FASCICULI MATHEMATTICI
Nr 46 2011

C. CARPINTERO, N. RAJESH AND E. ROSAS

ON A CLASS OF (v,7)-PREOPEN SETS
IN A TOPOLOGICAL SPACE

ABSTRACT. In this paper we have introduced the concept of
(v,7)-preopen sets in topological space.

KEY WORDS: topological spaces, preopen set, (vy,7')-open set,
(7,7')-preopen set.

AMS Mathematics Subject Classification: 54A05, 54A10, 54D10.

1. Introduction

Generalized open sets play a very important role in General Topology and
they are now the research topics of many topologists worldwide. Indeed a
significant theme in General Topology and Real analysis concerns the various
modified forms of continuity, seperation axioms etc. by utilizing generalized
open sets. Kasahara [1] defined the concept of an operation on topological
spaces and introduced the concept of y-closed graphs of a function. In 1992,
Umehara et. al. [4] introduced a new class of open sets called (v,7’)-open
sets into the field of General Topology. In this paper, we have introduced
and studied the notion of (,~')-preopen sets by using operations v and
7' on a topological space (X, 7). We also introduced (v,~')-precontinuous
functions and (,7)-prehomeomorphisms and investigate some important
properties.

2. Preliminaries

The closure and the interior of A of X are denoted by Cl(A) and Int(A),
respectively. A subset A of X is said to be preopen [2] A C Int(CI(A)).

Definition 1 ([1]). Let (X,7) be a topological space. An operation -y
on the topology T is function from T on to power set P(X) of X such that
V C V7 for eachV € T, where V7 denotes the value of v at V. It is denoted
by v: 17— P(X).
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Definition 2. Let (X, 7) be a topological space. An operation ~y is said
to be regular [1] if, for every open neighborhood U and V' of each z € X,
there exists an open neighborhood W of x such that WY Cc UT N V7.

Definition 3. A subset A of a topological space (X,T) is said to be
(v,7)-open set [4] if for each x € A there exist open neighbourhoods U and
V of x such that UTUVY C A. The complement of (7,7")-open set is called
(7,7')-closed. 7,y denotes set of all (y,7')-open sets in (X, ).

Definition 4. The point © € X is in the (v,7')-closure [4] of a set
ACX if (UYUWY)YNA#D for every open neighbourhoods U and W of
X. The (v,7')-closure of a set A is denoted by Cl, .\ (A).

Definition 5 ([4]). For a subset A of (X,7), 7(y ) — CI(A) denotes the
intersection of all (v,7')-closed sets containing A, that is, Tyr!) — Cl(A) =
(WF: ACF X\F €7}

Definition 6. A topological space (X,T) is said to be (v,~")-reqular [4]
if for each x € X and for every open neighborhood U of x there exist open
neighborhoods W and S of x such that WY U SY C U.

Definition 7. Let A be any subset of X. The () -Int(A) is defined as
Ty -Int(A) = U : U is a (v,7')-open set and U C A}.

3. (v,7)-preopen sets

Definition 8. Let (X, 7) be a topological space and ~y, ' be operations on
7. A subset A of X is said to be (vy,7')-preopen if A C 7y ) — Int(7(y 1) —
Cl(A)).

Remark 1. The set of all (y,~')-preopen sets of a topological space
(X, 7) is denoted as 7(, ) — PO(X).

Example 1 ([4]). Let X = {a,b,c} and 7 = {0, X, {a}, {c}, {a, b}, {a,c}}.
Let v: 7 — P(X) and 7' : 7 — P(X) be operations defined as follows: for
every A€ 1, A7 = AU {a} and

o :{ A, if A={a},
AuU{c}, if A#{a}.

Then 7,y — PO(X) = {0, X, {a},{a, b}, {a, c}}.

Theorem 1. If A is a (v,7)-open set in (X, T), then it is (v,~")-preopen
set.

Proof. Clear. [ |
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Remark 2. The converse of the above Theorem need not be true. From
the Example 1, we have {a, b} is (v, ~')-preopen set but it is not (v, ~")-open.

