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1. Introduction

Throughout w, x and A denote the classes of all, gai and analytic scalar
valued single sequences respectively.

We write w? for the set of all complex sequences (Z,,,,), where m,n € X the
set of positive integers. Then w? is a linear space under the coordinate wise
addition and scalar multiplication.

Some initial works on double sequence spaces is found in Bromwich [3].
Later on it was investigated by Hardy [5], Moricz [9], Moricz and Rhoades
[10], Basarir and Solankan [2], Tripathy [11], Colak and Turkmenoglu [4],
Turkmenoglu [12], and many others.

We need the following inequality in the sequel of the paper. For a,b > 0
and 0 < p < 1, we have

(1) (a+b)P < aP + 1P

The double series Y | Ty is called convergent if and only if the dou-
ble sequence. (Syn) is called convergent, where s,,, = Z:’;Zl zij (m,n =
1,2,3,...) (see[9]). A sequence x = () is said to be double analytic if
SUD;nn |xmn\1/ M < 00, The vector space of all double analytic sequences
will be denoted by A%, A sequence x = () is called double gai sequence
if ((m+n)! |xmn\)1/m+" — 0 as m,n — oo. The double gai sequences
will be denoted by x2. Let ¢ = {allfinitesequences}. Consider a double



156 NAGARAJAN SUBRAMANIAN AND UMAKANTA MISRA

sequence x = (x;;). The (m,n)" section z™"] of the sequence is defined by

plmnl — > i itowijSiy for all m,n € N,

0, 0, .0, O,
0, 0, .0, O,

0, 0, .1, —1,
0, 0, ..0, O,

)

with 1 in the (m, n)™ position, -1 in the (m+1,n+ 1) and zero other wise.
An FK-space(or a metric space)X is said to have AK property if (0,,y) is a
Schauder basis for X. Or equivalently 2[™" — 2. An FDK-space is a double
sequence space endowed with a complete metrizable; locally convex topology
under which the coordinate mappings © = (x;) — (Tmn)(m,n € R) are also
continuous. If X is a sequence space, we give the following definitions:

(i) X’ = the continuous dual of X;

i) X = {a = (amn) : 25 ne1 [@mnTmn| < 00, for each z € X'}

iii) X8 = {a = (amn) : Z%nzlamnxmn is convegent,for each x € X}

v) let X be an FK-space D ¢; then X/ = {f(6;n) : f € X'};

(
(
(iv) X7 = {a = (@mn) : SUPyy p>1 Z%T]L\le amnxmn‘ < 00, for each z € X};
(
( 1/m+n

vi) XM = {a = (@mn) : SUPp |CGmnTmn| < oo, for each x € X};
X X8 X7 are called a—(or Kithe-Toeplitz) dual of X, f—(or generalized-
Kothe-Toeplitz) dual of X, v- dual of X, A—dual of X respectively.

The notion of difference sequence spaces (for single sequences) was intro-
duced by Kizmaz [7] as follows

Z(A)={x=(z) cw: (Azxy) € Z}

for Z = ¢, ¢p and lo, where Az = ), — x4 for all k € X Here w, ¢, ¢
and /., denote the classes of all, convergent,null and bounded sclar valued
single sequences respectively. The above spaces are Banach spaces normed
by
[z = [@1] + sup [Azy|
k>1

Later on the notion was further investigated by many others. We now
introduce the following difference double sequence spaces defined by

Z(A) = {z = (Tmn) € W : (Azpy,) € Z}

_ A2 L2 _ _
where Z = A%, x* and Azppn = (Tmn — Tmnt+1) — (Tmtin — Tmtintl) =
Tmn — Tmntl — Tmtln + Tmtintl for all myn € N.
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Let p = (pmn) be a sequence of real numbers such that p,,, > 0 for all m,
n and sup,,, Pmn = H < 00, v = (Vmy) be any fixed sequence of non-zero
complex numbers and m € N be fixed. This assumption is made through
out the rest of this paper.

