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ABSTRACT. The intent of this note is to prove some fixed point
and common fixed theorems in a Saks spaces by introducing a
weaker inequality analogue to Albert and Delabriere [1]. We have
also introduced a control functions which is certainly weaker con-
traction condition available in the literature of Metric Fixed Point
Theory and Applications.
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1. Introduction

The Banach contraction mapping principle is widely recognized as the
source of metric fixed point theory.

A mapping T : X — X, where (X,d) is a metric space is said to be a
contraction mapping if for all z,y € X,

(1) d(Txz,Ty) < Md(z,y), where 0<\<1.

According to the contraction mapping principle, any mapping 7T satisfying
(1) in a complete metric space will have a unique fixed point. This principle
has been generalised in different directions by mathematicians over the years.
Also in the contemporary research it remains a heavily investigated branch
of research. The works noted in [1], [2], [4], [10], [14] [16] and [22] are some
examples from this line of research.

Throughout this paper, (Xs,d) = (X, N1, N2) denotes a Saks space, and
N is equivalent to Ny on X. In brief we shall define X as a Saks space.
The following lemma due to Orlicz [26] is useful for the proof of our main
theorem:

Lemma 1. Let X be a Saks space. Then the following statements are
equivalent:
(1) Ny is equivalent to Ny on X.
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(i) (X, N1) is a Banach space and N1 < Ny on X.
(1i1) (X, Na) is a Frechet space and No < Ni on X.

In [1] Alber and Guerre-Delabriere introduced the concept of weak con-
traction in Hilbert spaces. Rhoades [18] has shown that the result which
Alber et al. had proved in [1] is also valid in complete metric spaces. We
state the result of Rhoades which follows:

Definition 1 (Weakly contractive mapping). A mapping T : X — X,
where (Xs,d) = (X, N1, N3) is a Saks space is said to be weakly contractive

if
(2) No(Tx —Ty) < Na(z —y) — ¢(Na(z — v)),

where x,y € X and ¢ : [0,00) — [0,00) is a continuous and nondecreasing
function such that ¢(t) = 0 if and only if t = 0.

If we take ¢(t) = (1 — A)t where 0 < A < 1, then (2) reduces to in the
metric space setting.

Theorem 1 ([18]). If T : X — X is a weakly contractive mapping, where
(X,d) is a complete metric space, then T has a unique fized point.

Weak inequalities of the above type have been used to establish fixed
point results in a number of subsequent works some of which are noted in
[5], [6], [13], [21] and [23].

There is another important generalization of the Banach contraction prin-
ciple given by Khan et al. in [15] where they used a control function, and
called altering distance function.

Definition 2 (Altering distance function [15]). A function 1 : [0,00) —
[0,00) is called an altering distance function if the following properties are
satisfied:

(1) v is monotone increasing and continuous

(1) (t) = 0 if and only if t = 0.

The following generalisation of the Banach contraction mapping principle
was proved in [15].

Theorem 2 ([15]). Let (X, d) be a complete metric space, 1 be an altering
distance function and f : X — X be a self mapping which satisfies the
following inequality:

(3) Y(d(fz, fy)) < Mp(d(z,y))

for all x,y € X and for some 0 < A < 1, then f has a unique fixed point.
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In fact Khan et al. had proved a more general theorem [15, Theorem 2]
of which the above result is a corollary.

Altering distance has been used in metric fixed point theory in a number
of papers, some of which are noted in [17], [19] and [20]. In [7], [8] and [3]
respectively, two, three and four variable generalizations of altering distance
function have been introduced and applied to fixed point problems. It has
also been extended to the case of multivalued and fuzzy mappings [9]. The
concept of altering distance function has also been extended to fixed point
problems in Menger spaces ([10], [11] and [12]).

The purpose of this paper is to work out fixed point results for map-
pings in metric spaces by use of weak inequalities and the altering distance
function.