Remark 3. By Theorem 1 and Remark 2, we have 7(, ,/) C T(,y7,yl)—PO(X7 T).

Remark 4. The following examples show that the concepts preopeness
and (,7)-preopeness set are independent.

Example 2. Let X = {a,b,c} and 7 = {0, X, {a},{b,c}}. Let v:7 —
P(X) and v/ : 7 — P(X) be operations defined as follows: for every A € 7,
A" = AU {a} and

A,Y/ _ A, if a S A,
ClA), if a¢A

Then 7(, .y — PO(X) = {0, X,{a},{a,b},{a,c}}. Clearly, the set {b} is
preopen but not (v,~’)-preopen in (X, 7).

Example 3. Let X = {a,b,c} and 7 = {0, X, {a}, {b}, {a, b}, {a,c}}.
Let v:7 — P(X) and 7/ : 7 — P(X) be operations defined as follows:

oA if b A,
Cl(A), if beA

and
R AU{b}, if b¢ A,
AU{a), if be A
Then 7, ,—PO(X) = P(X)\{{c}}. Clearly, theset {b, c} is (,7')-preopen

but not preopen in (X, 7).

Theorem 2. If (X, 7) is (v,')-reqular space, then the concept of (v,7')-
preopen and preopen coincide.

Proof. Follows from Proposition 2.6(7) of [4]. [ |

Theorem 3. Let v and ~' be operations on 7 and {As}aca be the col-

lection of (v,7)-preopen sets of (X, 7), then |J Aq is also a (v,")-preopen
a€cA
set.

Proof. Since each A, is (v,7')-preopen and A, C |J A,, implies that

acA
U Aa C 7144 — Int(7(5,4) — CI( U Aa)). Hence |J A, is also a (v,7/)
aEA €A €A

-preopen set in (X, 7). [ |
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Remark 5. If A and B are any two (v, ~')-preopen sets in (X, 7), then
AN B need not be (v,7)-preopen in (X, 7). From the Example 3, we
have {a,c} and {b,c} are (7,7')-preopen set but their intersection is not a
(7,7')-preopen set in (X, 7).

Lemma 1. Let (X,7) be a topological space and vy, v' operations on T

and A be the subset of X. Then the following are holds good:
(1) Ty — CUT(y,41) — CL(A)) = 7(4,4) — CL(A).

( ) 7’(7 ) IHt(T(WN/) — Int(A)) = T(yy) — Int(A).

(i18) Tty — CU(A) = X\7(, ) — Int(X\A)).
) —Int(A) = X\7(, ) — CI(X\4)).

Proof. Stralghtforward. |

Lemma 2. Let (X, 1) be a topological space and v, ~' reqular operations
on 7 and A be the subset of X. Then
(1) for every (v,7')-open set G and every subset A C X we have 7(y ) —
Cl(A)NG C 7y — CHANG).
(i1) for every (v,7')-closed set F and every subset A C X we have
T(vn') — Int(A U F) C Ty — Int(A) UkF.

Proof. (i) Let x € 7,y —CI(A)NG, then = € 7(, ) —Cl(4) and x € G.
Let V be the (v,')-open set containing x. Then by Proposition 2.7 of [4],
VNG is also (v,7')-open set containing x. Since = € 7, ) —Cl(A), we have
(VNG)N A (. This implies that V N (G N A) # (). This is true for every

V' contnining z, hence by Proposition 3.3(i) of [4] = € 7,4y — CI(ANG).
Therefore, 7(, 4y — CI(A) NG C 7,4y — CHANG).
(73) Follows from (i) and Lemma 1(iv). |

Theorem 4. Let (X, 7) be a topological space and ~y, v regqular operations
on 7. Let A be a (v,7)-preopen and U be the (v,7')-open subset of X, then
ANU is also (v,7")-preopen set.

Proof. Follows from the Proposition 2.7 of [4] and Lemma 1. [

Definition 9. Let (X, 7) be a topological space, a subset A of X is said
to be:
(i) (7,7')-dense if 7(, 4y — Cl(4) = X.

