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ABSTRACT. In the present paper we propose the ¢ analogue of well
known Szdsz-Mirakyan-Baskakov operators (see e.g. [14], [7]). We
apply g¢-derivatives, and g-Beta functions to obtain the moments
of the ¢-Szész-Mirakyan-Baskakov operators. Here we estimate
some direct approximation results for these operators.
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1. Introduction

Recently Mahmudov [12] and Aral [2] (see also [4]) proposed the g-analo-
gues of the well known Szdsz-Mirakyan operators and estimated some ap-
proximation results. The operators studied in [12] are different from those
studied in [4]. King type generalization of the ¢-Szasz operators defined
in [2] can be found in [1]. Also some approximation properties of the
another Szdsz-Mirakyan type operators were presented in [15]. The most
commonly used integral modifications of the Szasz-Mirakyan operators are
Szész-Mirakyan-Kantorovich and Szasz-Mirakyan-Durrmeyer operators.
g-analogue of some Durrmeyer type operators were studied in [13] and [9].
Very recently Gupta and Aral [8] proposed ¢ analogue of Szdsz-Mirakyan-
Beta operators and established some approximation properties.

In the year 1983, Prasad-Agrawal-Kasana [14] proposed the integral mod-
ification of Szasz-Mirakyan operators by taking the weight functions of
Baskakov operators, but there were so many gaps in the results obtained
in [14]. In the year 1993 Gupta [7] filled the gaps and improved the results
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September 2010, supported by The Scientific and Tecnological Research Council of Turkey
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of [14]. To approximate Lebesgue integrable functions on the interval [0, 00),
the Szdsz-Mirakyan-Baskakov operators are defined as

(1) GMﬁ@=ﬁn—U§:%ﬁ@XAmmw@ﬁ@Mt x € [0,00)

k=0

where

nx)k n+k— ¥
soate) = U 0= () e

First we recall some notations of g-calculus, which can also be found in
[6] and [10]. Throughout the present article ¢ be a real number satisfying
the inequality 0 < ¢ < 1.

For n € N,
[n] L=
q—l—q’
n], [n—1],---[1],, n=12,
| .— q q q
ol ={ 1 "
and

n = 1+¢z), n=12,..
(l—i-x)q = ) .

The g-derivative D, f of a function f is given by
f (@) — f(qz)
(l-qz

The ¢g-improper integrals considered in the present paper are defined as
(see [11])

(2) (Dyf) (@) = if 2 £0,

/Oaf(af)dqw=(1—q)aZf(aq”)q", a>0
n=0

and
@ [ rwde=-g ni:wf (%)% a=o0

provided the sums converge absolutely.
There are two ¢ analogues of the exponential function e” (see [10]) as

BT Sl o< — gl <1
A D) ek e e o A v
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and
o 00 Zk
H1+ 1-q)gz)=> " i =1+ (1-q2)
§=0 k=0 7

lq] < 1, where (1 —2)3° = [[724(1 - ¢x).
The ¢-Gamma integral is defined by [10]

_1
(4) T, (t) = / B, (—qr) dyr, £ >0
0
which satisfies the following functional equation:
Ty (t+1) = [, T, (1), Ty(1) =1,
The ¢ Beta function (see [16]) is defined as

oo/A g1
5 B, (t,s) =K A,t/ g,
o) ) =K [T
where K (z,t) = a:+1 a2t (1+ 1 ) (1+ )1 . In particular for any positive
integer n
n(n—1
K(az,n):q(2 ), K (z,0) =

and

Lq (t) Ty (5)
6 By (t,s) = 1297
() q(>5) Fq(t+8)

Based on g-exponential function Mahmudov [12], introduced the following
g-Szasz-Mirakyan operators as

o k
(7) Sn,q(f, $) = Eq ([i] ) Z ([n]ql;) qk(k_l)/2f < k[k;]q q)

at) 1 [klq ¢"**[n]
- Sq T [k]q
- kZ:O o (21 <qk‘2[n]q> ’
& () = ([n]ql’)k k(k—1)/2 1
w = T il
Lemma 1 ([12]). We have
Snq(l,2) =1,
Sn,q(tv ZL‘) =4,
2

g’z
Snq(t?, 1) = qu? + ==
e [nlq
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In the present article, we introduce the g analogue of the Szasz-Mirakyan
-Baskakov operators, obtain its moments using g-Beta function and estimate
some direct results in terms of modulus of continuity.

