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ABSTRACT. In this paper, oscillatory and asymptotic property of
solutions of a class of nonlinear neutral delay differential equations
of the form

(B) S e(t) S w0) + p0)y(t — 7))

dt
+ f1{t)G1(y(t — 01)) — f2(t)Ga(y(t — 02)) = g(t)

and

(1) 5 (1) + plt)y(t — 7))

+ [i)G1(y(t — o1)) — f2()Ga(y(t — 02)) =0

are studied under the assumptions

7m< iy 7ﬁ_
O ) -
0 0

for various ranges of p(t). Sufficient conditions are obtained for
existence of bounded positive solutions of (E).
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1. Introduction

Recently, there has been many investigations into the nonoscillation of
nonlinear neutral delay differential equations with positive and negative co-
efficients. See [1, 2, 4, 5, 7] for reviews of this theory. However, the study
of oscillatory and asymptotic behaviour of solutions of such equations has
received much less attention, which is due mainly to the technical difficulties
arising in its analysis.
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In [6], authors have made an attempt to study the oscillation properties
of a nonlinear differential equations of type

:;t( ) +p)y(t — 7)) + L{)G1(y(t — 01)) — fo(t)Ga(y(t —02)) =0
and

d

WO +p@)y(t = 7)) + filt)Gi(y(t — 01)) = f2(t)Ga(y(t - 02)) = g(t)

with a suitable transformation. Keeping in view a similar transformation
the author has discussed the oscillation properties of a class of nonlinear
functional differential equation of the form

W 5 (MOF 00+ -)) + HOGE - o)
~h)Ga{y(t — 02)) =0,

where 7 > 0, 01,09 > 0, f1, fo,r € C([0,00),[0,00)) and G; € C(R, R) such
that G;(z) > O x # 0 for ¢ = 1,2 under the assumptions

(Ho) f o) <f folt dt) ds < oo

(Hl) bf% < 0
and -
(HQ) ; % = Q.

The associated forced equation

(2) (r()(y(@) +pt)yt — 7)) + fL(t)G1(y(t — o1))
— fa(t)Ga(y(t — 02)) = g(t),

where g € C(]0,00), R) is also studied under the assumptions (Hy), (H1)
and (Hsq). Different ranges of p(¢) and a particular type of forcing function
is considered.

Equation (1) is considered by the authors Yu and Wang, where the whole
text deals with the existence of positive solutions only. It seems that almost
there is no work concerning the oscillation properties of solutions of (1) and
(2) under the hypotheses (H;) and (Hz).

The object of this paper is to establish the necessary and sufficient con-
ditions for oscillation of (1) and (2). An extension work of [6] for Equs.(1)
and (2) provides own purpose due to the work in [7].

By a solution of (1)/(2), we understand a function y € C([—p,0), R)
such that (y(t) + p(t)y(t — 7)) is continuously differentiable, (r(¢)(y(t) +
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p(t)y(t — 7)) is continuously differentiable and equation (1)/(2) is satisfied
for t > 0, where p = max{r, 01,02} and sup{|y(t)| : t > to} > 0 for every
to > 0. A solution of (1)/(2) is said to be oscillatory if it has arbitrarily
large zeros; otherwise, it is called nonoscillatory.

2. Some preliminary results

This section deals with some lemmas which play an important role in
establishing the present work.

Lemma 1. Assume that (Hy) hold. Let u(t) be an eventually positive
continuously differentiable function such that r(t)u'(t) is continuously differ-
entiable and (r(t)u'(t))" < 0 but # 0 for large t, where r € C([0, 00), (0, 00)).

(i) If u'(t) > 0, then there exists a constant C > 0 such that

u(t) > CR(t), for large t.
(i) If u'(t) < 0, then u(t) > —r(t)u/(t)R(t), where, R(t) = [ .

0

Proof. (i) Since R(t) < oo, R(t) — 0 as t — oo and u(t) is nondecreas-
ing, we can find a constant C' > 0 such that u(t) > CR(t) for all large t.
(#1) For s > t, r(s)u'(s) < r(t)u'(t) and hence

S

u(s) < u(t) + / wde = u(t) + r(t)d(t) /

t

a9
r(0)

Thus 0 < u(s) < u(t)+r(t)u'(t)

=0

% implies that u(t) > —r(t)u'(t)R(t). B

Lemma 2. Assume that (Hy) hold. Let u(t)) and u'(t) be positive con-
tinuously differentiable functions with u”(t) < 0 for t > T > 0. Then

u(t) > (t =T)u'(t) = B(t)r(t)u/(t) fort > T >0, where B(t) = ’“;Qg

Proof. The proof is simple and hence the details are omitted. |

Lemma 3 ([3). [Let p,y,z € C([0,00), R) be such that z(t) = y(t) +

p)y(t —7), t > 7 >0, ylt) >0 fort > t; > 7, litminfy(t) =0 and
—00

lim z(t) = L exists.
t—00

Let p(t) be satisfy one of the following conditions:

(i) 0<p(t)<p <1

(i) 1 <p2<p(t) < ps,

(idi) pa <p(t) <0,
where p; is a constant, 1 < ¢ < 4. Then L = 0.
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3. Oscillation properties of Eq.(1)

This section provides the sufficient conditions for oscillation and asymp-
totic behaviour of solutions of Eq.(1) under the assumptions (H;) and (Ha).
We need following conditons for our work in the sequel.

