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1. Introduction

The notion of quasi-open sets in bitopological spaces is introduced by
Datta [10] and studied in [21] and [41]. Some properties of quasi-open
sets are studied in [21]. The notion of quasi-continuity between bitopo-
logical spaces is introduced and studied in [6]. Quasi-semi-open sets and
quasi-semi-continuous functions are introduced in [22] and studied in [15]
and [37]. Popa [36] introduced and investigated the notions of quasi pre-
open sets and quasi precontinuity between bitopological spaces. Thakur
and Paik introduced and studied the notion of quasi-a-open sets in [43] and
[44]. Moreover, Thakur and Verma [45] introduced and studied the notion
of quasi semipreopen sets in bitopological spaces.

The present authors introduced the notions of minimal structures, m-spa-
ces, M-continuity in [38] and [39]. Recently, in [7], by using these concepts
we introduced the notion of quasi M-continuous functions which establish
the unified theory for several variations of quasi continuity between bitopo-
logical spaces. In this paper, we obtain the further properties of quasi M-
continuous functions which have been investigated in [7].

2. Preliminaries

Let (X, 7) be a topological space and A a subset of X. The closure of A
and the interior of A are denoted by Cl(A) and Int(A), respectively.
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Definition 1. Let (X,7) be a topological space. A subset A of X is
said to be a-open [32] (resp. semi-open [17], preopen [26], (-open [1]
or semi-preopen [3/) if A C Int(Cl(Int(A))) (resp. A C Cl(Int(A4)), A C
Int(Cl(A)), A C Cl(Int(Cl(A)))).

The family of all semi-open (resp. preopen, a-open, $-open, semi-preopen )
sets in X is denoted by SO(X) (resp. PO(X), a(X), B8(X), SPO(X)).

Definition 2. The complement of a semi-open (resp. preopen, c-open,
B-open , semi-preopen) set is said to be semi-closed [8] (resp. preclosed [11],
a-closed [27], B-closed [1], semi-preclosed [3]).

Definition 3. The intersection of all semi-closed (resp. preclosed, a-closed,
B-closed, semi-preclosed) sets of X containing A is called the semi-closure
[8] (resp. preclosure [11], a-closure [27], B-closure [2], semi-preclosure [3])
of A and is denoted by sCI(A) (resp. pCl(A), aCl(A), sCI(A), spCIl(A)).

Definition 4. The union of all semi-open (resp. preopen, «-open,
B-open, semi-preopen) sets of X contained in A is called the semi-interior
(resp. preinterior, a-interior, SB-interior, semi-preinterior) of A and is de-
noted by sInt(A) (resp. pInt(A), adnt(A), gInt(A), spInt(A)).

Throughout the present paper, (X,7) and (Y, o) always denote topolog-
ical spaces and (X, 7, 72) and (Y, 01, 02) denote bitopological spaces.

3. Minimal structures

Definition 5. A subfamily mx of the power set P(X) of a nonempty
set X is called a minimal structure (or briefly m-structure) [38], [39] on X
if0 emyx and X € mx.

By (X,mx) (or briefly (X, m)), we denote a nonempty set X with a
minimal structure mx on X and call it an m-space. Each member of m x is
said to be mx-open (or briefly m-open) and the complement of an m x-open
set is said to be mx-closed (or briefly m-closed).

Remark 1. Let (X, 7) be a topological space. Then the families T,
SO(X), PO(X), a(X), B(X) and SPO(X) are all m-structures on X.

Definition 6. Let X be a nonempty set and mx an m-structure on X.
For a subset A of X, the mx-closure of A and the mx-interior of A are
defined in [25] as follows:

(a) mx-Cl(A) =n{F: ACF,X —Femx},

(b) mx-Int(A) = U{U : U C A, U € mx}. mx-Cl(A) and mx-Int(A)
are briefly denoted by mCI(A) and mInt(A), respectively.
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Remark 2. Let (X,7) be a topological space and A a subset of X. If
mx = 7 (resp. SO(X), PO(X), a(X), B(X), SPO(X)), then we have

(a) mx-Cl(A) = CI(A) (resp. sCl(A), pCl(A), aCl(A), sCI(A), spCl(A4)),

(b) mx-Int(A) = Int(A) (resp. sInt(A), pInt(A), alnt(A), gInt(A), spInt(A)).