2. ¢-Operators and moments

For every n € N, ¢ € (0, 1), the ¢ analogue of (1) can be defined as

o oo/A
) GLF@),0) =[n—1, 3 s, () ¢ / P (1) £ () dgt
k=0 0

o (0) = S
Py (1) = [ ntkol ] g"F=1/2 r

k (14 t)atk

for x € [0,00) and for every real valued continuous function f on [0, c0).
These operators satisfy linearity property. As a special case when ¢ = 1
the above operators reduce to the Szdsz-Mirakyan-Baskakov operators (1)
discussed in [14] and [7].

Remark 1. We have

Dy (5, ()

(00t (2) -t (5

Proof. Using ¢-derivative, we have

Dy (Eq ([nlgz)) = [n]qEq (q[n]q)

and

qsi,k (),

I
~/
<

bl
NS
=
|
<
[}
8
~
<
El
[N}
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and

and

D, (E([l])> )4y (aln]g2) o

Also we have
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[n]q

_ <U‘5]q _ qu> I [n]q ([n]qx)k k(k=1)/2

(q[n]qx)k k(k—1)/2 1
o 00) = T
[n]qx)qu(k—l)ﬂ (1+(1—q)[nlg)
[K]q! Eq ([n]qz)
=¢" (1+ (1 —q)[nlgz) s, (x).

)

Q
B
—~

Therefore
s?(qr) = ¢" (14 (1= q) [n]g2) s ().

Lemma 2. If we define the central moment as
o0 L o0o/A
T (@) = G ™) = o= 1)y Sost @) [ (00t
=0

then we have

[m"'l]an,m (qz) +q~ 1[m—|—2] nm+1 {q n Tnm+1 (qx)
— [n]qxTom (qz) — (1 + (1 - Q)[ lq) l‘D (T ()}

The following equalities hold:
(i) Tho(x) =G (1,2) —1

T~ 1 - g
... n)2z? nlyz(149)°
(Z”) Tn’Q (x> - G% (tQ’x) = F[n—2],n—3], + q5[[7z]—2§q[nq—)3]q

2]q
sy forn >3,

Proof. Using Remark 1, we have

0 oo/A
2Dy (T (@) = [ = 1)y 30Dy (s, @) o [ 88 )70,
k=0 0
B O P Y W
= bl =10 (G, o) ol

0o/A
X/ pnk()tmdt
0
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Using Remark 1 and Remark 2, we have
zDg (T (2)) = [nlg[n — 1] Z Sz,k (z) "
k=0
X /OO/A< L% t+ qt ) (t) t™d,t
_ —q qt — q x| pl
0 ¢"2[nlq wh

= [n]l In— = § T 2k—2 /4 [k]q _ q m
= il g3 (0 [ ) arh ()7t

q*1n],

o oco/A
ol = 1o 3t (@) 2 [T (= )l ()t
k=0

= k2 [/ o mi 2 t
=[n—1], Z s?uk () q™"~ / (Pt + gt ) qugl’k, (q) dgt
k=0 0

g2 -
g e "l e 2 e )

o0o/A
X / (qt—qu)ka()tmdt
0

)

Using ¢-integration by parts we have

2 Dg (Tom (%)) = —[n — 1] Z S;JLJc (z) ¢*F2

o0o/A
X /0 (q2 [m + 1]gt"™ + gq[m + Q]qtm'H) p?

n,

k (1) dgt

g’ S
F AT gl "l e 2 s g

o0o/A
X/o (qt—qx)p p ()t dgt

g2 )
EETE TR ZS"’“ wa

o0o/A
“ /0 (¢2m + 1]t + glm + 2™ 1) pl (8) dt

q! 1
P g el M ) G g )
1
T A gy ™ e 02)

[n]qzT,m (qz)
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-1

q
Tl " P (0)
q! 1
T AT g ) nlgTome1 (49) = T =g [n]q7) (g Tnm (42) -

This completes the proof of recurrence relation. The moments (i)-(ii7)
can be obtained easily by the above recurrence relation keeping in mind that
Ty0(z) = 1, which follows from (5) and (6) . [ |

Remark 3. In case ¢ — 17, we get the central moments discussed in
[14] and [7] as