(H3) For w > 0 and v > 0, there exists A > 0 such that

Gi(u) + G1(v) > AG1(u+v)

(Hy) Gi(uww) = G1(u)G1(v) for u,v € R
(Hs) Gi(—u) =—-Gi(u), uweR

+C
(He) g Gilfx) <00

Remark 1. The prototype of G, satisfying (Hs3) and (Hy) is
G1(u) = (a+ blul)|ul*sgn u,

wherea>1,b>1, A >0 and u > 0.

Remark 2. (Hy) implies (Hs), indeed, G1(1)G1(1) = Gi(1), so that
G1(1) = 1. Further, Gi1(—1)G1(=1) = G1(1) = 1 gives (G1(—1))? =
1. Because G1(—1) < 0, then G1(—1) = —1. Consequently, Gi(—u) =
G1(-1)Gi(u) = —Gi(u). On the otherhand Gi(uv) = Gi(u)Gi(v) for
u >0, v >0 and Gi(—u) = —G1(u) imply that Gy(uv) = G1(u)G1(v)
for every u,v € R.

Remark 3. We may note that if y(¢) is a solution of (1), then z(t) =
—y(t) is also a solution of (1) provided that G satisfies (Hy) or (Hs).

Theorem 1. Let 0 < p(t) < d < oo. Suppose that (Hyp), (H1), (Hs) -
(Hs) hold. If

(H7) fQ (t—o‘l))dt:OO,

where Q(t) = min{ f1(t), f1 (t—7)}, t > 7, then every solution of (1) either
oscillates or tends to zero as t — oo.

Proof. Suppose on the contrary that y(t) is a non-oscillatory solution of
(1) such that y(t) > 0 for t >ty > 0. Setting

k()= [ = [ £20)Galn(0 — co))as s,
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and

(3) w(t) =y(t) +pt)y(t —7) — K(t) = 2(t) — K(?)

for t >ty + p, Eq.(1) can be written as

(r®w'(®)) + A(H)G1(y(t — 1)) =0,

that is,

(4) (r(w'(t)) = —f{)G1(y(t — 01)) <0,

for t > t; > tg + p. Hence r(t)w'(t) is a monotonic function on [t,0).
Let w'(t) < 0 for t > t1. If w(t) < 0, then y(t) < z(t) < K(t), t > t.
We note that K (t) is bounded with tlgélo K(t) = 0 and hence there exists
a constant v > 0 such that y(¢f) < v for ¢ > to > ;. Ultimately, w(t)
is bounded and tllglo w(t) exists. This is a contradiction to the fact that
lim w(t) = lim z(¢) # 0 implies that z(¢) < 0 for ¢ > t3 > t5. Assume that
t—00 t—o00

w(t) > 0 for t > t1. Successive integration of the inequality (r(t)w’'(t))’ <0
from ¢; to t, we can find a constant > 0 such that w(t) < nfor ¢t >ty > t;.
Using Lemma 1 (i7) with u(t) replaced by w(t), we get w(t) > —r(t)w'(t)R(¢)
and hence z(t) > —r(t)w'(t)R(t) for t > to. Indeed, w(t) is bounded, R(t)

is bounded and r(¢)w’(t) is monotonic imply that tlim (r(t)w'(t)) exist. Re-
—00
peated application of Eq.(1) and use of (Hs) and (Hy) yields

(5) 0= (r(t)w'(t)) + Gu(d)(r(t —T)w'(t — 7))
+ fi(t)G1(y(t — o1))
+ Gi(d) f1(t —7)Gi(y(t — o1 — 7))

that is,
(6) 0> (r(Ow/(B)) + Crd)(r(t — P! (t — D) AQE)Ga (=(t — o))
> (r()w'(t)) + Gi(d)(r(t — T)w'(t — 7))’
+ AQ(t

(d)(r(t = T)w'(t — 7))

)

)

)G1(=r(t — o1)w'(t — o1)R(t — 01))

)

)G1(R(t — 01))G1(—=r(t — o)w'(t — 01)),

—~
=

—~

~

~—

S\

—~

~

~—

_|_
/\Q

for t > t3 > to + 01. Because —r(t)w’(t) is nondecreasing, we can find
a constant ¢; > 0 and t4 > t3 such that —r(t)w'(t) > ¢, for t > t4.
Accordingly, the last inequality becomes

Q)G (e1)G1(R(E — 01)) < —(r(H)! (1)) — Gu(d)(r(t — P! (t — 7))
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for t > t5 > t4 + o1 which on integration from t5; to oo, we get
oo
[ e - oyt < .
ts

a contradiction to our hypothesis (H7).
Next, we suppose that w'(t) > 0 for ¢t > ¢;. If w(t) < 0, then tlim w(t)
—00

exists and 0 # tlingo w(t) = tlgélo z(t) will imply that z(¢) < 0, which is a
contradiction to the fact that z(¢f) > 0. Let tliglo w(t) = 0. Consequently,
tlgglo z(t) = 0 provides tliglo y(t) = 0 due to y(t) < z(t) for t > to > t;.
Consider, w(t) > 0 for t > to > t;. By the Lemma 1 (i), it follows that
w(t) > CR(t) and z(t) > w(t) > CR(t) for t > t3. Accordingly, (6) yields

AQ)GL(C)GL(R(E - 1)) < —(r(0/ (1)) — Ga(d)(r(t — T (t — 7))’

for t > to + 01. Integrating the above inequality from t3 to co, we get
oo
/Q(t)Gl(R(t — O‘1))dt < 00, ts > to + 201
ts

a contradiction.
If y(t) <0, for t >ty > 0, then we set x(t) = —y(t) to obtain z(t) > 0
for t > tp and

(r®) (@) +p)z(t — 7)) + fi({t)G1(2(t — 01)) — fo(t)Ga2(2(t — 02)) = 0.