2. Main result

Theorem 3. Let (X;,d) = (X, N1, N2) is a Saks space in which Ny is
equivalent to No on X. Let T : X — X be a self mapping which satisfies the
following inequality:

(4) U(No(Tx = Ty)) < W(M(z,y)) — ®(N(z,y))

where x,y € X, x #y,
) Moy) = max {Na(e 1), 5 (Nalo — o) + Nty = T),

3(Valy ~ Ta) + Nl = T) }.

©)  Ny)=min{Na(z — y), 5(Naly — T2) + No(z ~ Ty))},

® :[0,00) — [0,00) is a lower semi continuous function with ®(t) > 0 for
all t € (0,00) and ®(0) =0 and ¥ : [0,00) — [0,00) is an altering distance
function (Definition 2) which in addition is strictly monotone increasing.
Then there is a unique fized point of T .

Proof. Let xy € X. We define a sequence {z,} in X, such that for all
n >0,

If , = 41, then x, is a fixed point of 1. Hence we assume for all n > 0,

(8) Tn 75 Tn+1-
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Putting x = z,, and y = 5,41 in (4), we have

(9) \II(N2(xn+1 - $n+2)>

\II(NQ(Txn - Txn—i—l))
< U(M(zn, 2n+1)) — P(N (@0, Tnt))-

Now,
(10) M(xp,xni1) = maX{Ng(xn — Tpt1),

(Na(2n — Tpy1) + No(Tng1 — Tng2)),

N = N~

(N2(@n+1 — Tng1) + No(@n — $n+2))}
and

(11) N(xp,xny1) = min{Ng(xnxn+1),

(N2(Zn+1 — Tnt1) + Na(zy — ﬂfn+2))} :

N

If possible, let for some n, No(x,, — Tpy1) < No(Zp+1 — Tnt2).
Then by the triangular inequality

0 < No(Tny1 — Tny2) — Na(Tn — Tnt1) < Na(mp — Tpg2).

Hence by virtue of (8), we have N(zy,zp4+1) > 0. Then from (9), (10), (11)
and our assumption, we have

U(No(pt1 — Tpi2)) < U(No(pt1 — Tpt2)) — P(N (20, Tpt1))
< U(N2(Tn+1 — Tnt2)),

which is a contradiction. Hence for all n > 0,
(12) No(Tni1 — Tpg2) < No(2p — 2ng1)

In view of (12), we obtain from (10) and (11), for all n > 0,

(13) M(xmxn+1) = N2($n - mn+1)'

1
2
Putting (13) and (14) in (9), we have for all n > 0,

(14) N(xn, Tnt1) = 5 (Na(2n — Zny2)) -

(15) W(N2(wn+1 — Tnt2)) < U(Nao(@n — Tnt1)) — @(% (N2(2n — Tni2)))-
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Again (12) implies that the sequence {Na2(x, — x,41)} is a monotone de-
creasing sequence of non-negative real numbers. Hence there exists r > 0
such that

lim No(xp, — xpy1) =7
n—oo

Again
No(zy, — zpt2) — 2r < No(xn, Tpy1) + No(Tpt1 — Tpto) — 21
This implies that
[Na(2n — Tpi2) = 2r] < [Na(@n — Tpg1) — 7| 4 [Na2(@ng1 — Tng2) =7 = 0

as n — oo. Thus

lim No(x, — xpy2) = 2r.
n—oo

Making n — oo in (15), by the continuity of WU-function and the lower
semi continuity of ® -function, we have ¥(r) < ¥(r) — ®(3r), which by the
properties of ¥-function and ®-function implies that r = 0. Hence we have,

(16) lim No(xy, — 2pt1) = 0.

n—o0
Next we show that {x,} is a Cauchy sequence. If otherwise, there exists
e > 0 and sequences of natural numbers {m(k)} and {n(k)} such that for
every natural number k,

(17) n(k) > m(k) > k
and
(18) No(T(k) — Tn(r)) = €

Corresponding to m(k) we can choose n(k) to be the smallest integer such
that (18) is satisfied. Then we have