(4) (7,7')-nowhere dense if T(, .y — Int(7

Cl(A)) = 0.

YY) T
Theorem 5. Let (X, 7) be a topological space and ~y, v regular operations
on 7. Then a subset N of X is (,v")-nowhere dense if and only if any one

of the following conditions holds:
(4) Ty — CI(X\T(%')/’) —CI(NV)) = X.
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(ZZ) N C Tlyy!) — Cl(X\T(,%,yl) — CI(N))
(i91) Every nonempty (,~')-open set U contains a nonempty (y,~')-open
set A disjoint with N.

Proof. (z) Tlyy) — It (7(4y) — CI(N)) = 0 if and only if X\ (7,
CUX\(7(y,,/—CI(N))) = 0 if and only if X C 7, T(yy) —CUX\ (7(4,4)—CLV)))
if and only 1f X = T(%,y) CUX\(T(y,y) — (N)))

(ii)) N C X = 7y, — CUX\(7(4 CI(N))) by (i). Conversely,
N C 741 — CUX\ (7,9 Cl(N))), 1mphes Tyyy — CUN) C 71y ) —
CUX\(7(y,) — CI(N))). Since X = 7, ) — CI{(N) U (X\(7( 77) — CI(N))),
implies X C Ty — CUXN\(T(y,91) — Cl( ) U (X\(7(4,y) — CUN))) =

T(yy') — CUX\(T(4,4) — CL(IV))). Hence X = 7, ) — I(X\(T(77 —CI(N))).
(iii) Let N be a (y,7')-nowhere dense subset of X, then 7(, ,y — Int(X\
Ty — CI(N)) = 0. This implies 7,y — CI(V) does not contain any
(7,7")-open set. Hence for any nonempty (7v,v')-open set U, U\(7(y,
CI(N)) # 0. Thus by Proposition 2.7 of [4] A = U\7, . — CI(N) is
a nonempty (v,7')-open set contained in U and disjoint with N. Con-
versely, if for any given nonempty (,~)-open set U, there exists a nonempty
(7,7)-open set A such that A C U and AN N = (), then N C X\A,
Tyy) — CI(N) C Ty — CI(X\A) = X\A Therefore, U\T(%ﬂ//) - Cl(N) D
U\(X\A) =UNA=A# 0. Thus, 7, — CI(N) does not contain any
nonempty (y,7')-open set. This implies 7(, /) — Int(X\7(, ) — CI(N)) = 0.
Hence N is (,7')-nowhere dense set in X. [ |

Theorem 6. Let (X, 7) be a topological space and vy, ~' operations on .
Then for every x € X, {x} is either (v,~')-preopen or (v,7')-nowhere dense
set.

Proof. Suppose {x} is not (v,7')-preopen, then 7, .,y —Int(X\7(, .
Cl({z})) = 0. This implies {z} is (v,7’)-nowhere dense set in X. [ |

Definition 10. A topological space X is said to be (v,~')-submazimal if
every (,')-dense subset of X is (v,~')-open.

Theorem 7. Let (X, 7) be a topological space in which every (vy,~')-preopen
set is (y,~')-open, then (X, 1) is (v,7)-submazimal.

Proof. Let A be a (7,7')-dense subset of (X,7). Then A C 7(, ., —
Int(7(y, — CI(A)). This implies A is a (y,7')-preopen set. Therefore, from
the assumption it is (v,v')-open. Hence (X, 7) is (v,7')-submaximal. W

Definition 11. Let A be a subset of a topological space (X, 7) and v, v/
be operations on 7. Then a subset A of X is said to be (v,~")-preclosed if and
only if X\ A is (v,~")-preopen, equivalently a subset A of X is (y,7')-preclosed
if and only if 7 4 — Cl(7(, ) — Int(A)) C A.
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Remark 6. The set of all (v,~)-preclosed sets of a topological space
(X, 7) is denoted as 7(, 4 — PC(X).

