aniTyall
i=0
k . k .
11D aniTyn — ) angT'pl]
i=0 i=0

k
= ||an,0(yn - p) + Z an,i(szn - sz)H + €n
=1
(Ilyn = pIDlan,oun + (1 = ano)vnilll + €n
< [lan,oun + (1 = ano)vnil| |[yn — pll + €n.

By using Lemma 2 in (23) as well as applying the condition on oy, and
1 — a0, we obtain that

[1 = 204,0(1 — an,0)3(6)][lyn — P + €n
(1 —20%6(6)]||yn — pl| + €n < (1 — k)||yn — p|| + €n.

(24) |lynt1 —pll <
<

Since 0 <1—k < 1,0 < k < 1, using Lemma 1 in (24) yields lim ||y, —pl|| =
0, that is, lim y, = p. e

Conversizgffolet lim y, = p. Then, we have by the triangle inequality
and Lemma 2 thatnﬂoo

k
en = [|Ynt+1 — Zan,ilenH
=0
k . k .
< ynar =l + 1D 0 T'p = an Tyl
=0 =0

< [lyn+1 = pll + [lom,otun + (1 = an0)vnil| [lyn — pll
< lynsr = pll + [1 = 20%5(e)] |lyn — 2|

< lyn41 =2l + (L = F)llyn —pl = 0 as n— oc.



112 MEMUDU O. OLATINWO

Theorem 4. Let E be a closed convex subset of a uniformly convex
Banach space X and T : E — E a quasi-nonerpansive operator satisfying
(18). Suppose that T has at least a fized point p. Let xg € E and let {x,},~
be the Kirk-Mann iteration process defined by (15), where {on i}~ C [0,1]
such that o = min(an0, 1 — anp), n=0,1,---, and a?5(e) > %, l<a<l,
0 < k < 1. Suppose also that ¢ : IRy — IR, is a monotone increasing
function such that ¢(0) = 0. Then, the Kirk-Mann iteration process is
T-stable.

Proof. We proceed as follows using the Remark 3 (iii): Suppose that

k i i
_ — Yn—P R Zz‘:1 O‘n,i(T yn—T"p)
llyn — pl] # 0, up = 1= and v, ; = ooy =pl " Then, we have

[|un|| < 1 and ||v,]] < 1, since Zle ani=1—ano. [ ]

The second part of the proof of this theorem is the same as that of
Theorem 3.

Remark 6. To the best of our knowledge, Theorem 3 is new, while
Theorem 4 is a generalization and extension of Theorem 3.2 of Olatinwo
[19], the results of [12, 20, 21, 22], Theorem 2 and Theorem 3 of Harder and
Hicks [11], some results of Rhoades [26, 27, 28], Theorem 1 of Osilike [23],
Theorem 1 of Osilike and Udomene [24] as well as the results of Berinde [2].

Remark 7. To the best of our knowledge, apart from the results of Olat-
inwo [19], stability of fixed point iteration processes has not been investigated
in uniformly conver Banach space. We therefore, claim that all the stability
results established in this paper and Olatinwo [19] are new and original.

Example 1. The iteration process defined in (15) has been employed to
approximate the fixed point for nonexpansive mapping. For instance, the
fixed point of the nonexpansive mapping 7 : [0, 1] — [0, 1] defined by

Tx=1-—2z, x€l0,1],

has been obtained by both Kirk’s iteration process and the iteration process
defined in (15) for the same choice of initial point z¢ € [0, 1]. The fixed point
of T is given by Fr = { %} Specifically, Kirk’s iteration process converges
to the fixed point of T after seven iterations when zo = 0.6, £k = 2 and
apg = 01 = g = %

However, our new iteration process defined in (15) converges to the same
fixed point of T after the second iteration when xg = 0.6, k£ = 2 and o, 0 =
1-— n%rl — %H’ Qp1 = Op2 = n%rl Hence, our iteration process converges
faster to the fixed point of T than the Kirk’s iteration process.

The operator 7' in (15) may not even be nonexpansive. This is an ad-
vantage over the Kirk iteration process.

Also, our new scheme converges faster than Mann iterative process too.
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