
F A S C I C U L I M A T H E M A T I C I

Nr 46 2011

T. Sun, H. Xi and X. Peng

A NOTE ON ω-LIMIT SET OF A TREE MAP∗

Abstract. Let T be a tree and f : T → T be continuous. Denote
by P (f) and ω(x, f) the set of periodic points of f and ω-limit
set of x under f respectively. Write Λ(f) =

⋃
x∈T ω(x, f). In this

paper, we show that if x ∈ Λ(f)−P (f), then ω(x, f) is an infinite
minimal set.
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1. Introduction

In this paper, let N denote the set of all positive integers. Write Z+ =
N ∪ {0} and Nn = {1, 2, · · · , n}. Let (X, d) be a compact metric space,
denote by C0(X) the set of all continuous maps from X to X. For any
A ⊂ X, we use #(A), A, int(A), ∂A to denote the number of elements, the
closure, the interior and the boundary of A, respectively. Let f ∈ C0(X),
x ∈ X, r > 0, write B(x, r) = B(x, r, d) = {y ∈ X : d(y, x) < r}, O(x, f) =
{fn(x) : n ∈ Z+}, ω(x, f) =

⋂∞
n=0O(fn(x), f). O(x, f), ω(x, f) are called

the orbit and ω-limit set of x under f , respectively.

F (f) = {x ∈ X : f(x) = x},
Pn(f) = {x ∈ X : fn(x) = x, f i(x) 6= x(1 ≤ i ≤ n− 1)},
R(f) = {x ∈ X : x ∈ ω(x, f)},

AP (f) = {x ∈ X : for any ε > 0, there exists N ∈ Nsuch that for any

m ∈ Z+, d(x, fm+k(x)) < ε for some 0 < k ≤ N},
SAP (f) = {x ∈ X : for any ε > 0, there exists N ∈ N such that

d(x, fkN (x)) < ε for any k ∈ N},
Ω(f) = {x ∈ X : there exist {xi} ⊂ X and {ni} ⊂ N with xi → x,

ni →∞ such that fni(xi)→ x}.
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F (f), Pn(f), R(f), AP (f), SAP (f), Ω(f) are called the set of fixed points,
the set of periodic points with period n, the set of recurrent points, the set
of almost periodic points, the set of strongly almost periodic points and the
set of non-wandering points of f , respectively. Write P (f) =

⋃∞
n=1 Pn(f)

and Λ(f) =
⋃
x∈X ω(x, f), which are called the set of periodic points of and

ω-limit set of f , respectively. It is known that for any ∈ C0(X),

F (f) ⊂ P (f) ⊂ SAP (f) ⊂ AP (f) ⊂ R(f) ⊂ Λ(f) ⊂ Ω(f).

By a tree we mean a connected compact one-dimensional branched man-
ifold containing no copies homeomorphic to the circle. A subtree of T is a
subset of T , which is a tree itself. Let x ∈ T , denote by V (x) the number
of connected components of T − {x}. If V (x) = 1, then x is called an end
point of T . If V (x) ≥ 3, then x is called a branched point of T . Write
E(T ) = {x ∈ T : V (x) = 1} and O = {x ∈ T : V (x) ≥ 3}. The closure
every connected components of T − O is called edge of T and A connected
subset of any edge of T is called an interval of T . For any A ⊂ T , we use
[A] to denote the smallest connected closed subset of T containing A. For
any x, y ∈ T , write [x, y] = [{x, y}], (x, y] = [x, y]−{x}, [x, y) = [x, y]−{y},
(x, y) = [x, y]−{x, y}, denote by Tx(y) the connected component of T −{x}
containing y.

Definition 1. Let (a, b) ⊂ T be an interval. Given an orient on (a, b)
such that a < b. (a, b) is called of increasing type if fn(c) ∈ (c, b) for
any c ∈ (a, b) and any n ∈ N with fn(c) ∈ (a, b) and decreasing type if
fn(c) ∈ (a, c) for any c ∈ (a, b) and any n ∈ N with fn(c) ∈ (a, b).

