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ABSTRACT. The problem of a multiplier w(n) of the Nérlund
means and convex maps of the unit disc is being considered again,
but with a multiplier w(n) of different form then that appeared by
Ziad S. Ali in [1]. With this we would have brought up again in a
rather unified approach the results of G. Pdlya, and I.J. Schonberg
in [7], T. Basgoze, J.L. Frank and F.R. Keogh in [3], and Ziad S.
Ali in [2]. The new multiplier w(n) gives rise to interesting appli-
cations related to function expansion by the Chebychev polyno-
mials of the first and the second kind, an application to bionomial
trigonometric formulas and an application to the subordination
principle.
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1. Introduction
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oo
Let ) ug be a given series, and let {S,}3° denote the sequence of its

k=0
partial sums.

Let {gn}5° be a sequence of real numbers with ¢o > 0,

and ¢, > 0 for all n > 0, and let @, = >_ qx. By G. H. Hardy [5] the

k=0

sequence-to-sequence transformation

1 n
Tn = 5 Z Qn—ksk
Qn =

is called the Norlund means of {S,}5°, and is denoted by (NN, gy,).

The (N, gy,) is regular if and only if ¢, = 0o(Q,) as n — oco. By P. L.
Duren [4] a function f analytic in a domain D is said to be simple, schlicht,
or univalent if f is one-to-one mapping of D onto another domain. A domain
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FE of the complex plane is said to be convex if and only if the line segment
joining any two points of F lies entirely in E. A function f which is analytic,
univalent in the unit disc D = {z : z < 1}, and is normalized by f(0) =
f(0) — 1 = 0 is said to belong to the class S. Now f € S is said to belong
to the class K if and only if it is a conformal mapping of the unit disc
D = {z:z < 1} onto a convex domain. An analytic function g is said to be
subordinate to an analytic function f (written g < f) if

9(2) = f(w(2)), el <1

for some analytic function w with |w(z)| < |z|. It is known by the Koebe-One-
Quarter theorem that the range of every function of the class S contains
the disc {w : |w| < 1}, ie. 1z < f. The strengthend version of the
Koebe-One-Quarter theorem says that the range of every convex function
f € K contains the disc |w| < 3, i.e. 32z < f. Let Re(z) be the real part
of z, and let Im(z) be the imaginary part of z. Again by P. L. Duren [4],
let f(p,0) = u(p,0) +iv(p, ). Assume that u(p,#) is harmonic in D = {z :
|z| < 1}. Assume further that u(p,6) is continuous on D = {z : |z] < 1}.
The minimum principal for harmonic functions asserts that u(p, ) attains
its minimum on the boundary of D. By A. M. Mathai [6], the Chebychev’s
polynomials of the first kind 7}, (z), and of the second kind Uy, (z) are re-
spectively defined by:

sin(n + 1)6
sin 0

T, () = cosnd, Un(x) = , x = cosb.

A continuous function f(x) in |z| < 1 can have a Generalized Fourier Series
expansion or a Fourier Chebychev Series expansion of the form

2 1
-2 /_ @) @)

The orthogonality conditions are given by

flx) = ZGTTT(:L‘), where a,
r=1

1 1 0, if s#r
—T(x)T(x)de =< m, if s=r=0
/1”1_332 ) T o s=r=12---

2 - I Rt

Similarly,
oo 2 1
g(2) =S bU(x), where, b, == / V1= a2g(2)U, (2)do
™ J-1
r=1

with the orthogonality conditions

[ o= = { O 1

s —
-1 9, '=S
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2. Means connected with power series

[o¢]
Suppose that f(z) = 3 azz” is regular for |z| < 1. Let
k=0
n
Sn(z, f) =3 apz* be the sequence of partial sums of f,

on(z, f) = n%rl > Sk(z, f) be the Cesaro means or the (C,1)

means of f,

Tz, f) = Qi Z an—kSk(2, f) be the Norlund means of f, and let

Val(z, f) = ( D) > (n+k) arz®  be the de la Vallee Poussin means of f.

k=1

3. Known results

n [7] G. Polya, and I.J. Schonberg proved the following theorem, and
corollary:

Theorem 1. For f(z) € K, it is necessary and sufficient that V,,(z, f) €
K form=1,2....

Corollary 1. For f(z) € K, Vyu(z, f) < f forn=1,2,....

In [3] T. Basgoze, J.L. Frank, and F.R. Keogh proved the following the-
orem:

Theorem 2. (i) Suppose that the values taken by f(z) for z in D lie in
a convex domain D,,. Then the values taken by oy (z, f) also lie in D,, for
all n, and all z in D.

(13) Conversely, suppose that the values taken by on(z, f) lie in a convex
domain D,,; then the values taken by f(z) lie in Dy, for all z in D.

In [2] Ziad S. Ali proved the following theorems:

Theorem 3. (i) Let (N,q,) be a regular Nérlund transformation such
that {qn}q" is a non-decreasing sequence of positive numbers. Suppose that
the values taken by f(z), for z in D, lie in a convex domain D, ,then the
values taken by T, (z, f), also lie in Dy, for all n, and all z in D.

(i) Conversely, suppose that the values taken by T, (z, f) lie in a convex
domain D,,; then the values taken by f(z) lie in Dy, for all z in D.
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In [1] Ziad S. Ali proved the following theorem:

o0
Theorem 4. (i) Let f(z) = > ap2*, (cy = 1) be reqular in the unit disc
k=1

|z| < 1.
(ii) Let T, be a transformation of the Norlund type. Let

k
2n—2r+1)
o =X z<;; Girany (Mo, and
r=

G 2 (=1)*Qn_y,, then
k=1

w(n)

33

ﬁTn(z,f) € K ifand only if f € K.