Lemma 1 (Maki et al. [25]). Let (X, mx) be an m-space. For subsets
A and B of X, the following properties hold:

(a) mCl(X — A) = X —mInt(A) and mInt(X — A) = X — mCl(A4),
(b) If (X—A) € mx, thenmCl(A) = A and if A € mx, thenmInt(A) = A,
(¢) mCL((})) = 0, mCl(X) = X, mInt()) =0 and mInt(X) = X,
(d) If A C B, then mCl(A) C mCl(B) and mInt(A) C mInt(B),
(e) AC mCl(A) and mInt(A) C A,
(f) mCl(mCl(A)) = mCl(A) and mInt(mInt(A)) = mInt(A).

Lemma 2 (Popa and Noiri [38]). Let (X,mx) be an m-space and A a
subset of X. Then x € mx-C1(A) if and only if UNA # () for every U € mx
containing .

Definition 7. A minimal structure mx on a nonempty set X is said to
have property B [25] if the union of any family of subsets belonging to mx
belongs to mx.

Remark 3. Let (X, 7) be a topological space, then 7, SO(X), PO(X),
a(X), B(X), SPO(X) are all m-structures on X having property B.

Lemma 3 (Popa and Noiri [40]). Let (X, mx) be an m-space and mx
satisfy property B. Then for a subset A of X, the following properties hold:

(a) A€ my if and only if mx-Int(A) = A,

(b) A is mx-closed if and only if mx-Cl(A) = A,

(¢c) mx-Int(A) € mx and mx-Cl(A) is mx-closed.

Definition 8. A subset A of a bitopological space (X, T1,72) is said to be

(a) quasi open [10], [21] if A= BUC, where B €1 and C € 13,

(b) quasi semi-open [15], [22] if A = BUC, where B € SO(X,71) and
C € S0(X, 1),

(c) quasi preopen [36] if A = BUC, where B € PO(X,11) and C €
PO(X, ),

(d) quasi semipreopen [45] if A = BUC, where B € SPO(X,11) and
C € SPO(X, 12),

(e) quasi a-open [43] if A= BUC, where B € a(X, 1) and C € a(X, 13).

The family of all quasi open (resp. quasi semi-open, quasi preopen, quasi
semipreopen, quasi a-open) sets of (X, 71, 72) is denoted by QO(X) (resp.
QSO(X), QPO(X), QSPO(X), Qu(X)).
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Definition 9. Let (X, 71,72) be a bitopological space and m’. (resp. m%)
an m-structure on the topological space (X, 11) (resp. (X,72)). The family

gnx ={ACX:A=BUC, where Bem} and C € m%}

is called a quasi m-structure on X. FEach member A € gmx is said to
be quasi mx-open (or briefly quasi m-open). The complement of a quasi
mx-open set is said to be quasi mx-closed (or briefly quasi m-closed).

Remark 4. Let (X, 7, 7) be a bitopological space.

(a) If mY and m% have property (B), then gmx is an m-structure with
property (B).

(b) If mY = 7 and m% = 7 (resp. SO(X,71) and SO(X, 72), PO(X,71)
and PO(X, ), SPO(X, ) and SPO(X, ™), a(X,71) and (X, 7)), then
gmx = QO(X) (resp. QSO(X), QPO(X), QSPO(X), QaO(X)).

(¢) Since SO(X,7), PO(X,r;), SPO(X,7;) and a(X, ;) have property
(B), QSO(X), QPO(X), QSPO(X) and QaO(X) have property (B).

Definition 10. Let (X, 71,72) be a bitopological space. For a subset A
of X, the quasi mx-closure of A and the quasi mx-interior of A are defined
as follows:

(a) gmCl(A) = {F : AC F,X — F € gmx},

(b) gmInt(A) = U{U : U C A,U € gmx}.

Remark 5. Let (X, 71, 72) be a bitopological space and A a subset of X.

If gmx = QO(X) (resp. QSO(X), QPO(X), QSPO(X), QaO(X)), then we
have

() qul(A) — qCI(4) (resp. qsCI(A) [15], qpCI(A) [36], gspCl(A) [45],

qaCl(A) [43]),

(

(b) qmInt(A) = qInt(A) (resp. gsInt(A), qpInt(A), gsplnt(A), qalnt(A)).

4. Quasi mg-closed sets in bitopological spaces

Definition 11. Let (X, 7) be a topological space. A subset A of X s
said to be
(a) g-closed [18] if C1(A) C U whenever A C U and U € T,
) ga-closed [24] if aCl(A) C U whenever A C U and U € a(X),
) sg-closed [4] if sCI(A) C U whenever A C U and U € SO(X),
) pg-closed [34] if pCl(A) C U whenever A C U and U € PO(X),
e) spg-closed if spCl(A) C U whenever A C U and U € SPO(X).