Now we are in the position to state the main result of the paper.

Theorem 1. Let f ∈ C0(T ). If x ∈ Λ(f) − P (f), then ω(x, f) is an
infinite minimal set.

2. Proof of the main theorem

Lemma 1 ([2]). Let f ∈ C0(T ), [c, d] ⊂ T and Y be a subtree of T .
(a) If f([c, d]) ⊃ [c, d] and [c, d] ∩ (d, f(d)] = ∅, then F (f) ∩ [c, d] 6= ∅.
(b) If (a, f(a)] ∩ Y 6= ∅ for all a ∈ Y − F (f), then F (f) 6= ∅.

Lemma 2 ([3]). Let J ⊂ T −P (f)−O be connected. If there exist c ∈ J
and n ∈ N such that fn(c) ∈ J , then fnk(c) 6∈ Tfn(c)(c) for any k ≥ 2.

Lemma 3 ([3]). Let f ∈ C0(T ), then Λ(f) is a closed subset of T .

Lemma 4 ([3], [4]). Let J be a connected components of T − P (f)−O.
If x ∈ J

⋂
Ω(f), then fn(x) 6∈ J for any n ∈ N.
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Lemma 5 ([3]). Let (a, b) be a connected components of T − P (f)−O.
Given a director on (a, b) such that a < b, then (a, b) is of increasing type
or decreasing type.

Proof. Assume on the contrary that (a, b) neither be of increasing type
nor be of decreasing type, then there exist c, d ∈ (a, b), c 6= d and n1, n2 ∈ N
such that c < fn1(c) < b and a < fn2(d) < d. By Lemma 2 we see
fn1n2(c) ∈ Tfn1 (c)(b) and fn1n2(d) ∈ Tfn2 (d)(a). It follows from Lemma 1
that [c, d]

⋂
F (fn1n2) 6= ∅, which implies [c, d]

⋂
P (f) 6= ∅, a contradiction. �

Lemma 6 ([3]). Let f ∈ C0(T ). If x ∈ Λ(f) − P (f) − O, then O(x, f)
is an infinite set.

Lemma 7 ([3]). Let f ∈ C0(T ), then x ∈ Ω(f) if and only if there exist
xn −→ x and kn −→ +∞ such that fkn(xn) = x.

Lemma 8 ([1]). Let f ∈ C0(T ), then x ∈ AP (f) if and only if x ∈
ω(x, f) and ω(x, f) is a minimal set.

Proof of Theorem 1. Let T − O has m′ connected components and
#(O) = k′. It follows from Lemma 3 that P (f) ⊂ Λ(f). Since f(Λ(f)) =
Λ(f), we obtain f(Λ(f)−P (f) ) = Λ(f)−P (f). Let x ∈ Λ(f)−P (f), then
there exist x2m′+k′ , x2m′+k′−1, · · · , x1 ∈ Λ(f) − P (f) such that f(xi) =
xi−1 for 1 ≤ i ≤ 2m′ + k′ and xi 6= xj for any 0 ≤ i < j ≤ 2m′ + k′,
where x0 = x. Thus, there exist the connected component I of T − O and
i, j, k ∈ {0, 1, · · · , 2m′ + k′} such that xi, xj , xk ∈ I with xj ∈ (xi, xk).

Let (a, b) be the connected component of I − P (f) containing xj , then it
follows from Lemma 4 that xi 6∈ (a, b) and xj 6∈ (a, b). Given an orient on
(a, b) such that a < b. Set α = xj . According to Lemma 5, We may assume
without loss of generality that (a, b) is of increasing type. �

Claim 1. [α, b], f([α, b]), · · · , fs([α, b]), · · · are pairwise disjoint.