(19) No (k) — Tn(r)-1) < €

Further, (18) implies No(T@p k-1 — Topy—1) # 0. Hence xppy_1 #
Tp(ky—1- Putting @ = x,,y—1 and y = x4y in (4), (5) and (6) respectively,
we have for all &,

(20) V(N2(Tin(r) — Tnry)) = Y (N2(TTppy—1 — TTp(r)-1))
U (M (Zpn(k)—15 Tr(k)—1))

= O(N(Tpy(k)—1> Tn(k)—1))

IN
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where

(21) M (Z (k)1 Tn(k)—1 = max {N2(33m(k)—1 = Tp(k)—1);
%(N2(37m(k:)—17 Tin(k)) + N2 (Tnk)—1 = Tnk)))s
%( 2 Tnk)—1 — Tmk)) T N2 (T -1 — fvn(k)))}

and

(22) N(Zp(k)—15 Tn(k)—1) = min {Nz(ﬂfm(k)1 — Tp(k)—1)
%(N2(90n(k)71 Tin(ky) + No (T -1 — wn(k)))}

Then for every positive integer k£ we have,

€ < No(Tp(k), Tn(r))
< No(Tpky — Tngry)—1) + Na(Tpy—1 — Tng))
< e+ No(Tpr)—1 — Tn(k)) (by (2.16))

Making k£ — oo in the above inequality, we obtain by(16),

(23) lim d(xm(k), J:n(k)) = €.

k—o00

Again for all k,

No(Zrm(k)—1 = Tnk)—1) < No(Tpk)—1 — Tm(k))
+ No(Tp k) — Tneky) + Na(Tr) — Tngry—1)
and
No(Zin(ky = Tnk)) < No(Tpk) = Tm(r)—1)
+ N2 (Tin(k)—1 — Tnk)—1) + No(Tnk)—1 — Tn))-

Making k — oo and using (16) and (23) in the above two inequalities, we
obtain,

(24) m No(Zpky—1 — Tpr)—1) = €.

k—o0

Again for all positive integer k,

No (k)1 = Tn(k)) < N2(Tmk)—1 = Tmk)) + N2 (Te) — Tn(r))
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and

No (k) = Tnr)) < Na(Tim(k) = Tmk)—1) + N2 (Timk)—1 — Tn(r))-

Making k& — oo and using (16) and (23) in the above inequalities, we
have,

(25) lim Ng(aﬁm(k),l - xn(k)) = €.

k—o0

Also for every positive integer k,

No(Zpky—1 = Tmk)) < N2(Tnk)—1 — Tn)) + N2 (Tpk) — Tm(r))
and

No(@px) = Tmk)) < N2(Zny — Tnr)—1) + N2(Tny—1 — Tm))-
Making k — oo in the above inequalities, we have using (16) and (23),
(26) kli)ngo No (T (k=1 = Tim(k)) = €

Making & — oo in (20) and using (16), (21) - (26), we have by continuity
of W-function and lower semi continuity of ®-function,

Ue) < U(e) — D(e).

Then we have by virtue of a property of ® -function that it is a contra-
diction with € > 0. Hence {x,} is a Cauchy sequence with respect to Nj.
From Lemma 1, (X, N1) is a Banach space, therefore and therefore {z,,} be
a convergent sequence and converges to a point z in X.

Let,

(27) Ty — 2z as n— o0.

By (8), there exists a subsequence {x, )} of {z,} such that z # z,) for
all k. Substituting r = z,,4) and y = 2 in (4), (5) and (6) we obtain

(28) V(No(zpy41 — T2)) < W(M(zpr) — 2)) — PN (Tpr) — 2))
where
(29) M (xpp),2) = max {Ng(azn(k) —2),

1

5 (N2(Zn(k) = Tnry41) + No(z = T2)),

1
o (NV2(Znr) = Tz) + Na(z — $n(k)+1))} ,
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(30) N (2 k), 2) = min {Nz(ﬂﬂn(k) - 2),

1
3(Valaagy = T2+ N = iy s1) |-

Making k& — oo in the above inequalities, we obtain W(Na(z — T'z)) <
U(%(N2(2—Tz))), which contradicts the strict monotone increasing property
of the function v unless Na(z —T'z) = 0, that is, z = T'z. Hence z is a fixed
point of T