Definition 12. Let (X,mx) be an m-space. A subset A of X is said
to be mg-closed [33] if mx-Cl(A) C U whenever A C U and U € mx. The
complement of an mg-closed set is said to be mg-open.

(b
(c
(d
(
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The collection of all mg-open sets of (X, mx) is denoted by mGO(X).
Then mGO(X) is a new minimal structure on X.

Remark 6. Let (X, 7) be a topological space and mx an m-structure on
X. If mx =7 (resp. SO(X), PO(X), a(X), SPO(X)), then, an mg-closed
set is a g-closed (resp. sg-closed, pg-closed, ga-closed, spg-closed) set.

Definition 13. Let (X, 7, 72) be a bitopological space. A subset A of X
s said to be

(a) quasi g-closed or (1,2)g-closed [16] if qC1(A) C U whenever A C U
and U € QO(X),

(b) quasi ag-closed if qaCl(A) C U whenever A C U and U € QaO(X),

(¢) quasi sg-closed if qsCl(A) C U whenever A C U and U € QSO(X),
(d) quasi pg-closed if qpCl(A) C U whenever A C U and U € QPO(X),
(e) quasi spg-closed if qspCl(A) C U whenever A C U and U € QSPO(X).

Definition 14. Let (X, 71, 72) be a bitopological space and qmx a quasi
m-structure on X. A subset A is said to be quasi mg-closed in (X, 11,72) if
A is mg-closed in (X, qgmx).

A subset A is said to be quasi mg-open if the complement of A is quasi
mg-closed. The collection of all quasi g-open (resp. quasi sg-open, quasi
pg-open, quasi ag-open, quasi spg-open) sets of (X, 71, 72) is denoted by
QGO(X) (resp. QSGO(X), QPGO(X), QaGO(X), QSPGO(X)).

Remark 7. Let (X, 71,72) be a bitopological space.

(a) Tf gmx = QO(X) (resp. QSO(X), QPO(X), Qa(X), QSPO(X)),
then, a quasi mg-closed set is a quasi g-closed (resp. quasi sg-closed, quasi
pg-closed, quasi ag-closed, quasi spg-closed) set.

(b) The families QGO(X), QSGO(X), QPGO(X), QaGO(X) and QSPG-
O(X) are all minimal structures on X which do not have property B in
general.

Lemma 4 (Noiri [33]). Let (X, mx) be an m-space. For subsets A, B
of X, the following properties hold:

(a) if A is m-closed, then A is mg-closed,

(b) if mx has property B and A is mg-closed and m-open, then A is
m-closed,

(c) if A is mg-closed and A C B C mCl(A), then B is mg-closed.

Theorem 1. Let (X, 711,72) be a bitopological space and qmx a quasi
m-structure on X. For subsets A, B of X, the following properties hold:

(a) if A is quasi m-closed, then A is quasi mg-closed,

(b) if gmx has property B and A is quasi mg-closed and quasi m-open,
then A is quasi m-closed,
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(¢) if A is quasi mg-closed and A C B C qmCl(A), then B is quasi
mg-closed.

Proof. The proof follows from Definition 14 and Lemma 4. |

Corollary 1. Let (X, 711,72) be a bitopological space. For subsets A, B
of X, the following properties hold:

(a) if A is quasi-closed, then A is quasi g-closed,

(b) if A is quasi g-closed and quasi-open, then A is quasi-closed,

(c) if A is quasi g-closed and A C B C qCI(A), then B is quasi g-closed.

Lemma 5 (Noiri [33]). Let (X,mx) be an m-space. Then, for each
x € X, either {z} is m-closed or {z} is mg-open.

Theorem 2. Let (X, 71,72) be a bitopological space and qmx a quasi
m-structure on X. Then, for each x € X, either {x} is quasi m-closed or
{z} is quasi mg-open.

Proof. The proof follows from Definition 14 and Lemma 5. |

Corollary 2. Let (X,71,72) be a bitopological space. Then, for each
x € X, either {z} is quasi closed or {z} is quasi g-open.

Lemma 6 (Noiri [33]). Let (X, mx) be an m-space. Then, a subset A
of X is mg-open if and only if F C mInt(A) whenever FF C A and F is
m-closed.

Theorem 3. Let (X, 11, 72) be a bitopological space and gmx a minimal
structure on X. Then, a subset A of X is quasi mg-open if and only if I C
qmlInt(A) whenever FF C A and F is quasi m-closed.

Proof. The proof follows from Definition 14 and Lemma 6. |

Corollary 3. A subset A of (X,71,72) is quasi g-open if and only if
F C qInt(A) whenever F C A and F' is quasi closed.