Gl (1,z) =G, (1,z) =1,

GL(t—z,x2) =G, (t—xz,2) = 1n+—22$7
B _ (n+6)z* +2(n+3)z + 2
GL ((t—:r)2,x) =Gy, ((t—$)2,l’) = (= 2)(n-3)

3. Direct results

Let Cp[0, 00) be the space of all real-valued continuous bounded functions
f on [0,00), endowed with the norm [|f|| = sup,¢jg o) [f(#)]. The Peetre’s
K-functional is defined by

Ks(f;6) =  inf ){Hf—gH +5H9”H}’

g€C%[0,00

where C%[0,00) := {g € Cp[0,00): ¢, ¢" € Cp[0,00)}. By [[5], p. 177,
Theorem 2.4] there exists an absolute constant M > 0 such that

9) Ko(f;9) < Mws(f; V),
where 0 > 0 and the second order modulus of smoothness is defined as

wa(f;0) = sup  sup [f(z+2h) =2f(x+h)+ f(z)],
0<h<d z€[0,00)

where f € Cp[0,00) and § > 0. Also we set

(10) w(f;0) = sup sup |f(z+h)— f(z)|,
0<h<6 z€[0,00)
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B [n]g _ [n]q 72
Sn(x) = <q6[n o3, 2q2[n —2], + 1)

[nlg(1 +q)° _ 2 .
" <q5[n—2]q[n—3]q q[”_2]q)

2]
¢*ln —2]g[n — 3]’

an(o) = (g 1) o+ ot

Lemma 3. Let f € Cp[0,00). Then, for all g € C%[0,00), we have

_l’_

(11) G (g5) — g(2)| < (6ule) +a2(@)) [lg"]]
where
A [n]q 1 1
(12) Gﬂﬁx%=G%ﬁ@+f@0f<m_mq<fw+qm]>>.

Proof. From (12) we have

(13) @%(t—m;x) =Gl(t—zx)— <[n[i]qg]q (;2334- Q[ib] ) —13)

=Gl(t;x) —2GL(1;2) — [n[ﬁ]qﬂq <(112$ " (J[?l”t]q> o

=0.
Let z € [0,00) and g € C%[0,00). Using the Taylor’s formula
t

mw—gmw=@—m¢@»+/u—um%wmu

we can write by (13) that

G (g:x) — g(z) = GL((t — x)g )+ G4 (7 w)du; m)
fa-u

=g’ (x)GL((t — z); +Gq(
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e (](t — w)g” (u)du; )

x
[nlgz 1
q2[n71]q + q[n—1]q

xT

On the other hand, since
t

/ l/ du

<

/|t u|‘g" )| du
/t—u\du

< "l < (t=2)* 9"

and

[n]gz 1
q2[n72]q +m

" .

< GL((t - )?

= (0n(2) + i () [|g"]| -
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Theorem 1. Let f € Cp[0,00). Then, for every x € [0,00), there exists
a constant L > 0 such that

|GL(f52) = f(2)] < Lon(f; v/ (0n(2) + a2 (2))) + w(f; an(2)).

Proof. From (12), we can write that

GL(f;2) — f(z)| <

Gi(fi2) = f ()]

fe) ([ Mqﬂ (7 5)
\GQf gi) -
( ( “a))| +16
)

\Gqf gix \+\< 9)(@)

101 (2 (5 )

Now, taking into account boundedness of CA}% and the inequality (11), we get

B [n]q z,o b
flx) = f ([n—2]q <q2 " Q[n]Q>>|

+ (On(x) + a7 (2)) [|g"||

n)q 1 1
<4|f - gl +w (f; [n[_]Q]q <qz B 1) S - 2]qq>
+ (On(z) + a2(@)) [|g"|.

+

1(gi) = g()|

+

G (g5) = 9()]

|G () = fa) <40 f —gll +

Now, taking infimum on the right-hand side over all g € C% [0, 00) and using
(9), we get the following result

G (f;2) = f()] < 4Ka(f;0n(x) + iy (2)) + w(f; an(2))
< AMuws(f;/0n(2) + i (2)) + w(f; an(2))
= Lws(f;V/0n(2) + a3 (2)) + w(f; an(z))

where L = 4M > 0. [ |

Theorem 2. Let 0 < a <1 and f € Cp[0,00). Then, if f € Lippy(cr),
i.e. the condition

(14) lf(y) = flx)| <My —=|*, z,y€[0,00),
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holds, then, for each x € [0,00), we have

GL(fi2) = f2)] < Méi (@),
where 0, is the same as in Theorem 1, M is a constant depending on o and
I

Proof. Let f € Cp[0,00) N Lippr(a) with 0 < a < 1. By linearity and
monotonicity of G%

GL(f;2) — f(2)| = [GE(f;2) — GL(f(2);2)| < GL(If (y) — [ (2)];2)
< MGL(ly — z| ;).