We next establish that the fixed point is unique. Let z; and 2o be two
fixed points of T' and z; # z9, then putting x = 2z; and y = 23 in (4), (5)
and (6) respectively, we obtain,

W(Na(21 — 22)) < W(No(21 — 22)) — ®(N2(21 — 22)),

which, by virtue of a property of ® functions implies Na(z1; — 22) = 0, that
18 21 = 29.
This completes the proof of the theorem. |

Theorem 4. Let (X5,d) = (X, N1, Na2) is a Saks space in which Ny is
equivalent to Ny on X and let T : X — X be such that for all z,y € X with
x # vy, the following inequality is satisfied:

(31) (N2 (T —Ty)) < W(M(z,y)) — MQ(z,y)),

where

3) Moy = max { (Nala — ). 5 (Nale = T2) + Naly ~ T),

3(Valy — Ta) + Nl = T) }.

3) Qo) = min{ Nale — ). 5 (Naleo = T2) + Naly - 7)),

3(Valy = Ta) + Nl = T) }.

where h : [0,00) — [0,00) is such that h(t) > 0 and lower semi-continuous
for all t > 0, h is discontinuous at t = 0 with h(0) = 0, and ¥ : [0, 00) —
[0,00) is an altering distance function. Then T has a unique fized point.

Proof. Starting with arbitrary xg € X, we construct the sequence {z,}
as in (7). Further we assume (8) for all n > 0, otherwise the fixed point of
T automatically exists. Putting x = z,, and y = 5,41 in (31), for all n > 0,

(34) U(Nao(Tn+1, Tnt2)) < W(M (2, 2ny1)) — MQ(Tn, Tny1)),
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where,
(35) M(xp,xni1) = maX{Ng(azn — Tpt1)s

1
i(NQ(mn - xn—s—l) + NQ(xn—i—l - $n+2))7

1

5(Nz(acn+1 — Tnt1) + Na(@n — xn+2))}

and
(36) Q(zn,Tpt+1) = min {Ng(xn — Tpt1)s

1
§(N2($n — Tpt1) + No(Tpi1 — Tnt2)),

1

§(N2(xn+1 - wn—i—l) + NQ(.%'n — xn+2))} .

If possible, let for some n,
No(zn — Tnt1) < Na(Tpg1 — Tpg2).

Then by the triangular inequality 0 < Na(xp41 — Tpy2) — Na(zp — 2py1) <
Ny(zy, — xpy2). Then from (34), (35) and (36) we have by the properties of
h-function

U(N2(pt1 — Tnt2)) < V(N2 (Tns1 — Tn2)),

which is a contradiction. Hence for all n > 0,
(37) N2(xn+1 - $n+2) < NZ(xn - anrl)'

In view of (37), we obtain from (35) and (36) respectively, for all n > 0,

1
M(zp, Xni1) = No(xp — 2pt1) and  Q(zy, Tpy1) = §(N2(xn — Tpt2))-

Using the above relations we have for all n > 0,

(38)  W(No(wnir — 2ns2)) < W(No(an — 7s1)) — h(5 Nolatn — 7 s2).

Again, (37) implies that the sequence {Na(z, — x,4+1)} is a monotone de-
creasing sequence of non-negative real numbers. Hence there exists r > 0
such that nli_{gloNQ(xn — Tpt1) =T

As already observed in the proof of Theorem 3, in view of the above limit
we have that

lim No(x, — py2) = 2r.
n—oo
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If possible, let r > 0. Making n — oo in (38) and using the above relations,
by continuity of W-function and by lower semi-continuity of h-function,
we have U(r) < U(r) — h(r), which by a property of h-function implies a
contradiction. Hence we have,
(39) lim NQ (l’n — l'nJrl) =0.
n—oo

Next we prove that {z,} is a Cauchy sequence. If otherwise, we can have
some € > 0 and corresponding subsequences {Z,,x)} and {z,)} of {z,}
such that for every natural number k, n(k) > m(k) > k and

and
(41) No(Tm(k) — Tn(k)—1) < €.