Proof of Claim 1. Assume on the contrary that there exist 0 ≤ s < t
such that fs([α, b])

⋂
f t([α, b]) 6= ∅, then W =

⋃∞
l=0 f

l([α, b]) has only
finitely many connected components. By Lemma 6 we see that O(α, f) is an
infinite set, it follows that f r(α) ∈ int(W ) for some r ∈ Z+, which implies
that there exists a neighborhood U of α such that f r(U) ⊂ W . Since α ∈
Λ(f) ⊂ Ω(f), it follows from Lemma 7 that f l(y) = α for some y ∈ U and
some l > r. By f r(y) ∈ f r(U) ⊂ W we have that f l1(u) = f r(y) for some
l1 ∈ Z+ and some u ∈ [α, b]. Thus α = f l(y) = f l−r(f l1(u)) = f l−r+l1(u),
which contradicts the fact that (a, b) is of increasing type. Claim 1 is
proven. �

By Claim 1 we see d(fn(α), fn(b)) −→ 0( n −→ +∞), which implies
ω(α, f) = ω(b, f).
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Claim 2. b ∈ ω(α, f).

Proof of Claim 2. It follows from Claim 1 that b 6∈ P (f), therefore
b ∈ P (f)\P (f). For any p ∈ (b, xk)

⋂
P (f). Let p ∈ Pm(f) for some m ∈ N.

Write g = fm, then α ∈ Λ(g) − P (g) and (a, b) is of increasing type for
g. Thus there exist z ∈ (a, b) and kn ∈ N with 1 ≤ k1 < k2 < · · · such
that gkn(z) −→ α and z < gk1(z) < gk2(z) < · · · < α. Now we show
[b, p]

⋂
O(α, g) 6= ∅.

Assume on the contrary that [b, p]
⋂
O(α, g) = ∅. We claim #([b, p]

⋂
O(b, g)) ≤ 2. Indeed, if there exist n1 < n2 < n3 such that gn1(b), gn2(b),
gn2(b) ∈ [b, p], then gni([α, b])

⋂
[b, p] 6= ∅, i = 1, 2, 3. It follows from

Claim 1 that gni0 ([α, b]) ⊂ [b, p] for some i0 ∈ {1, 2, 3}, which implies
[b, p]

⋂
O(α, g) 6= ∅, a contradiction. Hence, there exists N1 ∈ N such

that gn(b) 6∈ [b, p] for any n ≥ N1. Since z < gk1(z) < gk2(z) < · · · < α,
(1 ≤ k1 < k2 < · · · ) and (a, b)

⋂
P (g) = ∅, we have gkn+1−kn(b) ∈ Tb(xk)

for n ∈ N. In a similar fashion, we can show gkn+1−kn(α) ∈ Tα(xk) for any
n ∈ N. Note that α ∈ Λ(f) ⊂ Ω(f), it follows from Lemma 4 that gn(α) 6∈
(a, b) for any n ∈ N. Thus we have gkn+1−kn(α), gkn+1−kn(b) ∈ Tb(xk)
for any n ∈ N and there exists N ∈ N such that gkn+1−kn(b) ∈ Tp(xk)
for all n ≥ N . By Claim 1 we can choose a connected component J of
Tp(xk) − O and m1,m2 ≥ kN+1 − kN such that gm1([α, b]), gm2([α, b]) ⊂ J
and gm1([α, b]) ⊂ [p, gm2(b)]. Hence gt(z) ∈ [p, gm2(b)] for aome t ∈ N. For
any kn > t, we have

gkn+1−kn+m2([gkn(z), α]) ⊃ gm2([gkn+1(z), gkn+1−kn(α)])

⊃ gm2([b, p]) ⊃ [p , gm2(b)]

since gkn+1(z) < b < p < gkn+1−kn(α). Thus, there exists u ∈ [gkn(z), α] such
that gkn+1−kn+m2(u) = gt(z) and gkn(z) = gkn+1+m2−t(u), which contradicts
the fact that (a, b) is of increasing type for g.