Lemma 7 (Noiri [33]). For subsets A, B of X, the following properties
hold:

(a) if A is m-open, then A is mg-open,

(b) if mx has property B and A is mg-open and m-closed, then A is
m-open,

(c) if A is mg-open and mInt(A) C B C A, then B is mg-open.

Theorem 4. Let (X, 711,72) be a bitopological space and qmx a quasi
minimal structure on X. For subsets A, B of X, the following properties
hold:
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(a) if A is quasi m-open, then A is quasi mg-open,

(b) if gmx has property B and A is quasi mg-open and quasi m-closed,
then A is quasi m-open,

(c) if A is quasi mg-open and qmlnt(A) C B C A, then B is quasi
mg-open.

Proof. The proof follows from Definition 14 and Lemma 7. |

Corollary 4. For subsets A, B of (X,11,72), the following properties
hold:

(a) if A is quasi-open, then A is quasi g-open,

(b) if A is quasi g-open and quasi-closed, then A is quasi-open,

(c) if A is quasi g-open and qlnt(A) C B C A, then B is quasi g-open.

Lemma 8 (Noiri [33]). Let (X,mx) be an m-space, where mx have
property B. Then, for a subset A of X, the following properties are equiva-
lent.

(a) A is mg-closed;

(b) mCl(A) — A does not contain any nonempty m-closed set;

(¢c) mCl(A) — A is mg-open.

Theorem 5. Let (X, 7,72) be a bitopological space and qmx a quasi
manimal structure on X having property B. Then, for a subset A of X, the
following properties are equivalent:

(a) A is quasi mg-closed;

(b) qmCl(A) — A does not contain any nonempty quasi m-closed set;

(¢) qmCl(A) — A is quasi mg-open.

Proof. The proof follows from Definition 14 and Lemma 8. |

Corollary 5. For a subset A of of a bitopological space (X, T1,T2), the
following properties are equivalent:

(a) A is quasi g-closed;

(b) qC1(A) — A does not contain any nonempty quasi closed set;

(c) qClL(A) — A is quasi g-open.

Lemma 9 (Noiri [33]). Let (X,mx) be an m-space. A subset A of X
is mg-closed if and only if mCl(A) N F = () whenever ANF = and F is
m-closed.

Theorem 6. Let (X, 71, 72) be a bitopological space and gqmx a quasi
minimal structure on X. Then, a subset A of X is quasi mg-closed if and
only if qmCl(A) N F = () whenever ANF = () and F is quasi m-closed.

Proof. The proof follows from Definition 14 and Lemma 9. |
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Corollary 6. Let (X, 71,72) be a bitopological space. Then, a subset A
of X is quasi g-closed if and only if qCI(A)NF = () whenever ANF = () and
Fis quasi closed.

Lemma 10 (Noiri [33]). Let (X, mx) be an m-space, where mx has
property B. A subset A of X is mg-closed if and only if mCl({z}) N A # 0
for each © € mCI(A).

Theorem 7. Let (X, 71,72) be a bitopological space and gmx a quasi
minimal structure on X having property B. Then, a subset A of X is quasi

mg-closed if and only if qmCl({z}) N A # 0 for each z € qmCl(A).

Proof. The proof follows from Definition 14 and Lemma 10. |

Corollary 7. Let (X, 11,72) be a bitopological space. Then, a subset A
of X is quasi g-closed if and only if qC1({z}) N A # O for each x € qCI(A).

Definition 15. A subset A of an m-space (X, mx) is said to be locally
m-closed [33] if A=UNF, where U € mx and F is m-closed.

Remark 8. Let (X, 7) be a topological space. If mx = 7 (resp. SO(X),
a(X), SPO(X), PO(X)), then a locally m-closed set is said to be locally
closed [12] (resp. semi-locally closed [42], a-locally closed [13], S-locally
closed [14], locally pre-closed).

Lemma 11 (Noiri [33]). Let (X, mx) be an m-space and mx have pro-
perty B. For a subset A of X, the following properties are equivalent:

(a) A is locally m-closed;

(b) A=UnNmCIl(A) for some U € mx;

(¢) mCl(A) — A is m-closed;

(d) AU (X —mCl(A4)) € mx;

(e) A C mInt[AU (X —mCI(A))].

Definition 16. Let (X, 71, m) be a bitopological space and qmx a quasi
minimal structure on X. A subset A of X is said to be locally quasi m-closed
if A is locally m-closed in (X,qmx), equivalently if A = U N B, where
U € gmx and B is quasi m-closed.