Proceeding as above we obtain a similar contradiction. This completes the
proof of the theorem. |

Theorem 2. Let —1 < d < p(t) <0. If (Hy), (H1), (Hs) and
(Hs) J A)GL(R(t — 01))dt = o0,
0
hold, then every solution of (1) either oscillates or tends to zero as t — oo.

Proof. Let y(t) be a nonoscillatory solution of (1) such that y(t) > 0
for t > tp > 0. Setting as in (3), we get (4) for t > to + p. Accordingly,
w'(t) is a monotonic function on [t1, 00) which concludes that either w(t) >
0 or w(t) < 0 for t > t3 > t1. Consider w'(t) < 0 and w(t) < 0 for
t > to. Then 0 # lim w(t) = lim z(¢) yields that z(¢) < 0 for ¢t > ta.

t—00 t—o00
Hence y(t) < y(t — 1) for t > t3 > t9, that is, y(¢) is bounded on [t3,0).
Consequently, w(t) is bounded and tlim (r(t)w'(t)) exists. Because w(t) is
— 00
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monotonic, then tlim w(t) = L, L € (—o0,0) gives tlim z(t) = L. We claim
— 00 — 00
that litm inf y(t) = 0. If not, there exists a constant v > 0 and t4 > t3 such
— 00
that y(t) > ~ for t > t4. Integrating (4) from t4 to oo, we get

/fl (t)dt < 00,

tq
a contradiction to the fact that R(t) — 0 as t — oo and (Hg) implies that
™) [ vy = .

0

So our claim holds. By Lemma 3, L = 0. Accordingly,
0 = lim 2(¢) = limsup [y(t) + p(t)y(t — 7)]
t—o0 t—o0
> limsup [y(t) + dy(t — 7)]

t—r00
> limsup y(t) + liminf (dy(t — 7))
t—o0 t—o0

= (14 d)limsup y(t)
t—o00

yields that tlgrolo y(t) = 0. Next, we consider the case w(t) > 0 for t > to.
Let tlgélo w(t) = a, a € [0,00). We claim that y(¢) is bounded. If not, there
exists an increasing sequence {7, }7>; such that 1, — oo and y(n,) — oo as
n — oo and y(n,) = max{y(t) : t2 <t < n,}. Hence
w(mn) = y(nn) + dy(nn —7) — K ()
> (1+d)y(im) — K ()
implies that w(n,) — oo as n — oo, a contradiction to the fact that tlgrolo w(t)
exists. So our claim holds and accordingly, tlg]go (r(t)w'(t)) exists. Using
Lemma 1 (4i) with u(t) replaced by w(t) we get w(t) > —r(t)w'(t)R(t) and
hence
y(t) > w(t) > —r(t)w'(t)R(t), t>t3>t.
Consquently, (4) becomes
AOGHR(E — 01))Gi (—r(t — o) (t — 01)) < —(r(t)w ()’
for t > t4 > ts 4+ o1. Due to r(t)w'(t) is nonincreasing, we can find a

constant b > 0 and t5 > ¢4+ 01 such that r(t —oq)w'(t—o1) < —b for t > t5.
Integrating the last inequality from ¢5 to oo, we get

/fl(t)Gl(R(t _ 0)))dt < oo,
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a contradiction to (Hg).
Assume that w'(t) > 0 for t > t;. So we have two cases, w(t) > 0 and
w(t) < 0. If the former holds then by Lemma 1 (i)

y(t) > w(t) > CR(t),  t >ty >ty
and hence Eq.(4) can be written as
AMGHC R(t = 01)) < = (r(t)w' (1))

for t > t3 > to + o1. Integrating the above inequality from t3 to co, we get

oo

[ G- )it < .

t3
a contradiction to (Hg). Suppose the latter holds. Then tlim w(t) exists and

—00
0 # lim w(t) = lim 2(¢) implies that z(¢) < 0 for t > t2 > ¢;. Accordingly,
t—00 t—00
y(t) is bounded on [t3, 00), t3 > ta + p. Using the same type of reasoning as
above, we obtain lim y(¢) = 0. If 0 = lim w(t) = lim z(¢), then we claim
t—o00 t—o00 t—o00
that y(¢) is bounded. Otherwise there is a contradiction that w(t) > 0 as
n — 00. Proceeding as above we obtain tlim y(t) = 0. [
—00

The case y(t) < 0 for t > tg > 0 is similar. Hence the theorem is proved.

Theorem 3. Suppose that —oo < p1 < p(t) < pa < —1. If (Hp), (H1),
(Hy) and (Hg) hold, then every bounded solution of (1) either oscillates or
tends to zero as t — oo.