4. The main theorems

In this section we prove the following theorems:

Theorem 5. (i) Let f(z) = > a,y2", (a1 = 1) be regular in the unit disc
r=1

|z| < 1.
(ii) Let T, be a transformation of the Norlund type. Let
n b n k (2n—2r+1)
Qy =246 =2 W( )qo, and
r=0 r=0

w(n) = 5= ‘In|1<Ii Re Z Qr_,z", then

LT (2 f) € K, ifandonlyif fécK.

w(n)

Proof. First we note that

Z 2n—2r+1 2n 2n L
= ~ - - = , hence
ar = — (2n—r+1) 7 J

Q: = (2”) and QZ_T=< o )
n n—r

M“

Accordingly,
1 1 1 O
an(ny) = QnZQ
5= min Re Z Qn_ "=
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Second, by the minimum principal of harmonic functions

u(p,#) = min Re reir?
(p,9) = min ZQn e

is harmonic since
9 Pu 1 0% 10u
\V4 uzain_F?W_}—;@ip:O’
it follows that u(p, @) attains its minimum on the boundary of D.
Third, it can be shown that

e (35, e o) < (o)

it follows that u(p,#) has its minimum at 6 = 7.
Fourth, it follows by Ziad S. Ali in [1] that

n

1 1 M\ oy
w(n)T"(Z’f)_(%)Z<n+r)a7“Z =Va(z, f),

n n=r
which are the De La Vallee Poussin means of f, and the theorem follows by
Pélya and Schoenberg [7]. [

Theorem 6. (i)] Suppose that f(z) = Z a2 is regular for |z| < 1,

and suppose that T,, are the Norlund means
(7)) Let Qn =n+1, and let

Q" Irzr‘ug Re Z Q28 n is odd
w(n) =
== |H\H<I} Re Z Q" 28 +1, n is even,
then )
——Tu(z, f) € K if and only if f € K.
w(n)

Proof. Clearly Q"' _, =n — k + 1. Considering two separate cases for n
even, and n odd an using the minimum principal for harmonic functions we
can easily see that

n
—2min Re > (n — k + 1)2F, n is odd
lz|I<1 k=1
n+1=

n
—2min Re 3" (n —k+1)zF 41, n is even.
lzI<1 k=1
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Accordingly for any n we have:

7Tn(7 :’I’L+1ZSk _Un( f))

which are the Cesaro means of f, and the result follows by T. Basgoze,
J.L. Frank, and F.R. Keogh [3]. [

[ee]
Theorem 7. (i) Let f(z) = > a,2" be reqular in the unit disc D = {z :

r=0
|z| < 1}.
(ii) Let T, (z, f) be a reqular Néorlund transformation defined by a non-de-
creasing sequence {qI'}r=1 of positive real numbers such that > ¢ =

icodd
> qF', where i is a non-negative integer and let
1ceven
w(n) = — min Re 2, then:
)= g pin 12
1
——Tu(z,f) € K if and only if f € K.
w(n)
Proof. It can be shown in general that
—2
w(n) =~ 1n ReZQn »2 =1, if and only if, Z q = Z q;.
Q ‘z| icodd i€even

Now the proof of the theorem follows by the minimum principal of harmonic
functions and by Ziad S. Ali [1] |

5. An application to function expansion
by Chebychev polynomials

Theorem 8. (i) Let T,, be the Chebychev polynomials of the first kind.
Let n be fixed and let |x| < 1. The Fourier Chebychev Series expansion of
f(n,z) = (2" Yz +1)" - (2”)) is given by

n

S (2 )= (e -5 (). =

r=1

(ii) Let U, be the Chebychev polynomials of the second kind with n fixed
and |z| < 1. The Fourier Chebychev Series expansion of g(n,z) = n2" ! (z+
)"t is given by

— [ 2
Z < " >TUT_1(ZL‘) =n2" Yz +1)"L,  z=cosh

n—r
r=1
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Proof. By the third step in the proof of Theorem 5, the theorem follows.
We note further that by the same step of Theorem 5, we can generate
all Chebychev polynomials of the first kind and of second kind of degrees

1,2,---, giving us a different way of obtaining them. We note that the
Fourier Chebychev Series given above in (i) and (i7) are truncated at r =
n+ 1. |

We now have the following rather interesting theorem:

Theorem 9. Let n be a positive fized integer, let r < n, and let |z| <1
then we have:

0 ()2 e,
(i1) 7'( 2n > = 72r/11 N (2" (x +1)" ) Uy (2)dz

n—r

Proof. Follows by the definition of the coefficients in each expansion. H

6. An application to bionomial trigonometric formulas
Theorem 10. Let n be fixed, r < n, and let « be real. We have:

1 . 2
(i) (cos™@)? + (sin" a)? = o1 (2 Z ( " > cos(2ra)
rceven n—=r

9 T_
n
. n 2 . n 2 1 " 2n
(73) (cos" a)” — (sin" «v) = Son1 2 Z . cos(2ra)|, r>1
reodd

Proof. Follows by the third step in the proof of Theorem 5, and noting
the following:

Re (TZ:(—W" <n2fr> e“"@) — g2l <sin(g)>2n _ ;(?)
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7. An application to the subordination principle

Theorem 11. (i) Let K denote the class of ”Schlicht” power series wich
map |z| < 1 onto some conver domain, and let f € K.

(ii) Let T, be a transformation of the Norlund type. Let
i k (2n—2r+1) 12n
n J— n __
Qr =2 4q —7;) @n—r+1) ( )qO, and

w(n) = 5= n Re) ™, Qr_.2", then

”I\

To(z, f) < f.

‘

Proof. Follows by Theorem 5 given above on page 20, and by Corollary 1
which is given above on page 19. |
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