Remark 9. Let (X, 71, 72) be a bitopological space and gmx = QO(X)
(resp. QSO(X), QPO(X), Qa(X), QSPO(X)). If a subset A of X is locally
quasi m-closed, then A is locally quasi closed (resp. locally quasi semi-closed,
locally quasi preclosed, locally quasi a-closed, locally quasi semi-preclosed).

Theorem 8. Let (X, 711,72) be a bitopological space and qmx a quasi
minimal structure on X having property B. For a subset A of X, the fol-
lowing properties are equivalent:
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(a) A is locally quasi m-closed;

(b) A=UnqmCl(A) for some U € gmx;
(¢) qmCl(A) — A is quasi m-closed;

(d) AU (X — qmCl(A)) € gmx;

() A C qmInt[AU (X — qmCl(A))].

Proof. The proof follows from Definition 14 and Lemma 11. |

Corollary 8. Let (X, 11,72) be a bitopological space. For a subset A of
X, the following properties are equivalent:

(a) A is locally quasi closed;

(b) A=UnNqCl(A) for some quasi open set U of X;

(c) qC1(A) — A is quasi closed;

(d) AU (X —qCl(A)) is quasi closed;

(e) A C gqlnt[AU (X —qCl(A))].

Lemma 12 (Noiri [33]). Let (X, mx) be an m-space and mx have pro-
perty B. Then a subset A of X is m-closed if and only if A is mg-closed and
locally m-closed.

Theorem 9. Let (X, 71,72) be a bitopological space and qmx a quasi
minimal structure on X having property B. Then a subset A of X is quasi
m-closed if and only if A is quasi mg-closed and locally quasi m-closed.

Proof. The proof follows from Definition 14 and Lemma 12. |

Corollary 9. Let (X, 71,72) be a bitopological space and A a subset of
X. Then,

(a) A is quasi closed if and only if it is quasi g-closed and locally quasi
closed,

(b) A is quasi semi-closed if and only if it is quasi sg-closed and locally
quast semi-closed,

(c) A is quasi preclosed if and only if it is quasi pg-closed and locally quasi
preclosed.

(d) A is quasi a-closed if and only if it is quasi ag-closed and locally quasi
a-closed,

(e) A is quasi B-closed if and only if it is quasi spg-closed and locally
quasi B-closed.

5. Some properties of M-continuity

Definition 17. A function f : (X,mx) — (Y, my) is said to be M-conti-
nuous at a point x € X [38] if for each my-open sets V' of Y containing
f(z), there exists U € mx containing x such that f(U) C V.
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A function f : (X,mx) — (Y,my) is said to be M-continuous if f is
M-continuous at each point = of X.

Remark 10. Let (X, 7) and (Y, 0) be topological spaces.

(a) If mx = 7 (resp. SO(X), PO(X), a(X), SPO(X)) and f : (X,mx) —
(Y, o) is M-continuous, then f is continuous (resp. semi-continuous [17] or
quasi continuous [23], precontinuous [26], a-continuous [27], semi-preconti-
nuous [3] or S-continuous [1]).

(b) If mx = SO(X) (resp. PO(X), a(X), SPO(X)), my = SO(Y) (resp.
PO(Y), a(Y), SPO(Y)) and f : (X, mx) — (Y, my) is M-continuous, then
f is irresolute [9] (resp. preirresolute [28], a-irresolute [20], S-irresolute [29]).

(¢c)If mx =7, my =SO(Y) (resp. a(Y'), SPO(Y)) and f is M-continuous,
then f is s-continuous [5] (resp. strongly a-irresolute [19], strongly S-irresolu-
te [31]).

Theorem 10 (Noiri and Popa [35]). For a function f : (X, mx) —
(Y, my), the following properties are equivalent:

(a) f is M-continuous at x € X

(b) x € mInt(f~1(V)) for every V € my containing f(z);

(c) z € f~Y(mCI(f(A))) for every subset A of X with x € mCI(A);

(d) z € f~1(mCl(B)) for every subset B of Y with x € mCl(f~1(B));

(e) x € mInt(f~1(B)) for every subset B of Y with x € f~!(mInt(B));

(f) z € f~YK) for every my-closed set K of Y such that x € mCl(f~Y(K)).

For a function f: (X, mx) — (Y, my), we define Dy/(f) as follows:
Dy (f) ={x € X : f isnot M-continuous atz}.

Theorem 11 (Noiri and Popa [35]). For a function f : (X,mx) —
(Y, my), the following properties hold:

Du(f) = U, 71(G) —mnt(£71(G))}
- UBep(y){f_l(Int(B)) —mint(f1(B))}
= Upeppy (mCI =1 (B)) = £~ (mCU(B))}
= U yepi ImCUA) — 7 (mCI(F(A))}.