Proof. Let y(t) be a bounded nonoscillatory solution of (1) such that
y(t) > 0 for t >ty > 0. Then from (4), it follows that w’(¢) > 0 or w'(¢t) < 0
for t > t1 > to+ p, where w(t) is given by (3). Consider w'(t) < 0 for ¢ > ;.
Proceeding as in the proof of Theorem 2, we obtain L = 0. Consequently,

0 = lim 2(t) = liminfly(t) + p(t)y(t —7)]

lim inf[y(t) + pay(t — 7))

IN

< limsupy(t) + litm inf(pay(t — 7))
—00

t—o00

< limsupy(t) + pe limsup y(t — 7)

t—o00 t—o00

= (1 + p2) limsupy(t)
t—o0

implies that tlgglo y(t) = 0, since (1 + p2) < 0. Rest of the proof can be

followed from the proof of the Theorem 2 and therefore the proof of the
theorem is complete. |
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Example 1. Consider

(8) (e% (y(t) + e my(t — 2%))/)/ +4e™ 7 (e 4 e M) y(t — 4m)
— 472yt —27) = 0,

for ¢ > 0, where fi(t) = 4e=*" (e* + e~%) and fo(t) = 4e2*™). Clearly,
R(t) = +e72, Q(t) = 4 [2=47) 4 =4~ and (Hy), (Hr) hold. Eq.(8)
satisfies all the conditions of Theorem 1. Hence every solution of (8) either
oscillates or tends to zero as t — oco. In particular, y(t) = e !sint is such a
solution of (8).

Theorem 4. Let 0 < d(t) < p < oco. If (Hy), (Hs), (Hs), (Hy), and
(Ho) z‘o@(t)dt _

hold, then every solution of (1) either oscillates or tends to zero as t — 0.

Proof. Let y(t) be a nonoscillatory solution of (1) such that y(t) > 0
for t > tg > 0. The case y(t) < 0 for t > ty > 0 can similarly be dealt
with. Setting as in (3), we get (4) for ¢t > t; > to + p. Hence r(t)w'(t) is a
monotonic function on [¢1,00). Assume that w'(t) < 0 for t > ¢;. Integrating
the inequality (r(t)w’(t))’ <0 from t to T', we get

T S

/ ds
w(t) <w(T)+ 7/

and hence w(t) < 0 due to (Hz). Following to the proof of the Theorem 1, we

obtain a contradiction when w(t) < 0 for t > to > t;. Accordingly, w'(t) > 0

fort > t1. If w(t) < 0, then tlim w(t) exists for which there is a contradiction
—00

when 0 # lim w(t) = lim 2(¢). Let lim w(¢) = 0. Using the same type of
t—o0 t—o0 t—o0
reasoning as in the proof of Theorem 1, we obtain tlim y(t) = 0. Suppose
—00

that w(t) > 0 for ¢ > t;. Consequently, there exists a constant o > 0
such that w(t) > a for t > t9 > t1, that is, 2(t) > w(t) > « for t > ts.
Accordingly, (5) yields that

/Q(t)dt<00, t3 > tg + 071,

t3

a contradiction to our assumption (Hg). This completes the proof of the
theorem. |
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Remark 4. In Theorem 4, G could be linear, sublinear or superlinear.
However, if we restrict T and o1, Gy could be sublinear only due to the
following theorem.

Theorem 5. Let 0 < p(t) < d < oo, r'(t) > 0 and 7 < o1. If (Hp),
(HQ); (H3); (H4); (HG) and

(Hio) f Q(t)G1(B(t — 01))dt = 00
T+o1
hold, there every solution of (1) either oscillates or tends to zero ast — oco.
Proof. Proceeding as in the proof of Theorem 4, we consider the case

w'(t) > 0 and w(t) > 0 only for ¢ > t;. We note that r/(¢) > 0 implies
w”(t) < 0. From (5) it follows that

0> (r(t)w' () + Gi(d) (r(t — 1) w'(t — 7))
+ AQ(t)G1(B(t — 01))Gy(r(t — Ul)w/(t — o))

due to Lemma 2 for ¢t > t5 > t1. Hence

AQ)G1(B(t —01)) < — [Gi(r(t — o1)w'(t — 01))] L' (b))
— Gi(d) [Gi(r(t — o) (t — 01))]
x (r(t—7m)w'(t —1)).

Because lim (r(¢)w’(t)) exists, then use of (Hg) to the above inequality, we
—00

obtain

/ QUG (A(t — o))t < o0

T+o1

a contradiction to our hypothesis (Hyp). Hence the theorem is proved. M

Theorem 6. Let —1 < d < p(t) <0. If (Hy), (H2), (Hy) and (7) hold,
then a solution of (1) either oscillates or tends to zero as t — co.

Proof. Using the same type of reasoning as in the proof of the Theo-
rem 4, we obtain w(t) < 0 for ¢ > to > t; when w/(t) < 0. Accordingly,
w(t) is monotonic function on [t2,00) and 0 # tlim w(t) = tlim z(t) exists.

—00 — 00

Following to Theorem 2 we get lim y(t) = 0.
t—o0

Let w'(t) > 0 for t > t1. If w(t) < 0 for t >t > t1, then we can use same
arguments as in Theorem 2, to obtain tlim y(t) = 0. Suppose that w(t) > 0
—00

for t > to > t1. Then there exists a constant v > 0 and t3 > t5 such that
w(t) > 7,t > ts. Consequently, y(t) > w(t) > ~ for t > t3. Integrating (4)
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from t3 + o1 to oo, a contradiction is obtained to (7). Hence the theorem is
proved. |

Theorem 7. Let —oo < p; < p(t) < p2 < —1. If (Hyp), (H2), (Hy) and
(7) hold, then every bounded solution of (1) either oscillates or tends to zero
ast — oo.

The proof of the theorem can be followed from the Theorem 6 and The-
orem 3.

4. Oscillation properties of Eq.(2)

In the following, we obtain sufficient conditions for oscillation of solutions
of forced equation (2). Let

(Hy1)  there exists F' € C([0,00), R) such that F(t) changes sign, with
—00 < litminf(F(t)) < 0 < limsup F(t) < oo, rF’ € C([0,00), R)
—00 t—o00

and (rF') =g
(Hy2) F*(t) = max{F(t),0} and F~(t) = max{—F(t),0}.