2. Lemma

As in single sequences (see [11, Theorem 7.2.7])
(i) X7 c X7;

(i4) If X has AD, XP = X7,

(iii) If X has AD, X = X7,

3. Definitions and preliminaries

Let w? denote the set of all complex double sequences. A sequence
2 = (Zmn) is said to be double analytic if sup,,, [Zmn|”/™™ < co. The
vector space of all prime sense double analytic sequences will be denoted
by A%2. A sequence x = (Z,,,) is called prime sense double gai sequence if
((m+n)! |J:mn])1/m+" — 0 as m,n — oco. The double gai sequences will be
denoted by x2. The space A? is a metric space with the metric

(2) d(w,y) = sp { |2 — gunl " i mm1,2,3,

for all x = {xpm,} and y = {yms} in A%
The space x? is a metric space with the metric

(3)  d(z,y) =sup {((m + ) Zmn — Yo )™ 1 1,2, 3, }
mn
for all 2 = {xpmn} and y = {ymn} in x>
Throughout the article w?, x2 (A), A% (A) denote the spaces of all, prime
sense double gai difference sequence spaces and prime sense double analytic
difference sequence spaces respectively.
Let w? denote the set of all complex double sequences z = (:Emn)fno,nzl.
Given a double sequence = € w?, define the sets

X2 (A) = {ac cw?: ((m+n) |Axmn|)1/m+n — 0 as m,n — oo}
A2 (A) = {ZE‘ € w? : sup |A$mn|l/m+n < oo} .
mn
The space A% (A) is a metric space with the metric

d(fL‘,y) = sup {|A5Emn - Aymn|1/m+n tm,n = ]-a 25 e }
mn
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for all # = () and y = (Ymn) in A? (A).
The space x? (A) is a metric space with the metric

d(z,y) = sup {((m +n) Az, — Aymn\)l/m+" tm,n=1,2,--- }

for all z = (Typ) and y = (Ymn) in 2 (A).
Now we define the following sequence spaces:
X2 (AT, 5,p)
_ _ 2 . —s m 1/m+n\Pmn
= {m = (Tymn) € w7 : (Mmn) (((m + ) AT Timn|) ) —0

(m,n — o), 320}
A? (AT, 5,p)
_ - 2. _s m 1/m+n Pmn
= {:1: = (Tmn) € w* : sup (mn) (]Av Zrnn > < o0, §> 0}

where

ABmmn = (Umnwmn) s
Ava'mn = (Umnxmn — Umn+1Tmn+1 — Um+-1nTm+1n + vm—l—ln—l—lxm—&—ln—l—l)
A = AA g,

= (A:;n_lxmn - Azn_lxanrl - Aq}m_ll‘erln + A:}n_lxm+1n+1)

we get the following sequence spaces from the above sequence spaces by

choosing some special p, m, s and v.
Ifs=0,m=1and

1, 1, .1, 1, 0,...

1, 1, .1, 1, 0,..

1, 1, .1, 1, 0,...
0, 0, .0, 0, O0,...

with 1 upto (m, n)th position and zero other wise and p,,, = 1 for all m, n.
We have

= {z = (¥mn) : Az € X°},
{ (Tmn) : Az € AQ} .
If s =0 and pp, = 1 for all m, n, we have the following sequence spaces
X2 (A™) = {33 = (Tyn) € W2 : ATz € XQ},
A (AT = {2 = (zmn) € w*: Al'z € A*}.
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If s=0, m=0 and

1, 1, .1, 1, 0,..
0, 0, .0, 0, O0,...

with 1 upto (m,n)" position and zero other wise. We have the following
sequence spaces

X2 (p) = {I’ = (l’mn) (S w2 : ((m —+ n)' |xmn|)pmn/m+n — 0’ (m”n, — OO)}
A? (p) = {x = (Tmn) € w? : SUPmn ’xmn‘pmn/m-i-n < OO}

If m =0 and L1, .1 L0,

1, 1, .1, 1, 0,..