Definition 12. Let A be subset of a topological space (X,7) and ~, v
be operations on 7. Then

(1) the T(y 41y -preclosure of A is defined as intersection of all (y,~')-preclo-
sed sets containing A. That is, T(y4n-p Cl(A) = ({F : F is (v,7)-preclosed
and A C F'}.

(4i) the T(yr)-preinterior of A is defined as union of all (v,7')-preopen
sets contained in A. That is, Ty -pInt(A) = J{U : U is (v,7')-preopen
and U C A}.

The proof of the following theorem is obvious and therefore is omitted.

Theorem 8. Let A be a subset of a topological space (X, 7) and v, ~' be
operations on 7. Then

(1) T(y,4)-pInt(A) is a (7,')-preopen set contained in A.

(#) T(y-P CL(A) is a (7,7)-preclosed set containing A.

(4ii) A is (,7')-preclosed if and only if 1(, ,n-p Cl(A) = A.

(iv) A is (7y,7')-preopen if and only if 7(, ) -pInt(A) = A.

Remark 7. From the definitions, we have A C 7, ,)-p CI(4) C 7(,-
Cl(A) for any subset A of (X, 7).

Theorem 9. For a point v € X, v € 71(,.,-pClA) if and only if
VN A#D for all (v,~")-preopen set V of X containing x.

Proof. Let E be the set of all y € X such that VN A # 0 for every
V € 74,4 — PO(X) and y € V. Now to prove the theorem it is enough to
prove that £ = 7, ) — pCI(A). Let z € 7, ,-pCl(A) and = ¢ E. Then
there exists a (y,7')-preopen set U of x such that U N A = (). This implies
A C U°. Hence 7, ,-pCl(A) C U°. Therefore z ¢ 7(, ,)-p CI(A). This is a
contradiction. Hence 7,y —pCl(A) C E. Conversely, let I be a set such
that A C F' and X\F € 7, ,)-PO(X). Let x ¢ F, then we have x € X\F
and (X\F)N A = (. This implies x ¢ E. Hence E C 7(, ,-p C1(A). [ |

Theorem 10. Let (X,7) be a topological space and v, v be regular
operations on 7 and A be a subset of X. Then the following holds:

(7) T(yA') — pCl(A) =AU Tvy') — CI(T(%A//) —Int(A)).

(ZZ) T(yA') — pInt(A) =AN Tlvy) — Irlt(T(%,y/) — Cl(A)).

Proof. (Z) Tlvy) — CI(T(%,},/) — Int(A U T(vn') — Cl(’]’(%,y/
T(yA') — Cl(T(,m/) — Int(A) U T(yn') — Cl(T(%,Y/) — Cl—Int A))) - T(yn') —
CI(T(%,Y/) — Int(A)) U T(yn') — CI(T(%,Y/) — Int(A)) C AU (’7’( ) )

Int(A)). Hence AU 7(, .y — Cl(7(y,y — Int(A)) is a (v,7')- preclosed set
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containing A. Therefore, 7(, ) —p Cl(A) C AUT(, 1) — Cl(7(y ) — Int(A)).
Conversely, T(yy') — CI(T(%,Y/) —Int(A)) C Tlvny') — Cl(T(%,y/) — Int(T(%,y/) —
pCI(A)) C 7(4, — pCI(A) since 7,y — pCI(A) is a (7,7')-preclosed set.
Hence Tlyy) — pCl(A) =AU Tlvy) — Cl(T(,yﬁ/) — Int(A))

(7i) Follows from (i) and Lemma 1(i). [ |

Remark 8. If the conditions of v, 4" are omitted in the above Theorem,
it may be false. See Example 3.

Corollary 1. Let (X,7) be a topological space and vy, v be reqular op-
erations on 7 and A be a subset of X. Then the following holds good:

(Z) Tlyyy — PInt(7(4 41y — CU(A)) = 7(, 5y — Int(7(4 41y — CI(A)).

(M) Ty — P CUT(y 4y — Int(A)) = 74 41) — Cl(7(,4) — Int(A)).

(ZZ’L) Ty — Int(’]'(%,y/) — pCI(A)) = T(vy) — Int(’]'(%,y/) — CI(T(%,},/) —
Int(A))).