Theorem 8. Let 0 < p(t) < d < oco. Assume that (Hy), (Hs), (Hy),
(H5), (HH) and (ng) hold. ]f

(His) [ QUGCE*(t —o))dt =00 = | QU)GL(F~(t — 0))d

hold, then all solutions of (2) oscillate.

Proof. Let y(t) be a nonoscillatory solution of (2). Hence there exists
to > 0 such that y(¢) > 0 or y(t) < 0 for t > ty. Suppose that y(¢) > 0 for
t > to. Setting z(t) and w(t) as in (3), let

(9) U(t) =w(t) — F(t).
Thus Eq.(2) becomes
(10) (rU' (1) = =[G (y(t — 01)) <0, 0

for t > t; > to + p. Accordingly, U’(t) and U(t) are monotonic functions.
Assume that U'(t) < 0 for t > t1. If U(t) < 0 for t > to > ty, then
z(t) < K(t) + F(t) and hence

- < Tim
0 lltlgloglf z(t) < hggg)lf(K(i) + F(t))
< limsup K (t) + liminf F'(?)

t—o0 t—o0

= lim K(t)+ litmian(t) <0,
—00

t—o00
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a contradiction to the fact that z(¢) > 0. Hence U(t) > 0 for t > t, that is,
2(t) > K(t) + F(t) > K(t) + F*(t) > F*(t) for t > t3. Using Eq.(2) and
(9) we obtain

0= (r(t) v'() + G(d)(r(t — T)u'(t = 7)) + fr(t)G1(y(t — o1))
+Gi(d)fi(t —7)G1(y(t — o1 — 7))

that is,

(1) 0= (rMu'(®) + Gr(d)(r(t — 7)u'(t — 7))+ AQE)Gr(2(t — 1))
due to (Hs) and (Hy4). Thus

(r@®OU' ) + Gi(d) (rt—7) Ut —7)) + 2 Q) G1(FT(t — 1)) <0

for t > t3 > to. We note that lim wu(t) exists. If y(¢) is unbounded, then

U(t) = 2(t) — K(t) = F(t) > y(t) - F(t) - K(t)

implies that U(t) is unbounded. Consequently, y(¢) is bounded, on [t4, 00),
t4 > t3, that is, tlirn (r(t)U’(t)) exists. Integrating the last inequality follow-
—00

ing to (11) from ¢4 to oo, we obtain

/Q(t)Gl(F+(t —01))dt < oo,

tq

a contradiction to our hypothesis (Hi3).

Next, we suppose that U’(t) > 0 for ¢ > t;. Then tli)rgo(r(t)U’(t)) ex-
ists. Similar contradictions hold when we consider the cases U(t) > 0 and
U(t) < Ofort >ty >t.

If y(t) < 0 for t > tg, then we set z(t) = —y(t) to obtain x(t) > 0 for
t >ty and

(r()(z(t) +p)z(t — 7)) + fr(t)G1(x(t — 1))
—fa(t)Ga(z(t — 02)) = §(t),

where §(t) = —g(t). If F(t) = —F(t), then (r(t)EF'(t)) = —g(t) = §(t) and
F(t) changes sign. Further Ft(t) = F~(t) and F~(t) = Ft(t). Proceed-
ing as above we obtain a contradiction. Thus the proof of the theorem is
complete. |
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Theorem 9. Let —1 < d < p(t) < 0. Suppose that (Ho), (Ha), (H11),
(ng) and

(o) J H@GF(t+7 = o)t =00 = [ fWGH(F* (¢~ o))
and :

(His) jfl(t)Gl(F_(t—al)) — o= ff1 (OGL(F*H(t + 7 — o0))dt
hold, thenl (2) is oscillatory.

Proof. Suppose for contrary that y(t) is a nonoscillatory solution of (2)
such that y(¢) > 0 for ¢ > tg. Setting as in (3) and (9), we get (10). Hence
U'(t) is a monotonic function on [t1,00), t1 > to+p. Let U'(t) < 0 for t > ;.
Accordingly, U(¢) is a monotonic function and tliglo U(t) = tli>11010 (2(t) = F(t))
implies that z(t) — F'(t) < 0 when U(t) < 0, that is, z(t) < F(t) for t > t3 >
t1. If z(t) > 0, then F(t) > 0 which is absurd. Hence z(t) < 0 for ¢t > ts.
Ultimately, z(t) < —F~(t) for t > t5 and

dy(t —7) <p)y(t —7) < 2(t) < —F~(t)

yields that y(t—o1) > F~(t+7—o01) for t > t3 > to. On the otherhand, y(t)
is bounded due to z(t) < 0, that is, y(¢) < y(t—7) and hence thm (r(t) U'(t))
—00

exists. Integrating (10) from t3 to oo, we get
/f1 (t)GL(F~(t+ 71— 01))dt < o0,

a contradiction to our hypothesis. Next, we suppose that U(t) > 0 for
t >ty > t1. Hence 1tlim Ut) = tlim (z(t) — F(t)) implies that z(t) — F'(t) > 0
—00 —00

if tlim U(t) # 0, that is, z(t) > F(t) for t > to. Ultimately, y(t) > F*(t) for

t > t3 > ty. We claim that y(¢) is bounded. If not, there exists an increasing
sequence {n,}5° ; such that 7, — oo and y(n,) — oo as n — oo and

y(nn) = max{y(t) : t3 <t <y}

Hence

Yy(m) +dy(mn —7) = K(nn) — F(nn)
(1 + d)y(nn) - K(nn) - F(nn)

