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1. Introduction

In 1992, Dhage [1] introduced the concept of D-metric space. Recently,
Mustafa and Sims [4] showed that most of the results concerning Dhage’s D-
metric spaces are invalid. Therefore, they introduced an improved version
of the generalized metric space structure and called it as G-metric space.
For more details on G-metric spaces, one can refer to the papers [4]-[7].

Now we give basic definitions and some basic results ([4]-[7]) which are
helpful for proving our main result.

In 2006, Mustafa and Sims [5] introduced the concept of G-metric spaces
as follows:

Definition 1 ([5]). Let X be a nonempty set, and let G : X×X×X → R+

be a function satisfying the following axioms:
(G1) G(x, y, z) = 0 if x = y = z,
(G2) 0 < G(x, x, y), for all x, y ∈ X with x 6= y,
(G3) G(x, x, y) ≤ G(x, y, z), for all x, y, z ∈ X with z 6= y,
(G4) G(x, y, z) = G(x, z, y) = G(y, z, x) = · · · (symmetry in all three

variables) and
(G5) G(x, y, z) ≤ G(x, a, a) + G(a, y, z) for all x, y, z, a ∈ X, (rectangle

inequality).
Then the function G is called a generalized metric, or, more specifically

a G-metric on X and the pair (X,G) is called a G-metric space.

Definition 2 ([5]). Let (X,G) be a G-metric space then for x0 ∈ X,
r > 0, the G-ball with centre x0 and radius r is

BG(x0, r) = {y ∈ X : G(x0, y, y) < r}
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Proposition 1 ([5]). Let (X,G) be a G-metric space then for any x0 ∈
X, r > 0, we have,

(a) if G(x0, x, y) < r then x, y ∈ BG(x0, r),
(b) if y ∈ BG(x0, r) then there exists a δ > 0 such that BG(y, δ) ⊆

BG(x0, r).
It follows from (2) of the above proposition that the family of all G-balls,

B = {BG(x, r) : x ∈ X, r > 0} is the base of a topology τ(G) on X, the
G-metric topology.

Proposition 2 ([5]). Let (X,G) be a G-metric space then for all x0 ∈ X
and r > 0, we have,

BG(x0,
1

3
r) ⊆ BdG(x0, r) ⊆ BG(x0, r)

where dG(x, y) = G(x, y, y) + G(x, x, y), for all x, y in X. Consequently,
the G-metric topology τ(G) coincides with the metric topology arising from
dG. Thus, while ‘isometrically’ distinct, every G-metric space is topologically
equivalent to a metric space. This allows us to readily transport many results
from metric spaces into G-metric spaces settings.

Definition 3 ([5]). Let (X,G) be a G-metric space, and let {xn} be a
sequence of points in X, a point ‘x′ in X is said to be the limit of the sequence
{xn} if G(x, xn, xm) → 0 as n,m → ∞ and one says that sequence {xn}
is G-convergent to x. Thus, that if xn → x or lim

n→∞
xn = x in a G-metric

space (X,G) then for each ε > 0, there exists a positive integer N such that
G(x, xn, xm) < ε for all m,n ≥ N .

Proposition 3 ([5]). Let (X,G) be a G-metric space. Then the following
are equivalent:

(a) {xn} is G-convergent to x,
(b) G(xn, xn, x)→ 0 as n→∞,
(c) G(xn, x, x)→ 0 as n→∞,
(d) G(xm, xn, x)→ 0 as m,n→∞.

Definition 4 ([5]). Let (X,G) be a G-metric space. A sequence {xn} is
called G-Cauchy if, for each ε > 0 there exists a positive integer N such that
G(xn, xm, xl) < ε for all n,m, l ≥ N ; i.e. G(xn, xm, xl)→ 0 as n,m, l→∞.

Proposition 4 ([5]). If (X,G) is a G-metric space then the following
are equivalent:

(a) The sequence {xn} is G-Cauchy,
(b) for each ε > 0, there exist a positive integer N such that

G(xn, xm, xm) < ε for all n,m ≥ N .
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Proposition 5 ([5]). Let (X,G) be a G-metric space. Then the function
G(x, y, z) is jointly continuous in all three of its variables.

Definition 5 ([5]). A G-metric space (X,G) is said to be G-complete if
every G-Cauchy sequence in (X,G) is G-convergent in X.

Proposition 6 ([5]). A G-metric space (X,G) is G-complete if and only
if (X, dG) is a complete metric space.

Proposition 7 ([5]). Let (X,G) be a G-metric space. Then, for any x,
y, z, a in X it follows that:

(i) If G(x, y, z) = 0, then x = y = z,
(ii) G(x, y, z) ≤ G(x, x, y) +G(x, x, z),
(iii) G(x, y, y) ≤ 2G(y, x, x),
(iv) G(x, y, z) ≤ G(x, a, z) +G(a, y, z),
(v) G(x, y, z) ≤ 2

3(G(x, y, a) +G(x, a, z) +G(a, y, z)),
(vi) G(x, y, z) ≤ (G(x, a, a) +G(y, a, a) +G(z, a, a)).