(iv) 7'(%7/)—Cl(’i‘(%,y/)—plnt(A)) = 7(777/)—C1(7'( /)—Int(T(,y ,y/)—Cl(A))).

Proof. (i) By Theorem 10(ii), 7(y ) — pInt(7(y,4) — Cl(A)) = 7,4 —

Cl(A) N T(yA') — Int(T(,yn,/) Cl( T(yn') — CI(A))) T(yy') — CI(A) Tly') —
Int(’]'(%,y/) — Cl(A)) = T(yy') — Int(’i'(,y Ay~ Cl(A))

(1) By Theorem 10(i), T(y,4) — P Cl(7(54 Int(A)) T(y,y) — Int(A) U
T(’Y,’Y') — CI(T(%,Y/) — Int(T(,Y,y Int( ))) Cl( ( ) T Int(A))
(#i7) and (iv) follows from (i) and (i7), respectlvely [ |

Theorem 11. Let (X, 1) be a topological space and ~y, v be regular oper-
ations on 7 and A be a subset of X. Then 7, —p Cl(7(y,) —pInt(A)) =
T(’Y,’Y') — pIHt(A) U T('Y"Y’) — CI(T('Y:’YI) — Int(A)))

Proof. Since 7(,/) C T(y,) — PO(X), implies 7, ) —Int(A) C 7, —

pInt(A) C A. Hence 7(, ) — Int(7(y 4 — pInt(A4)) = 754 — Int(A4). By
Theorem 10(i), 7(y,4) — P CU7(y,) = pInt(A)) = 7(5 1) — pInt(A) N T(yyr) —
CI(T(’Y,’Y') — IHt(T(%,Y/) — pf(A)) = T(%,y/) — pInt( ) CI(T(%,Y/) —
Int(A)).

Theorem 12. Let (X, 7) be a topological space and v, v be operations
on 7 and A be a subset of X. Then V is (v,7')-preopen if and only if
V' C 7y~ — pInt(7(y ) — p CL(V)).

Proof. (i) Let V' be (7,7')-preopen. Then 7(, ., —pInt(V) =V and also
V C 7y 4y —pInt(7(, ) —p CL(V)). Conversely, let V' C 7, ,»y—pInt(7(, )~
pCl(V)). Then V C T(yA") —pInt(T(%,},/) —-ClV)) = T(yn') — CLV) N Ty —
Int(7(y,4) = CU7(y 4y — CUV))) = T(y,4) — Int(7(y ) — CI(V)). Hence, V is
(7,7")-preopen. [ ]
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Definition 13. A subset A of (X, 7) is said to be (v,7')-pregeneralized
closed if 7(y-pCl(A) C U whenever A C U and U is (v,7')-preopen in
(X, 7).

Remark 9. In Example 2, the set A = {c} is a (,7')-pregeneralized
closed and the set B = {a,b} is not a (v, ~')-pregeneralized closed.

Definition 14. A topological space (X,7) is said to be (y,v')-pre-T} 5 if
every (v, )-pregeneralized closed set in (X, 1) is (v,7)-preclosed.

Theorem 13. A subset A of (X, 7) is (v,7')-pregeneralized closed if and
only if 7y )- pCl({x}) N A # 0 holds for every x € 7(,)-p CI(A).

Proof. Let U be any (v,7')-preopen set such that A C U. Let z €
T(v,)-P C1(A). By assumption there exists z € 7, ,)-pCl({z}) and z € A C
U. It follows from Theorem 9 that U N{x} # (. Hence x € U. This implies
T(y,4)-P C1(A) C U. Therefore A is (v,7')-pregeneralized closed set in (X, 7).
Conversely, suppose x € 7(,-p C1(A) such that 7, ,n-pCl({z}) N A = 0.
Since 7(yn-p Cl({x}) is (7,7')-preclosed set in (X,7), (7(y)-pCl({x}))°
is a (v,7')-preopen set of (X,7). Since A C (7(,,,n-pCl({x}))¢ and A is
(7,7')-pregeneralized closed, 7, )-p Cl(A) C(7(y)-pCl({x}))¢. This im-
plies that x ¢ 7(, ,n-p Cl(A). This is a contradiction. Hence 7, ,-p Cl({z})
NA # (. [ |

Theorem 14. A is a (vy,7')-pregeneralized closed subset of a topological
space (X, 7), if and only if 7(y 4n-p CL{A)\A does not contain a nonempty
(v,v)-preclosed set.