Using the Holder inequality with p = %, q= ﬁ we find that

Q=

Ga(f5) = f(@)] < MGy - 2175 2)]7 [GH(1% )]

}

o
2

= M [Ga(ly — 2 50)] = Mo (2).

Theorem 3. Let f be bounded and integrable on the interval [0, 00),
second derivative of f exists at a fized point x € [0,00) and ¢ = ¢, € (0, 1)
such that g, — 1 as n — oo, then

’ .ZUQ ”
i [, (6% () = f@)] = (L 2005 @)+ (G +0) £ ).

Proof. In order to prove this identity we use Taylor’s expansion

1 1"

-1 = =21 @+ -2 (31 @+e-0)

where € is bounded ¢ is bounded and lim;,oe (t) = 0. By applying the
operator G7(f) to the above relation we obtain

G (f,z) = fl@) = f'(x) G ((t — ) ,2) + %f" () G ((t = 2)* , 2)

+ G (e (t —x) (t —x)?, x)
= f'(z)an (z) + %f” () 6 (z) + Gl (e (t — ) (t — 2)* ),

where o, (z) and §,, (z) defined as in (10).
Using Cauchy-Schwarz inequality we have

=
N|=

[nly, G (e (t = @) (t = @)% ) < (G (&2 (= )))? ([n;, G (¢ = 2)* )
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Using Lemma 1, we can show that

lim [n]2 GI((t —z)*,2) =0

n—o00 qn

Also, since

lim o, (z) =142z and lim §, (z) = 2% + 22

n—oo n—oo

we have desired result. [ |

4. Error estimation

The usual modulus of continuity of f on the closed interval [0, b] is defined
by
wy(f,0) = sup [f(t) — f(z)], b>0.
|t—z|<d
z,t€[0,b]

It is well known that, for a function f € E,
li ,0) =0,
g ol 0)

where

E = {fEC[O,oo): lim /(@) isﬁnite}.

z—o0 1 —|—x2

The next theorem gives the rate of convergence of the operators G (f; x)
to f(x), for all f € E.

Theorem 4. Let f € E and let wyi1(f,0) (b > 0) be its modulus of
continuity on the finite interval [0,b+ 1] C [0,00). Then for fized q € (0,1),
we have

IGE(f;2) = F(@)ll oo < Ny (1+6%) 6 (0) + 21 (f, /00 (D))
Proof. The proof is based on the following inequality
(15) GE(f;2) = f(2)] < Ny (140%) GL((t — 2)* )

q — x|z
+ <1+ Gn(|t5|’)> wpr1(f,0)

for all (z,t) € [0,b] x [0,00) := S.
To prove (15) we write
S=51USy:={(x,t):0<2<b, 0<t<b+1}
U{(z,t):0<z<b t>b+1}.
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If (x,t) € S1, we can write

|t — x|

16)  1F(t) — F@)] < wpmr(f |t —2]) < (1 n )wb+1<f, 5)

where § > 0. On the other hand, if (x,t) € Sy, using the fact that t —x > 1,
we have

(17) f(t) = f(2)] < My(1+2® + 1)
Mp(2 + 327 + 2(t — 2)?)
Ny

<
< Np (1467) (t —x)?

where Ny = 6M;. Combining (16) and (17), we get (15).
Now from (15) it follows that

|GL(f;2) = f)] < Np (140°) GL((t — )% )

q _ .
+ (1 + W) w1 (£.9)

< Ny (1+0*) GL((t — 2)% )
9t )2 o 1/2
+ <1+ (Ga((t = 2)%s2)] )wb+1(f, 8).

5

By Lemma 2 we have

Ga((t — )% ) < 6, (b)

On ()
5

GE(f52) = f(@)] < Ny (1+%) 6, (b) + (1 + ) wp1(f; 0)-

Choosing § = /6, (b), we get the desired estimation. [ |
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