1, 1, .1, 1, 0,..
0, 0, .0, 0, O0,...

with 1 upto (m,n)" position and zero other wise. We have the following
sequence spaces

X2 (p,s) = {:p = (Tmn) € w? (mn)~* ((m + n)! |xmn‘)pmn/m+n 0,
(m,n — 00), s> 0},
A (p,s) = {‘T = (Zyn) € W? 2 SUPy, (Mn)~° |$mn|pm"/m+n < o0, 52> 0} ;

Ifs=0, m=0and pp, =1
1, 1, .1, 1, 0,...
1, 1, .1, 1, 0,..

1, 1, .1, 1, 0,..
0, 0, ..0, 0, O0,..

for all m, n with 1 upto (m,n)™ position and zero other wise. We have x>
and A2. If s = 0 we have x2 (A™,p) and A% (AT, p)
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For a subspace v of a linear space is said to be sequence algebra if z,y € v
implies that « - y = (TymnYmn) € ¥, see Kamptan and Gupta [13].

A sequence F is said to be solid (or normal) if (ApnZmn) € E, whenever
(mn) € E for all sequences of scalars (A, = k) with |[\p,n| < 1.

If X is a linear space over the field C', then a paranorm on X is a function
g:9(0) =0 where 6 = (0,0,0,---), g(—z) =g (2), g(z +y) < g(2) +9(y)
and |\ — Xo| = 0, g (z — zo) imply g (Ax — Aozo) — 0, where A\, A\g € C and
x,x9 € X. A paranormed space is a linear space X with a paranorm ¢ and
is written (X, g).

4. Main results

Theorem 1. The following statements are hold

(i) X2 (A™,s) C A% (A™,s) and the inclusion is strict.

(i1) X (AT, s,p) C X (ATH, s,p) does not hold in general for any
X =% and A?.

Proof. (i) If we choose s =0,

1, 0, ..1, 0, O,... 1, 1, ..1, 1, 0,...

1, 0, ..1, 0, O,... 1, 1, .1, 1, 0,..
T = and v =

1, 0, ..1, 0, O,... 1, 1, .1, 1, 0,...

0, 0, ..0, 0, O,... 0, 0, ..0, 0, O,..

Hence x € A? (AT, s), but = ¢ x? (A™, 5)

1, 1, .1, 1, 0,..
1, 1, .1, 1, 0,..

(i) Let v =| . , = (Pmn) and © = (zy,y,) given

by
P =1, ((m A+ 2)! 2 )™ = m2n2 if m, n is odd

1/m+n

DPmn = 2, (M +n)! |zmn]) = mn if m, n if even

0 otherwise.
Since for m,n > 1,

((m+n)! ‘Agajmn‘)pm”/ern = ((m 4 n)! @] )P/ ™ = m?n?
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m 3073 (m +n)! |A2xmn‘)pm"/m+" =m 3 3mnl=m T 50
(m,n — o0) and for j > 1
. o 4G . ) 2
(A7) A g o5/ = (45° + 452 +1)°,
“— . /45 . .
(47) 2 (A7) | Apzay2f))P2 /% > 45 — 00 (j — 00).

Now, we can see that x € x? (Ag, 3,p) and = ¢ A? (Ag, 3,p), which imply
that X (A", s,p) is not a subset of X (Avmﬂ,s,p). This completes the
proof. |

Theorem 2. x? (A™, s,p) and A% (A™, s, p) are linear spaces over the
complez field C'.

Proof. Suppose that M = maz (1, supy, n>xPmn) Since ppmy/M < 1, we
have for all m, n

@) AT (@ + Yo PN < (\ATxmn]pm"/M + \ATymn|Pmn/M>
and for all A € C
(5) AP < Maz (1, ]A])

Now the linearity follows from (4) and (5). This completes the proof. W

Theorem 3. Let

N; = min {no : sup (mn)° (((m +n)! ]Avma:mn\)l/er")pmn < oo},
m,n>ng

Ny = min {no DoSuUp pmn < oo} and N = max {N1, No}, x? (A™, 5, p)
m,n>ng

s a paranormed space with

(6) g(@) = > (m+n)|em
m=1n=1

+ Jim sup ()= () AT )
N—oomn>N

if and only if u > 0, where :]\}im inf pmp and M = max (17 sup pmn).