Definition 18. Let A be a subset of an m-space (X, mx). The m-frontier
of A, mFr(A), is defined by mFr(A) = mCIl(A) NmFr(X — A) = mCIl(A) —
mlInt(A).

Theorem 12. Let f : (X,mx) — (Y,my) be a function. Then the set

Dy(f) is equal to the union of m-frontiers of the inverse images of m-open
sets of Y containing f(x).
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Proof. Suppose that x € Dy;(f). There exists V' € my containing f(x)
such that f(U) is not contained in V for every U € mx containing x. Then
UN(X — f~5V)) # 0 for every U € my containing z and hence by Lemma
3.2 x € mCl(X — f~5V)). On the other hand, we have z € f~1(V) C
mCl(f~1(V)) and hence z € mFr(f~(V)).

Conversely, suppose that f is M-continuous at x € X and let V be
any my-open set of Y containing f(z). Then, by Theorem 5.1, we have
FHV) € mInt(f~1(V)). Therefore, x ¢ mFr(f~1(V)) for each my-open
set of Y containing f(z). [ |

Lemma 13 (Popa and Noiri [38]). For a function f : (X,mx) —
(Y, my), the following properties are equivalent:
(a) f is M -continuous;
(b) f~YV) = mX-Int( L(V)) for every my-open set V of Y;
(¢) mx-CIl(f~ ( ) = 1(F) for every my -closed set F' of Y;
(d) mx-Cl(f~%(B)) C f~Y(my-Cl(B)) for every subset B of Y;
(e) f(mX -Cl(A)) C my- Cl(f(A)) for every subset A of X;
(f) f~Y(my-Int(B)) C mx-Int(f~*(B)) for every subset B of Y.

Corollary 10 (Popa and Noiri [38]). Let (X, mx) be an m-space and
mx satisfy property B. For a function f : (X,mx) — (Y, my), the following
properties are equivalent:

(a) f is M-continuous;

(b) f~Y(V) is mx-open for every my-open set V of Y ;

(c) f~UF) is mx —closed for every my-closed set F of Y.

Definition 19. A function f : (X, mx) — (Y, my) is said to be M*-conti-
nuous [30] if f~1(V) is m-open in X for each m-open set V of Y.

Remark 11. (a) If f: (X,mx) — (Y, my) is M*-continuous, then it is
M-continuous. But the converse may not be true by Example 3.4 of [30].
(b) If mx has property B, then M-continuity is equivalent to M *-continuity.

Definition 20. A function f : (X, mx) — (Y, my) is said to be mg-conti-
nuous if f : (X, mGO(X)) — (Y,my) is M*-continuous, equivalently if
f~H(V) is mg-closed for each m-closed set V of Y.

Definition 21. A function f : (X,mx) — (Y, my) is said to be locally
me-continuous if f~1(K) is locally m-closed in X for each m-closed set K
of Y.

Theorem 13. A function f : (X,mx) — (Y,my), where mx has
property B, is M-continuous if and only if it is mg-continuous and locally
mc-continuous.
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Proof. The proof follows from Definitions 20 and 21 and Lemma 12. B

Definition 22. A function f : (X,mx) — (Y, my) is said to be contra
M*-continuous if f~1(K) is m-closed in X for each m-open set K of Y.

Theorem 14. A function f: (X,mx) — (Y, my), where mx has prop-
erty B, is mg-continuous and contra M*-continuous, then fis M-continuous.

Proof. Let V be any m-open set of Y. Since f is mg-continuous, f~*(V)
is mg-open. Since f is contra M*-continuous, f~!(V) is m-closed. By
Lemma 7, f~1(V) is m-open. Therefore, by Corollary 10 f is M-conti-
nuous. |

6. Quasi M-continuity in bitopological spaces

Definition 23. A function f: (X, 11,72) — (Y,01,02) is said to be

(a) quasi-continuous [6/ (resp. quasi semi-continuous [22/, quasi almost-
continuous [36], quasi semi-precontinuous [7)) if f~1(V) is quasi-open (resp.
quasi semi-open, quasi preopen, quasi semi-preopen) in (X, T, T2) for each
quasi-open set V of (Y,01,02),

(b) quasi irresolute [22] if f~1(V) is quasi semi-open in (X,71,72) for
each quasi semi-open set V. of (Y,01,02).

Definition 24. Let (X, 11,72) and (Y, 01,02) be bitopological spaces. Let
gmx (resp. qmy) be a quasi m-structure on X (resp. Y). A function
f(X,m,m2) = (Y,01,02) is said to be

(a) quasi M-continuous (resp. quasi M-continuous at x € X) [7] if f :
(X, qgmx) — (Y,my) is quasi M-continuous (resp. quasi M -continuous at
x e X),

(b) M*-continuous if f : (X,qgmx) — (Y, my) is M*-continuous.