(A\VARAYS
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implies that U(n,,) — oo asn — 0o, a contradiction to the fact that tlim U(t)
—00
exists. So our claim holds and tlim (r(t)U'(t)) exists. Integrating (10) from
—00

t3 to oo, we obtain
/fl(t)Gl(F+(t — 01))dt < 00,
t3

a contradiction to the hypothesis (H14). If tlim U(t) =0, then z(t)—F(t) > 0
—00
or z(t) — F(t) <0 for t > ty. In either case we have a contradiction.
Assume that U’(t) > 0 fort > ¢;. Then tlim (r(t)U’(t)) exists. Proceeding
—00

in the lines of the above argument, we obtain similar contradictions for the
cases U(t) < 0 and U(t) > 0. y(t) < 0 for t > to is similar. Hence the
theorem is proved. |

Theorem 10. Let —oco < d < p(t) < —1. If all the conditions of
Theorem 9 hold, then every bounded solution of (2) is oscillatory.

Proof. The proof follows from the Theorem 9 and hence the details are
omitted. ]

Theorem 11. Assume that 0 < p(t) < d < oo. If (Hy), (Hi1), (H3) -
(Hs), (H7), (H11) and (Hy2) hold, then (2) is oscillatory.

Proof. Proceeding as in the proof of the Theorem 8, U(t) < 0 is not
possible when U’(t) < 0 for ¢t > t;. Hence U(t) > 0 for ¢ > to > t;. Using
Lemma 1 (i7) with u(t) is replaced by U(t), we get U(t) > —r(t)U'(t)R(t)
and hence

VoIV IV
|
1
S
<

for t > to. Further, r(¢)U’(t) is non-increasing. So we can find a constant
¢1 > 0 and t3 > to such that —r(¢)U’(t) > —cy for t > t3. Hence inequality
(6) becomes

AQ(1)G1(—c1)G1(R(t — o1)) < —(r()U' (1)) — Gu(d)(r(t — T)U'(t — 7)),

where w(t) is replaced by U(t) for ¢ > t4 > t3 + o1. Since tlim U(t) exists,
—00
we claim that y(t) is bounded. Otherwise, following to Theorem 8., U(t)
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is unbounded. Consequently, 1tlim (r(t)U’'(t)) exists. Integrating the last
—00

inequality from ¢4 to oo, we obtain
/Q(t)Gl(R(t —01))dt < o0,
tq

a contradiction to (Hy).

Let U'(t) > 0 for t > t;. The argument for the case U(t) < 0 is same.
Consider the case U(t) > 0 for ¢t > t5 > ¢;. By Lemma 1 (7), it follows that
U(t) > CR(t), that is,

2(t) > CR(t) + K(t) + F*(t) > CR(t)

for ¢t > to. Using the same type of reasoning as in the proof of the Theorem
1, we get a contradiction to our hypothesis (Hy). This completes the proof
of the theorem. |

Theorem 12. If 0 < p(t) < d < oo and (Hy), (Hz), (Hs), (Hy), (Hy),
(H11) and (Hi2) hold, then every solution of (2) oscillates.

Proof. Proceeding as in the proof of Theorem 8, we assume that U’(t) <
0 for t > t1. Accordingly, U(t) < 0 for t > to > t1 due to (Hz). Using
the same type of reasoning as in the proof of Theorem 8, U(t) < 0 is a
contradiction. Hence U’(t) > 0 for ¢ > t;. Ultimately, U(t) > 0, t > to > t1.
Since U (t) is nondecreasing, there exists a constant o > 0 and ¢3 > t2 such
that U(t) > «, t > t3. Therefore

2(t) > a4+ K({t)+F(t) > a+ K({t)+F(t) >«

for t > t3. Using the last inequality and then integrating (11) from ¢4 to oo,

we get
o0

/Q(t)dt<oo, ty > 13+ 01
tg

a contradiction to our hypothesis (Hg). This completes the proof of the
theorem. ]

Theorem 13. Assume that 0 < p(t) < d < oo, r'(t) >0 and 7 < oy. If
(H2), (Hs), (H4), (Hg), (H1o), (H11) and (H12) hold, then (2) is oscillatory.

The proof of the the theorem can be followed from the Theorems 5 and
12 and hence the details are omitted.
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Theorem 14. Assume that —1 < d < p(t) < 0. If (Ho), (H1), (Ha),
(Hs), (H11) and (Hi2) hold, then (2) is oscillatory.

Proof. Proceeding as in the proof of the Theorem 9 and using the
same type of reasoning, we consider the case U'(t) < 0, U(t) < 0 and
z(t) < 0 for t > ta. Accordingly, y(t) < y(t — 7), that is, y(¢) is bounded
on [tg,00). Hence U(t) is bounded and tliglo(r(t)U’(t)) exists. Using the

fact that dy(t — 7) < z(t) < —F~ (t) and F(t) is bounded, we may conclude
that litm inf y(¢) # 0. On the otherhand when (Hy) hold, litm infy(t) =0, a
—00 —00

contradiction. Consequently, U(t) > 0 for ¢ > t3 > ¢;. Using Lemma 1 (77),
we have U(t) > —r(t)U’(t)R(t) and hence for t > tg,

2(t) > —r()U' (H)R(t) + K(t) + FT(t)
that is,
y(t) > —rU' () R(t) + K(t) + FT(t) > —r(t)U' () R(t).