2. Main results

There has been a considerable interest to study common fixed point for
a pair (or family) of mappings satisfying contractive conditions in metric
spaces. Several interesting and elegant results were obtained in this direction
by various authors. It was the turning point in the ”fixed point arena” when
the notion of commutativity was used by Jungck [2] to obtain common
fixed point theorems. This result was further generalized and extended in
various ways by many authors. In particular, now we look in the context
of a common fixed point theorem in G-metric spaces. We start with the
following contraction conditions:

Let T be a mapping from a complete G-metric space (X,G) into itself
and consider the following conditions:

(1) G(Tx, Ty, Tz) ≤ αG(x, y, z), for all x, y, z ∈ X, where 0 ≤ α < 1.

It is clear that every self mapping T of X satisfying condition (1) is contin-
uous. Now we focus to generalize the condition(1) for a pair of self maps S
and T of X in the following way:

(2) G(Sx, Sy, Sz) ≤ αG(Tx, Ty, Tz), for all x, y, z ∈ X, where 0 ≤ α < 1.

To prove the existence of common fixed points for (2), it is necessary to
add additional assumptions of the following type: (i) construction of the
sequence {xn} (ii) some mechanism to obtain common fixed point and this
problem was overcome by imposing additional hypothesis on a pair of {S, T}.
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Most of the theorems followed a similar pattern of maps: (i) contraction
(ii) continuity of functions (either one or both) and (iii) some conditions on
pair of mappings were given. In some cases, condition (ii) can be relaxed
but condition (i) and (iii) are unavoidable.

In 1982, Sessa [9] introduced the concept of weakly commuting maps in
metric spaces as follows:

The mappings f and g are said to be weakly commuting if

d(fgx, gfx) ≤ d(fx, gx) for all x ∈ X.

In 1994, Pant [8] introduced the notion of R-weakly commuting mappings
in metric spaces as follows:

The mappings f and g are said to be R-weakly commuting if there exist
some positive real number R such that d(fgx, gfx) ≤ Rd(fx, gx) for all x
in X.

Remark 1. R-weakly commuting maps are not necessarily continuous
at the fixed point.

Now we introduce the concept of weakly commuting and R-weakly com-
muting maps in a G-metric space as follows:

Definition 6. Let f and g be maps from a G-metric space (X,G) into
itself. The mappings f and g are said to be weakly commuting if

G(fgx, gfx, gfx) ≤ G(fx, gx, gx) for all x ∈ X.

Definition 7. Let f and g be maps from a G-metric space (X,G) into
itself. The mappings f and g are said to be R-weakly commuting if there
exist some positive real number R such that

G(fgx, gfx, gfx) ≤ RG(fx, gx, gx) for all x ∈ X.

Remark 2. If R < 1 then R-weakly commuting maps are weakly com-
muting.

Now we shall prove our main result:

Theorem 1. Let (X,G) be a complete G-metric space and let f and g be
R-weakly commuting self-mappings of X satisfying the following conditions:

(3) f(X) ⊆ g(X);

(4) f or g is continuous;

(5) G(fx, fy, fz) ≤ qG(gx, gy, gz), for every x, y, z ∈ Xand 0 ≤ q < 1.

Then f and g have a unique common fixed point in X.
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Proof. Let x0 be an arbitrary point in X. By (3), one can choose
a point x1 in X such that fx0 = gx1. In general choose xn+1 such that
yn = fxn = gxn+1.

Now, we prove that {yn} is a G-Cauchy sequence in X. From (5), take
x = xn, y = xn+1, z = xn+1 we have

G(fxn, fxn+1, fxn+1) ≤ qG(gxn, gxn+1, gxn+1) = qG(fxn−1, fxn, fxn).

Continuing in the same way, we have

G(fxn, fxn+1, fxn+1) ≤ qn G(fx0, fx1, fx1)

⇒ G(yn, yn+1, yn+1) ≤ qn G(y0, y1, y1).

Therefore, for all n,m ≥ N (set of natural numbers), n < m, we have by
using (G5)

G(yn, ym, ym) ≤ G(yn, yn+1, yn+1) +G(yn+1, yn+2, yn+2)

+ G(yn+2, yn+3, yn+3) + · · ·+G(ym−1, ym, ym)

≤ (qn + qn+1 + qn+2 + · · ·+ qm−1)G(y0, y1, y1)

≤ (qn + qn+1 + qn+2 + · · · )G(y0, y1, y1)

=
qn

(1− q)
G(y0, y1, y1)→ 0 as n→∞.

Thus {yn} is a G-Cauchy sequence in X. Since (X,G) is complete G-metric
space, there exists a point z inX such that lim

n→∞
yn = lim

n→∞
gxn = lim

n→∞
fxn =

z. Let us suppose that the mapping f is continuous. Therefore lim
n→∞

fgxn =

lim
n→∞

ffxn = fz. Since f and g are R-weakly commuting,

G(fgxn, gfxn, gfxn) ≤ R G(fxn, gxn, gxn).

By letting n→∞, we get lim
n→∞

gfxn = lim
n→∞

fgxn = fz.