Remark 12. (a) Let gmx be a quasi structure on (X, 71, 72) having prop-
erty B. Then a function f : (X, 7, 72) — (Y,01,02) is quasi M-continuous
if and only if f~1(V) is quasi m-open in X for each quasi m-open set V of
Y.

(b) If gmx = QO(X) (resp. QSO(X), QPO(X), QSPO(X)) and gmy
= QO(Y), then a quasi M-continuous function f : (X, 71,7) — (Y,01,02)
is quasi-continuous (resp. quasi semi-continuous, quasi almost continuous,
quasi semi-precontinuous).

Lemma 14 (Chae, Noiri and Popa [7]). Let (X, m1,72) and (Y,01,09)
be bitopological spaces. Let gqmx (resp. qmy) be a quasi m-structure on
X (resp. Y). For a function f : (X,71,7) — (Y,01,02), the following
properties are equivalent:



FURTHER PROPERTIES OF QUASI ... 41

(a) f is quasi M -continuous;

(b) f~Y(V) = qmInt(f~1(V)) for every quasi-m-open set V of Y ;
(¢) qmCl(f~ ( )) = f1(F) for every quasi-m-closed set F of Y ;
(d) qmCl(f~1(B)) C f~Y(qmCl(B)) for every subset B of Y ;

(e ) (qul( )) C amCl(f(A)) for every subset A of X;

(f) f~Y(amInt(B)) C qmInt(f~1(B)) for every subset B of Y.

Corollary 11 (Chae, Noiri and Popa [7]). Let (X, 11,72) be a bitopolog-
ical space and gqmx a quasi m-structure on X satisfying property B. For a
function f: (X, 11,m72) = (Y,01,02), the following properties are equivalent:

(a) f is quasi M -continuous;

(b) f~1(V) is quasi-m-open for every quasi-m-open set V of Y ;

(c) f~UF) is quasi-m-closed for every quasi-m-closed set F' of Y.

Theorem 15. Let (X, 71, 72) and (Y, 01,02) be bitopological spaces. Let
gmx (resp. gmy) be a quasi m-structure on X (resp. Y). For a function
f:(X,mx)— (Y,my), the following properties are equivalent:

) f is quasi M-continuous at x € X ;
x € qmInt(f~1(V)) for every V € qmy containing f(x);
x € f~Y(qmCI(f(A))) for every subset A of X with x € qul(A)

(a
©
E )) x € f~Y(qmCl(B)) for every subset B of Y with x € qul( YB));
)

x € qmInt(f~1(B)) for every subset B of Y with x € f~!(qmInt(B));
(f) * € f~YK) for every quasi m-closed set K of Y such that x €

qmCl(f ' (K)).
Proof. The proof follows from Definition 24 and Theorem 10. |

For a function f : (X, 71,7) — (Y, 01,02), we define Dgps(f) as follows:
Doyv(f) ={x € X : f is not quasi M-continuous at x}.

Theorem 16. Let (X, 71, m2) and (Y,01,02) be bitopological spaces. Let
gmx (resp. qmy) be a quasi m-structure on X (resp. Y). Then, for a
function f: (X, 11, m72) — (Y,01,02), the following equlities hold:

Doni(f) = Uy, 1 71(G) = amInt(f7H(@))}
= Upepp ™ (amInt(B) — amine (£~ (B))}
= Upepy {amCUF = (B) = /7 (amCU(B))}
= UAGP(X>{qm01< ) = 1~ (amCI(F(A)}-
For a function f : (X, 71,72) = (Y, 01, 09), we define Dy(f) as follows:

Dy(f) ={x € X : f is not quasi continuous at x}.
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Corollary 12. For a function f: (X, m,72) — (Y, 01,02), the following
equlities hold:

Dy(F) = Useqop, 1 (G) — alnt(fH(G))}
= Upeppy, (7 (aln(B)) — alut(f71(B))}
= Upepn 90104 (B) = 1 (aCUB))}
= U yepa (9C1A) = 7 (@CUF(A))))-

Definition 25. A function f : (X,71,72) — (Y,01,02) is said to be
quasi g-continuous (resp. quasi sg-continuous, quasi pg-continuous, quasi
ag-continuous, quasi spg-continuous) if f 1 (K) is quasi g-closed (resp. quasi
g-semi-closed, quasi g-preclosed, quasi g-a-closed, quasi g-semipreclosed) set
in (X, 71,72) for each quasi closed set K of (Y,01,02).