')

Proof. Suppose there exists a nonempty (v, ~')-preclosed set F' such that
F C7,,-pClANA. Let z € F, x € 7(,,)-pCI(A) holds. Then FNA =
Tyy)-P CUF) N A D 74 ,n)-pCl({z}) N A # (). Hence F'N A # (). This is a
contradiction. Conversely, suppose that 7, ,-p Cl(A)\A does not contain
a nonempty (,7)-preclosed set. Let A C U and U a (v,7')-preopen set in
(X, 7), then X\U C X\A, follows 7(, ,-p C1(A) N (X\U) C 7y 4-p CI(A) N
(X\A) = 7(y,4)-pCI{A\A). If we take F' = 7, ,)-pCI(A) N (X\U), F is
a (7,7/)-preclosed set and F' C 7, ,)-p CI(A)\A. Therefore F' = (), in con-
sequence, T(y,,1-pCl(A) € U and follows that A is (v,7')-pregeneralized
closed set. |

Theorem 15. For each x € X, {x} is (v,7)-preclosed or {z}¢ is
(v,7)-pregeneralized closed set in (X, ).

Proof. Suppose that {z} is not (v,7)-preclosed, then X\{z} is not
(7,7")-preopen. Let U be any (v,~’)-preopen set such that {z}¢ C U. Since



ON A CLASS OF (v,7')-PREOPEN SETS ... 33

U= X, 74,,)pCl({z}¢) C U. Therefore, {x}¢ is (v,7')-pregeneralized
closed. |

Theorem 16. A topological space (X,T) is (v,7)-pre-Ty o space if and
only if every singleton subset of X is (v,7)-preclosed or (v,~')-preopen in
(X, 7).

Proof. Let z € X. Suppose {z} is not (v,7)-preclosed. Then, it follows
from assumption and Theorem 15 that {z} is (7,7’)-preopen. Conversely,
Let F be a (v,7')-pregeneralized closed set in (X, 7). Let 2 be any point in
T(y,7)-P CL(F’), then by assumption {x} is (y,7')-preopen or (7, v")-preclosed.

Case (i): Suppose {z} is (7,7')-preopen. Then by Theorem 13 we have
{z}NF # (. This implies 7, ,-p CI(F) = F; hence (X, 7) is (v,7')-pre-T jo.

Case (ii): Suppose {z} is (v,7')-preclosed. Assume z ¢ F, then z €
T(y,y)-p CL(F)\F. This is not possible by Theorem 14. Thus, we have z € F.
Therefore, 7(,,1-pCI(F) = F and hence F' is (v,7')-preclosed. It follows
that (X, 7) is (7v,7)-pre-Tys- [ ]

Remark 10. The space defined in Example 2, is (7, 7/)-pre-T j, space.

3. (v,7')-precontinuous functions

Throughout this section let (X, 7) and (Y, o) be two topological spaces
and let v, : 7 — P(X) and 8,5 : ¢ — P(Y) be operations on 7 and o,
respectively.

Definition 15. A function f : (X,7) — (Y,0) is said to be (v,7')-pre-
continuous if for each x € X and each (8, 3')-preopen set V containing f(z)
there exists a (y,~")-preopen set U such that x € U and f(U) C V.

Theorem 17. Let [ : (X,7) — (Y,0) be an (v,7)-precontinuous func-
tion. Then the following hold:

(1) f(7(yyPCUA)) C ogpy — pCI(f(A)) holds for every subset A of
(X, 7).

(ii) for every (B, B')-preclosed set B of (Y, o), f~1(B) is (,7')-preclosed
in (X,71).