Further, r(¢)U’(t) is nonincreasing. So we can find a constant C; > 0 and
ts > to such that —r(t)U’'(t) > —Cy for t > t3. Hence for t > t3, y(t) >
—C1R(t). Integrating (10) from ¢4 to oo, we get

Gi(=C) / FOCHR(E — o1))dt < — / (r(OU (1)) dt,

t4 > t3 + 01. On the otherhand, tlim U(t) exists which implies that y(t)
—00

is bounded. Otherwise, by Theorem 9, U(n,) — oo as n — oo. Thus
tlim (r(t)U'(t)) exists and the last integral becomes
—00

/f1 (t)G1(R(t — 01))dt < 0.

tq

a contradiction to (Hg).
Let U'(t) > 0 for t > ¢;. Then tlim (r(t)U'(t)) exists. Similar contradic-
—00

tions can be obtained for U(t) > 0 and U(t) < 0 for ¢t > t > t;. The case
y(t) < 0 for t > t¢ is similar. Hence the proof of the theorem is complete. B

Theorem 15. Let —oo < d < p(t) < —1. If all the conditions of
Theorem 14 are satisfied, then every bounded solution of (2) is oscillatory.

The proof follows from the Theorem 14.
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Theorem 16. If —1 < d < p(t) < 0 and (Hy), (Ha), (Hy), (H11), (Hi2)
and (7) hold, then (2) is oscillatory.

The proof of the theorem follows from the proof of the Theorems 14 and
12. Accordingly, the proof of the theorem is complete.

Theorem 17. Suppose that —oo < d < p(t) < —1. Let all the conditions
of Theorem 16 be hold. Then every bounded solution of (2) is oscillatory.

Remark 5. In Theorems 8 - 10, (H;) and (H2) are not required to show
that Eq.(2) is oscillatory. This happened due to the analysis presented here.
However, presence of r(t) and to predict sufficient conditions with r(t) is
more interesting than the former ones.

Example 2. Consider

(12) (¢ (ult) — eyt —m)') + A 27) ~ Falt)y(t — ) = (1),

for t > 0, where R(t) = e, fi(t) = (e! + et + 1), fo(t) = e ! and
g(t) = (1 — e')sint. Clearly (Hg) hold. If we set

1 1
F(t)= 5(1 + e ") cost + 5(1 — e Hsint,

then it is easy to verify that (r(¢)F'(t)) = g(¢t) and (H11), (Hi2) hold.
Eq.(12) satisfies all the conditions of Theorem 14. Hence every solution of
(12) oscillates. Indeed, y(t) = cost is such an oscillatory solution of (12).

Example 3. Theorem 12 can be applied to

(y(t) + eyt — )" + At)y(t — 2m) — fo(t)y>(t — 4m) = g(t),

for t > 0, where fi(t) = (3e7t + 1), f2(t) = 4e~" and g(t) = 2e ‘cost +
e tsin3t. Clearly, (Hy), (H2) and (Hyg) hold. If we set

3 4
F(t) = et <50 cos 3t — 0 sin 3t — Sint> ,

then it is easy to verify that F"(t) = g(t) and (Hi1), (Hi2) hold. Indeed,
y(t) = sint is such an oscillatory solution of the above equation.

5. Existence of positive solutions

In this section, necessary conditions are obtained to show that Eq.(12)
admits a positive bounded solution.
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Theorem 18. Let G;, = 1,2 be Lipschitzian on the intervals of the form
[a,b], 0 < a <b< oco. Suppose that g(t) satisfies (Hi1) and (Hi2). If

oo
/A t)dt < oo, 1=1,2
0
¢
where A(t f , then Eq.(2) admits a positive bounded solution.

To

Proof. The proof of the theorem is divided accordingly with respect to
different ranges of p(t).
Let 0 < p(t) < by < 1. It is possible to find Ty large enough such that

o0 ) o0 1-9
My [ ADA@GdE < —2 My | A(t) fa(t)dt < ——
To 10 T 0

)

where M; = max{Li,G1(1)}, My = max{Ls,G2(1)} and Ly, Ly are Lips-
chitz constants on [ Ié’l , 1} Let F(t) be such that — (1 bl) < F(t) < 1;5’1
for ¢ > To.

Let BC([Tp, o), R) be the Banach space of all bounded real valued con-
tinuous functions z(t), t > Ty with supremum norm defined by

]| = sup{|z(t)] : t > To}.

Set
1—0
<

10

S:{xeX: x(t)gl,tZTo}.

For y € S, define

Ty(To + p), Th<t<To+p
—p(t)y(t —7) + 8 + F(t)
o0

A(t) tf[fl(S)Gl(y(S —01)) — Fa(s)Ga(y(s — 02))]ds

+ ft A(s)[f1(s)G1(y(s — o1)) — Fa(s)Ga(y(s — 02))]ds,

To

(Ty)(t) =

t>To+ p.

\
Clearly, Ty is continuous. For every t > Tj,

o0

/fl )Gr(1)ds + [ A(s) f1 ()G (1)ds

To

b 1-by
Ty(t) <
yit) < ——+
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<1 +54b1 1 ;Obl +/A(s)f1(s)G1(1)d3 +/A(S)f1(s)Gl(1)ds

t To

14+4dby 1-b I
< B L G A nG)ds

To

14 3b;
5)

< <1.