We now prove that z = fz. Suppose z 6= fz, then G(z, fz, fz) > 0.
From (5), on letting x = xn, y = fxn, z = fxn, we have

G(fxn, ffxn, ffxn) ≤ q G(gxn, gfxn, gfxn).

Proceeding limit as n→∞, we get

G(z, fz, fz) ≤ qG(z, fz, fz) < G(z, fz, fz), a contradiction.

Therefore, z = fz. Since f(X) ⊆ g(X), we can find z1 in X such that
z = fz = gz1. Now from (5), take x = fxn, y = z1, z = z1, we have

G(ffxn, fz1, fz1) ≤ q G(gfxn, gz1, gz1).
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Taking limit as n→∞, we get

G(fz, fz1, fz1) ≤ q G(fz, gz1, gz1) = q G(fz, fz, fz) = 0,

which implies that fz = fz1, i.e. z = fz = fz1 = gz1. Also, by using
definition of R-weakly commutativity,

G(fz, gz, gz) = G(fgz1, gfz1, gfz1) ≤ R G(fz1, gz1, gz1) = 0,

which again implies that fz = gz = z. Thus z is a common fixed point of
f and g.

Uniqueness. We assume that z1( 6= z) be another common fixed point
of f and g.

Then G(z, z1, z1) > 0 and

G(z, z1, z1) = G(fz, fz1, fz1)) ≤ q G(gz, gz1, gz1)

= q G(z, z1, z1) < G(z, z1, z1),

a contradiction, therefore z = z1. Hence uniqueness follows.

As an application of Theorem 1, we have the following result:

Corollary. it Let (X,G) be a complete G- metric space and let f be a
self-mappings of X. If there is 0 ≤ q < 1 such that

G(fx, fy, fz) ≤ q G(gx, gy, gz) holds for all x, y, z ∈ X,

then f and g have a unique common fixed point in X.

Proof. Follow from Theorem 1 by taking g to be the identity map. �

The above Corollary is stated in [10] as Corollary 3.3 and proved by
different way.

Example 1. Let X = [−1, 1] and let G : X × X × X → R+ be the
G-metric defined as follows:

G(x, y, z) = (| x− y | + | y − z | + | z − x |), for all x, y, z ∈ X.

Then (X,G) is a G-metric space. Define f(x) = x and g(x) = 2x− 1.
Here we note that,
(a) f(X) ⊆ g(X),
(b) f is continuous on X,
(c) G(fx, fy, fz) ≤ qG(gx, gy, gz), holds for all x, y, z ∈ X, 1

2 < q < 1.

However, the maps f and g are R-weakly compatible and x = 1 is the
unique common fixed point of f and g. Thus all the conditions of the
Theorem 1 are satisfied.



R-weakly commuting maps . . . 17

References

[1] Dhage B.C., Generalized metric spaces and mappings with fixed point, Bull.
Calcutta Math. Soc., 84(1992), 329-336.

[2] Jungck G., Commuting mappings and fixed point, Amer. Math. Monthly,
83(1976), 261-263.

[3] Jungck G., Rhoades B.E., Fixed point for set valued functions without
continuity, Indian J. Pure Appl. Math., 29(1998), 227-238.

[4] Mustafa Z., Sims B., Some remarks concerning D-metric spaces, , Pro-
ceedings of International Conference on Fixed Point Theory and Applications,
Yokohama Publishers. Valencia Spain, July 13-19(2004), 189-198

[5] Mustafa Z., Sims B., A new approach to a generalized metric spaces, J.
Nonlinear Convex Anal., 7(2006), 289-297.

[6] Mustafa Z., Obiedat H., Awawdeh F., Some fixed point theorems for
mappings on complete G-metric spaces, Fixed point theorey and Applications,
Vol. 2008, Article ID 18970, 12 pages.

[7] Mustafa Z., Shatanawi W., Bataineh M., Existence of fixed points results
in G-metric spaces, International Journal of Mathematics and Mathematical
Sciences, Vol. 2009, Article ID. 283028,10 pages.

[8] Pant R.P., Common fixed points of non commuting mappings, J. Math.Anal.
Appl., 188(1994), 436-440.

[9] Sessa S., On a weak commutativity conditions of mappings in fixed point
considerations, Publ. Inst. Math. Beograd, 32(46)(1982), 146-153.

[10] Shatanawi W., Fixed point theory for contractive mappings satisfying - maps
in G-metric spaces, Fixed Point Theory and Applications, Vol. 2010, Article
ID 181650, 9 pages doi: 10.1155/2010/181650.

Saurabh Manro
School of Mathematics and Computer Applications

Thapar University
Patiala-147 004, India

e-mail: sauravmanro@yahoo.com

Sanjay Kumar
Deenbandhu Chhotu Ram University

of Science and Technology
Murthal (Sonepat), India

e-mail: sanjaymudgal2004@yahoo.com

Satwinder Singh Bhatia
School of Mathematics and Computer Applications

Thapar University
Patiala-147 004, India

e-mail: ssbhatia@thapar.edu

Received on 31.07.2010 and, in revised form, on 22.11.2010.