—00 m,n> m,n>N

Proof.

(i) Necessity: Let x?(A™, s,p) be a paranormed space with (6) and
suppose that © = 0. Then a = inf,, ,>N pmn = 0 for all N € R and hence
we obtain

i g
= ! i =5 | \[Pmn/M
g (Azx) Z Z (m + n)! |zmn| + A}lm sup (mn) ") 1

m=1n=1 —emn>N
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forall A € (0,1], where x = a € x% (A™, s,p). Whence A — 0 does not imply
Ar — 6, when z is fixed. But this contradicts to (6) to be a paranorm.
Sufficiency: Let p > 0. It is trivial that g (6) = 0, g(—z) = g(x) and
g(x+y) < g(z)+ g(y). Since p > 0 there exists a positive number 3 such
that p,., > 3 for sufficiently large positive integer m, n. Hence for any
A € C, we may write |[A[Pm < max(|\|[M, |\|?) for sufficiently large positive
integers m,n > R. Therefore, we obtain that g(Az) < max(|A|, |A|*/M)g(x)
using this, one can prove that Az — 6, whenever z is fixed and A — 0 (or)
A—0and z — @ or X is fixed and x — 6. This completes the proof. |

Theorem 4. Let 0 < ppn < Gmn < 1 then

(i) A% (AT, 5,p) C A? (AT, 5, q)

(i) X* (A7, 5,p) © X* (A}, 5,9).

Proof. (i) Let x € A?(A™,s,p). Then there exists a constant M > 1

such that
(mn)™* ‘Avm$mn|qm"/m+n <M forall m,n

and so
(mn) ™% |AT Ty |27/ < M for all m,n

suppose that 2 € A2 (A™,s,q) and 2' — x € A% (A™, s,p). Then for every
0 < € < 1, there exist N such that for all m, n

—s m (’L) pm7L/m+’Vl
(mn)~" |AY (mmn — a:mn> < e forall m,n

Now,

. mn /MmN . Dmn/m+n
(mn) " |AT (x%)n - xmn> ! < (mn) " |AT (wﬁ,’l)n - xmn>

< e forall i > N.
Therefore z € A2 (A, s,q). This completes the proof.
(7i) It is easy. Therefore omit the proof. [

Proposition 1. For X = x? and A?, then we obtain

(1) X (A}, s,p) is not sequence algebra, in general

(ii) X (A}, s,p) is not solid, in general.

Proof. (i) This result is clear from the following example :

Example 1. Let pp, = 1, (m + n)lvg, = m—+ )y, =

e (
(mn)Q(m+n) )

(m~+n) m+n)

(mn)? and (m + 1) Ymn = (mn)Q( for all m, n. Then we have
z,y € X2 (A,0,p) but z,y ¢ x?(A,0,p) with m =1 and s = 0.
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(7i) This result is clear from the following example

1, 1, .1, 1, 0,..
1, 1, .1, 1, 0,..

Example 2. Consider z,,, = | . € x2(A™, sp)

s,p) with m =1

and s = 0.

|
The following proposition’s proof is a routine verification.

Proposition 2. For X = x? and A?, then we obtain

(1) s1 < s9 implies X (A", s1,p) C X (A", s2,p),

(73) Let 0 < infpmn < Pmn < 1 then X (A7, s,p) C X (A}, s),

(7i1) Let 1 < ppn < SUPmnPmn < 00, then X (A" s) C X (AT, s,p),
(iv) Let 0 < pmn < Gmn and (qm—") be bounded, then

Pmn

X (A s,9) C X (A, 8,p).
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