We note that A(t) is a nondecreasing function. Again for every t > Ty,

144by 1-b, 1-—b;, 1—1b
Ty(t) > — _ _ _ .
y(t) 2 =+ — 20 20 10

Thus T : S — S. Further, for z,y € 5,
Tz(t) — Ty(t)| < biflz -yl

+|40) [ AIGia(s - 01)) - Grly(s - on))lds
+ | [ A6 Grlats = o0) = Galyls — o)) ds
To

+ A(t)/fz(S) [Ga(x(s — 01)) — Ga(y(s — 02))] ds

T / A(5)2(3) [Ga(a(s — 01)) — Galy(s — on))] ds
To
< billz — yll + Lnlz — o] / A(s) fu(s)ds

+ Lyl — ) / A(s)fu(s)ds
To

+ Loflz —yll | A(s)fa(s)ds + Lallz —yl| [ A(s)fa(s
/ /

IN

billz -y

151

)ds
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Y / A(s)fi(s)ds + My / A(s) fa(s)ds | |1z — y]

3+ 17H
< —

Pzl

implies that |7z — Ty|| < #37 ||z — y||. Thus T is a contraction. Con-
sequently, T' has a unique ﬁxed point y in S. It is the required solution
of (2).

In the other ranges of p(t), the above procedure is same. Hence without
details, the necessary informations are given below :

(1)  Let —1 < by < p(t) <0. Choose Tj sufficiently large such that for
t > To,

M1/A(t)f1(t)dt< Lo MQ/A (t) f2(2) 1+b1,

10 7

and —7(1;(?1) < F(t) < Hbl . We set

S:{x e X: 11—0b1 <z(t) <1, tZTO}
and
Ty(To + p), To<t<To+p
—p(t)y(t —7) + L + F(1)
(Ty)(t) = At) tf[fl(s) Gi(y(s — 1)) — f2(s)Ga(y(s — 02))]ds

£ A 1) Calls — 1) — Fols)Caly(s — o2))] ds,

To

tZTo—l-p.

\

(191) Let —1 < by < p(t) < by < 1, by < 0, by > 0 be such that
by < 1+ 5by. Choose Ty sufficiently large such that

[ awp@a < G+ 2152w [AOR0E < 22,

and—(lgng)SF()Sjl‘Fl b2 for t > Ty. Here, we set

1-b
S:{a: € X: 102§x(t)§1, tzTo}
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and
Ty(To + p), Ty <t<Th+p
—p(t)y(t —7) + H% 4 F(t)

(Ty)(8) = A(t) tf[f1(s)Gl(y(s — 1)) — f2(8)Ga(y(s — 02))]ds

+ ft A(s)[f1(5)G1(y(s — 01)) = fa(s)Ga(y(s — 02))]ds,

To

t>1Th+ p.

(iv) p(t) = —1. Let by be such that 0 < by < 1,b; # 5. We can find T
large enough such that

r 1— 2 1—2b
T A@/A )) !

and — 1220 < p(1) < 15200 for ¢ > Ty, We set

SZ{CCEX: o <alt) <h tzTo}
and
Ty(To + p), To<t<Th+p
—y(t—7) + 52 + F(1)
Ty 4 FAB T () Galals = 1) = Fa($)Gay(s — o)

t

+ [ A(9)[1(5)Gr(y(s — 01)) = Fa(s)Ga(y(s — 02))]ds,

To
t =Ty + p.

\

(v) p(t) =1. Let —1 < by < 0 be such that by # —3. Replacing —b; in
the place of by of the above settings of (iv), we obtain the needed.

(vi) Let —oo < by < p(t) < by < —1. It is possible to find T, large
enough such that

—bo —bo
t)dt < ———— My [ A(t)fo(t)dt < ————
M1/A () fr(t)dt < 3D —by)’ 2/ t) f2(t)dt < 3D —by)
and—ﬁ < F(t) < m for t > Ty, where D > rnax{ bi,by + 1+b2}.
We set

—by
= X < <K t > 1
S {xe D_b2_x(t)_ , > 0}



154 ARUN K. TRIPATHY

and
Ty(To + p), Tho<t<To+p
_y(t4r) D(2—b2) + F(t+7)
p(t+7) (t+T)(D bg) p(t+7)
t—i—T)
(Ty)(t) = p(t+7) f [f1(s (s —01)) — f2(s)Ga(y(s — 02))]ds

+ Tf A(s)[f1(5)G1(y(s — a1)) — f2(5)G2(y(s — a2))]ds,
O t>To+p

2D—ba(D+1)
where K = Mw > 0.

(vii) Let 1 < by < p(t) < by < 3b?. It is possible to find Tp, large
enough such that

r bp—1 b —1 / b —1
M Alt t)dt M dt
/ onn <L Bl g [ A < B
S = a:eX-bl_l <z(t) <1, t>T
a CRbby, — = r=0
and
( Ty(To + p), To<t<To+p
_y(t+T) + 202 +b1 — 1+ F(t+7)
p(t+7) 4b1p(t+7) p(t+7)
t+7’) S . _ e .o ds
(Ty)(t) = TrE f [f1(s 1)) — fa(8)Galy(s — 02))
t+7
+ [ A)[f1()G1(y(s — 01)) — fas)Ga(y(s — 02))]ds,
To
t > Ty + p.
Hence the proof of the theorem is complete. m

6. Summary

It is worth observation that both unforced and forced Egs.(1) and (2)
are studied under (H;) and (Hz) keeping inview of the key assumptions
(H7), (Hg) and (H10). The results concerning Eq.(1) are not completely
oscillatory due to the analysis incorporated here. However, Eq.(2) provides
complete oscillatory results. Of course influence of forcing term can be
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considered. It seems that some extra conditions are required to see that
Eq.(1) is oscillatory.
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