Proof. (i) Let y € f(7(y4)-pCIl(A)) and V' be any (3, 5')-preopen set
containing y. Then there exists x € X and (v,7)-preopen set U such
that f(z) = y and x € U and f(U) C V. Since z € 7(,,,-pCI(A), we
have U N A # () and hence () # f(UNA) C f(U)N f(A) C VN f(A).
This implies = € o3 4)-p C1(f(A)). Therefore we have f(7(,1-pCIl(A)) C

o(s,8)-p CI(f(A)).
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(43) Let B be a (8, B’)-preclosed set in (Y, o). Therefore, o4 g)-p CI(B)

B. By using (i) we have f(, bCl( (B)) C 08,8 —pCl( ) = B.
Therefore, we have 7(, ,)-p Cl(f ( )) = f~Y(B). Hence f~Y(B) is (v,7)-
preclosed. |

Definition 16. A function [ : (X,7) — (Y, 0) is said to be (,~")-preclo-
sed if for any (v,7')-preclosed set A of (X, 1), f(A) is a (B,5)-closed inY .

Theorem 18. Suppose that f is (y,~')-precontinuous and (v,~")-preclo-
sed function. Then,

(i) for every (v,~')-pregeneralized closed set A of (X, 7), the image f(A)
is (B, B')-pregeneralized closed.

(ii) for every (B,[')-pregeneralized closed set B of (Y,o), f~Y(B) is
(v,v")- pregeneralized closed.

Proof. (i) Let V be any ( ,ﬁ’) preopen set in (Y, o) such that f(A) C V.
By using Theorem 17 (i), f~1(V) is (v, fy) -preopen in (X, 7). Since A is
(7,7")-pregeneralized closed and A C f~1(V), we have 7, ,)-pCl(A) C
S7H(V), and hence f(7(y1-pCL(A)) C V. It follows that f(7(,.1-pCl(A))
is a (8, 3')-preclosed set in Y. Therefore, o g pCl(f(A)) C 088 —
pCIf (1) —PCUA))) = f(7(,y) —PCI(A)) C V. This implies f(A) is
(B8, B')-pregeneralized closed.

(ii) Let U be a (v,7)-preopen set of (X,7) such that f~1(B) c U.
Put F = 7(,.)-pCI(f71(B)) N U°. It follows that F is (v,~)-preclosed
set in (X, 7). Since f is (7, ’y) preclosed, f(F) is (8, 3')-preclosed in (Y, o).
Then f(F) C f(1¢, - CUF(B)NU®)) C 05 50 CUF (S (BY)NF(UF)) ©
TP CL(B )\B ThlS implies f(F) = (), and hence F' = (). Therefore,
Ty)-P CI(f7H(B)) € U. Hence f~1(B) is (v,7)-pregeneralized closed in
(X, 7). [

Theorem 19. Let f : (X,7) — (Y,0) be (v,7)-precontinuous and
(v,7)-preclosed function. Then,

(4) If f is injective and (Y, o) is (8, B')-pre-Ty j2, then (X, 7) is (v,7')-pre-
115 space.

(4) If [ is surjective and (X,T) is (v,7')-pre-Ti 9, then (Y,0) is (8, ')-
pre-17 3.

Proof. Straightforward. |

Definition 17. A function f : (X,7) — (Y,0) is said to be (v,7")-pre-
homeomorphism, if f is bijective, (,~')-precontinuous and f~1 is (3, B')-pre-
continuous.

Theorem 20. Let f: (X,7) = (Y,0) be (v,)-prehomeomorphism. If
(X,7) is (v,7')-pre-Ty 9, then (Y, o) is (B, 8')-pre-T} /5.
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Proof. Let {y} be a singleton set of (Y, o). Then, there exists a point x
of X such that y = f(z) and by Theorem 16 that {z} is (v,7’)-preopen or
(7,7")-preclosed. By using Theorem 18(i), then {y} is (5, 8)-preclosed or
(8, B')-preopen. By Theorem 16, (Y, o) is (3, 3')-pre-T} /o space. [ |
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