Definition 26. Let (X, 71,72) and (Y, 01,02) be bitopological spaces. Let
gmx (resp. gmy ) be a quasi m-structure on X (resp. Y). A function f :
(X,11,12) = (Y,01,02) is said to be quasi mg-continuous if f : (X, qgmx) —
(Y, gmy) is mg-continuous, equivalently if f~1(K) is quasi mg-closed set in
X for each quasi closed set K of Y.

Remark 13. If gmx = QO(X) (resp. QSO(X), QPO(X), QaO(X),
QSPO(X))) and gmy = QO(Y), then by Definition 26 we obtain Definition
25.

Definition 27. Let (X, m,72) and (Y, 01,02) be bitopological spaces. Let
gmx (resp. qmy) be a quasi m-structure on X (resp. Y). A function
[ (X,m,m) — (Y,01,092) is said to be locally quasi mc-continuous if
f: (X,qmx) — (Y,qgmy) is locally mc-continuous, equivalently if f~(K)
1s locally quasi mg-closed set in X for each quasi m-closed set K of Y.

Remark 14. If gmx = QO(X) (resp. QSO(X), QPO(X), QaO(X),
QSPO(X)), gmy = QO(Y) and f : (X,7,72) — (Y,01,02) is locally
quasi me-continuous, then f is locally quasi continuous (resp. locally quasi
semi-continuous, locally quasi precontinuous, locally quasi a-continuous, lo-
cally quasi semi-precontinuous).

By Definitions 26 and 27 and Theorem 13, we obtain the following de-
composition theorem of quasi M-continuity in bitopological spaces.

Theorem 17. Let (X, 71, 72) and (Y, 01,02) be bitopological spaces. Let
gmx (resp. gmy) be a quasi m-structure on X (resp. Y'), where gmx has
property B. A function [ : (X, 11,72) — (Y,01,09) is quasi M-continuous if
and only if fis quasi mg-continuous and locally quasi mc-continuous.
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Corollary 13. Let f : (X, 7,72) — (Y,01,02) be a function. Then the
following properties hold:

(a) f is quasi continuous if and only if it is quasi g-continuous and locally
quast continuous,

(b) f is quasi semi-continuous if and only if it is quasi sg-continuous and
locally quasi semi-continuous,

(¢) f is quasi precontinuous if and only if it is quasi pg-continuous and
locally quasi precontinuous,

(d) f is quasi a-continuous if and only if it is quasi ag-continuous and
locally quasi a-continuous,

(e) f is quasi semi-precontinuous if and only if it is quasi spg-continuous
and locally quasi semi-precontinuous.

Definition 28. Let (X, 71, 72) and (Y, 01, 02) be bitopological spaces. Let
gmx (resp. qmy) be a quasi m-structure on X (resp. Y). A function
[ (X,7m1,m) = (Y,01,02) is contra quasi M*-continuous if f : (X, gmx) —
(Y, gmy) is contra M*-continuous, equivalently if f~1(V') is quasi m-closed
set in X for each quasi m-open set V of Y.

Remark 15. If gmx = QO(X) (resp. QSO(X), QPO(X), QuO(X),
QSPO(X)), gmy = QO(Y) and f : (X,7m,72) — (Y,01,02) is contra
quasi M*-continuous, then f is contra quasi continuous (resp. contra quasi
semi-continuous, contra quasi precontinuous, contra quasi a-continuous,
contra quasi semi-precontinuous).

By Definition 28 and Theorem 14, we obtain the following theorem.

Theorem 18. Let (X, 11,72) and (Y,01,02) be bitopological spaces and
let gmx (resp. gmy) be a quasi m-structure on X (resp. Y'), where gmx has
property B. A function f : (X, 171,72) — (Y,01,02) is quasi mg-continuous
and contra quasi M*-continuous, then f is quasi M-continuous.

Corollary 14. Let f : (X, 711,72) — (Y,01,02) be a function. Then the
following properties hold:

(a) f is quasi continuous if it is quasi g-continuous and contra quasi
continuous,

(b) f is quasi semi-continuous if it is quasi sg-continuous and contra quasi
semi-continuous,

(c) f is quasi precontinuous if it is quasi pg-continuous and contra quasi
precontinuous,

(d) f is quasi a-continuous if it is quasi ag-continuous and contra quasi
a-continuous,

(e) f is quasi semi-precontinuous if it is quasi spg-continuous and contra
quast semi-precontinuous.
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Proof. The proof follows from Theorem 18 and gmy = QO(Y). [ |
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