Since b ∈ P (g)\P (f), (a, b)
⋂
P (g) = ∅ and p is arbitrary, b ∈ ω(α, g) ⊂

ω(α, f). Claim 2 is proven. �

Claim 3. b ∈ SAP (f).

Proof of Claim 3. For any 0 < ε < 1
2 min{d(b, α), d(b, xk)}, it follows

from the proof of Claim 2 that b ∈ ω(α, g), which implies gl(α) ∈ B(b, ε)
for some l ∈ N. Since gl(α) 6∈ (α, b], we get gl(α) ∈ B(b, ε)\(α, b], then
there exists a neighborhood U of α such that gl(U) ⊂ B(b, ε)\(α, b]. Note
gkn(z) −→ α, we have gr(z) ∈ B(b, ε)\(α, b] for some r ∈ N. Take kn > r,
then there exists p0 ∈ P (f) such that p0 ∈ (b, gr(z))

⋂
gkn+1−kn([gkn(z), α]).

We may assume p0 ∈ Pq(g), then gq(p0) = p0. Now we show d(gqt(b), b) < ε
for any t ∈ N, which implies b ∈ SAP (f).
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Assume on the contrary that gqt(b) 6∈ B(b, ε) for some t ∈ N.

If gqt(b) ∈ Tb(xk), then gqt(b) ∈ Tb(xk)\B(b, ε) and

gqt+kn+1−kn([gkn(z), α]) ⊃ gqt([gkn+1(z), p0]) ⊃ gqt([b, p0]) 3 gr(z).

Thus, there exists v ∈ [gkn(z), α] such that gqt+kn+1−kn(v) = gr(z) and
gkn(z) = gqt+kn+1−r(v), which contradicts the fact that (a, b) is of increasing
type for g.

If gqt(b) 6∈ Tb(xk), then it follows from Claim 1 that gqt(α) 6∈ Tα(b). Since
gqt(α) 6∈ (a, b), we obtain gqt(α) 6∈ Ta(α) and

gqt+kn+1−kn([gkn(z), α]) ⊃ gqt([gkn+1(z), p0]) ⊃ gqt([α, p0]) ⊃ [a, p0] 3 z,

Thus, there exists w ∈ [gkn(z), α] such that gqt+kn+1−kn(w) = z, which
contradicts the fact that (a, b) is of increasing type for g. Claim 3 is proven. �

By Claim 1, Claim 2 and Claim 3, we obtain ω(x, f) = ω(α, f) = ω(b, f)
and b ∈ ω(x, f)

⋂
SAP (f) ⊂ ω(x, f)

⋂
AP (f). It follows from Lemma 8

that ω(b, f) is a minimal set, which implies that O(b, f) ⊂ ω(b, f) and b is
not an eventually periodic point. Thus, ω(x, f) is an infinite minimal set.

References

[1] Block L.S., Coppel W.A., Dynamics in One Dimension, Lecture Notes
in Math., vol. 1513, Springer-Verlag, Berlin 1992.

[2] Blokh A.M., Trees with snowflakes and zero entropy maps, Topology,
33(2)(1994), 379-396.

[3] Gu R.B., Topological structure of non-wandering sets of continuous tree
maps, Chinese Annals of Mathematics, 19A(5)(1998), 577-582.(in Chinese).

[4] Ye X.D., The center and the depth of center of a tree map, Bull. Austral.
Math. Soc., 48(1993), 347-350.

Taixiang Sun
College of Mathematics and Information Science

Guangxi University
Nanning, Guangxi 530004, P.R. China

e-mail: stxhql@gxu.edu.cn

Hongjian Xi
Department of Mathematics

Guangxi College of Finance and Economics
Nanning, Guangxi 530003, P.R. China

e-mail: 699caa@163.com



146 T. Sun, H. Xi and X. Peng

Xiaofeng Peng
College of Mathematics and Information Science

Guangxi University
Nanning, Guangxi 530004, P.R. China

e-mail: 308805687@qq.com

Received on 24.08.2009 and, in revised form, on 03.08.2010.