From (40), No(T@px)—1 — TTp(r)—1) # 0, hence Tpyx)—1 # Tngr)—1-
Further, proceeding identically as in Theorem 3, we have,

(42) . Na(Zm () = Zner)) = €
(43) i No (2 (k) = Ty 1) = €
(44) i No (2 k)1 = Tn()) = €
and

(45) T Na )1 — Fn(s)-1) = €

Now putting z = z,(x)—1 and y = z,x)—1 in (31), (32) and (33) we get, for
all £ > 0,

(46) U(No(Tmr) = Tnr))) < V(M (Zmp)—1 — Tnk)—1))
— h(Q(Trm(k)—1 = Tn(k)—1))-

Now,
(47)  M(Zp(r)—15 Tn(k)—1) = max {N2($m(k)_1 — Tp(k)—1)s
1
§(N2(xm(k)fl - mm(k)) + N2($n(k)71 - xn(k)))v

1
5 (NVa(@mk)—1 = Tary) + Na(@nr)1 — xm(k)))}
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and
(48)  Q(Tym(k)—1> Tp(k)—1) = min {Nz(xm(k)_1 — Tn(k)=1)

1

5 N2 (@)1 = Tmk)) + Ne(Zn(k)—1 = Tn(r)));

1

5 (N2 (@)1 = Tny) + No(Zngry -1 — xm(k)))} :

Making k — oo and using (39), (42), (43), (44) and (45), we obtain from
(47) and (48)

(49) klggo M<$m(k)fl — Tp(k)-1) =€
(50) Jim Q(Tm(k)—1 — Tnk)—1) =0

Further, making k — oo in (2.43), using (2.46) and (2.47), by continuity
of ¥ we obtain,

(51) U(e) < U(e) — lim h(Q(Tpmm)—1 — Tnik)—1))-

k—o00

By (48) and the fact that h has a discontinuity at ¢ = 0 and h(t) > 0 for
t > 0, we observe that the last term of the right hand side of the above
inequality is non zero. Hence we arrive at a contradiction. Hence {z,} is a
Cauchy sequence with respect to Ny. From Lemma 1, ( X, Np) is a Banach
space, therefore and therefore {z,} be a convergent sequence and converges
to a point z in X.
Let,
Tp—> 2 as n — oo.

By (8), there exists a subsequence {1} of {x),} such that z # ) for all
k > 0. Substituting = x,,(4) and y = 2 in (31), (32) and (33), we obtain,

\Il(d('rn(k)-l-lv TZ)) < \I,(M(xn(k)v Z)) - h(Q(xn(k)v Z))

where,

M(.I'n(k), Z) = max {Ng(afn(k) — Z), (Ng(afn(k) — l‘n(k)+1) + NQ(Z — TZ)),

N~ N =

(N2(Zp(ky — Tz) + Na(z — wn(k)+1))} ,

. 1
Q(2p(r),2) = min {Nz(:cn(k) = 2), 5 (N2(Zn(r) = Tn(ryt1) + No(z = T2)),

1
§(N2(33n(k) —Tz) + Na(z — xn(k)+1))} :



94 P.P. MuRrTHY, K. TAS AND B.S. CHOUDHARY

Making k — oo in the above expressions and using discontinuity of h, we
obtain,

U(Ny(z — T2)) < \I/(%(Ng(z —T2)),

which implies that Na(z —Tz) = 0, that is, z = T'z. Hence z is a fixed point
of T.

We next establish that the fixed point is unique. Let z; and z9 be two
fixed points of T and z; # z2. Putting z = z; and y = 22 in (31), (32) and
(33), we obtain,

U(d(z1,22)) < U(Na(z1 — 22)) — h(Na(z1 — 22)),

which by virtue of a property of h function implies Na(z1 — 22) = 0, that is
Z1 = 292.
This completes the proof of the Theorem 4. |
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