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ABSTRACT. In this paper we Studied the polynomial coefficients
and approximation errors for functions of the form f(z) =Y -,
qx(2)[7(2)]*~! belong to L*(B), the class of all functions holo-
morphic on Caratheédory domain B. The lower (p, ¢)-order and
generalized lower (p, q)-type with respect to proximate order have
been characterized in terms of these polynomial coefficients and
approximation errors.

KEY WORDS: index-pair, lower (p,q)-order, generalized lower
(p, 9)-type, lemniscate, polynomial coefficients and approximation
errors.

AMS Mathematics Subject Classification: 30E10, 41A15.

1. Introduction

o0
The growth of an entire function f(z) = > anz", is studied with the
=0

n
help of growth parameters p, A, T' and ¢, known as order, lower order, type
and lower type respectively and defined as follows:

sup 1
Py S loglog M(r f)

A r—oo inf logr
and log M(r. f)
T . sup log M (r,
P e (00 <)

where M(r, f) = |I§|ax |f(2)|. The coefficients equivalents of order p and
=r
type T are known [1, p. 9-11]. Thus,

nlogn
1 = limsup —————
( ) P n—)oop log |an|_1

(2) epT = lim sup n|a,|[*/™.

n—oo
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A coefficient formula analogous to (1) and (2) does not hold always for
lower order and lower type. Juneja [2] and Juneja and Kapoor [3] obtained
formula for the lower order and Shah [13] for lower type, involving coefficients
which hold for every entire function. Thus, if f(z) be an entire function of
lower order A and lower type t, then

1 _
(3) A = max |:lim inf W]
{my} | k—oo log ’amk’
(4) \ = max [lim inf (mg — myp—1) log mk_l}
{my} | k—oo log |amk71/amk|
and
(5) tep = max {hggiggf Mp—1(|@my, Ip/m‘“)} .

Rice [11] studied the results (1) and (2) by considering the polynomial
expansion of f(z) of the form

(6) F(2) = a1
k=1

where (z) is a polynomial of degree ¢ and gz is a uniquely determined
polynomial of degree ¢ — 1 or less. He showed that f(z) given by (6) is an
entire function of order p, if and only if,

. lOg 10g M(FR7 f) .
7 lim sup = p/¢ = limsup ,
O T eer T Gog g, ()

nlogn

and f(z) is of order p > 0 and type T (0 < T < o), if and only if,

®  timsup BMIED) ol € qpn(lan(2)]r)

p/¢n
R—oc0 Rel¢ €0  n—oo ’

where I'p be the lemniscate I'r = {2z : |7(2)|} = R, ||[I'r|| be the length of
Tr and Mg, f) = [/ (2)llrs = max[f(z)]

(7) and (8) characterize the influence of the rate of decrease of ||g,(2)||r,
on the growth of f(z). But, as in the power series, these results do not
give any precise information about the growth of the function f(z) if it is of
p = 0and p = co. For further classification of entire function, in the present
paper, we have picked a concept of index- pair (p,q) which was introduced
by Juneja et al ([5], [6]). Also, to compare the growth of entire functions
given by (6) which are of the same order and of infinite type, we used the
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concept of proximate order with (p, ¢)-growth which is extended by Nandan
et al [10].

Moreover, we obtained formula for the lower (p, ¢)-order and generalized
lower (p, q)-type in terms of polynomial coefficients and approximation errors
in L* —norm, 1 <s < oo, of f(z) given by (6). Recently, Kumar [8] studied
the results for (a, a)-orders. Kumar and kaur [9] obtained the results for
(a, B)-orders for analytic functions. However, they have to study separately
the entire functions of slow and fast growth. That's why in our studied
the (p,q) -growth has been preferred to the (o, ) and («, 8)-growths. Our
results extend and improve some results of Sato [12], Rice [11], Juneja [2],
and Juneja and Kapoor [4].

Let B* be a component of the complement of the closure of the Carathed-
dory domain B that contains the points co. Set Bp = {z : |¢(2)| = R},
R > 1 where the function w* = ¢(z) maps B* Conformally onto |w*| > 1
such that ¢(co) = oo and ¢'(c0) > 0. Here Bp is the largest equipotential
curve of the modulus of the mapping function associated with the domain
B, Bi correspond to the boundary of B.

Given € > 0 there is a lemniscate I'y, = {z : |7(2)| = a} so that 'y is
interior to Bj4. and exterior to Bj.

L*(B), 1 < s < o0 be the class of all functions f holomorphic on B and

satisfying
1 1/s
= |5 [ [rraear] <o
B

where the last inequality is understood to be sup |f(z)| < oo for s = 0.
2€B
Then ||, | B,s is called the L® — norm on L*(B). For f € L*(B) we define

E? (f), the error in approximating the function f by polynomial of degree
at most ( = nk in L®-norm as

EX(f)=EXf,B)=inf |f —t|ps, n=0,1,2,....
tems
where 7 consists of all polynomials of degree at most ¢ = nk.
2. Definitions and notations

First we introduce with the concept of (p, g)-scale, p > ¢ > 1, and certain
notations which will be frequently used in the tex:

exp™z = logl™"z
= exp(exp!™ Uz) = log(log™™ Yz), m=+1,42,...,

Apy(z) = I7_glogllz for r=0,1,...,



64 Huzoor H. KHAN AND RIFAQAT ALI

L(p,q) it g¢g<p<oo,
x + L(p,q) if p=gq=2,
P(L(p.q)) = |
max(1,L(p,q)) if 3<p<gq,
2,2)—1)r(2:2)~1 .
e ey if (1) = (2.2),
M(p7 Q) = m if (p’ q) — (271)7
1 otherwise.

Definition 1. An entire function f(z) is said to be of (p,q)-order p(p,q)
and lower (p, q)-order X(p, q) if it is of index-pair (p,q) such that

i SUP logP M(r, ) _ p(p.q)

r—oo inf logld Ap,q)’

and the function f(z) having (p,q)-order p(p,q) (b < p(p,q) < o0) is said to
be of (p,q)-type T(p, q) and lower (p,q)-type t(p,q) if

sup log[p_” M(Ta f) _ T(p’ Q)
1 . - ’
r—oo inf (log[q_l] T‘)p t(p’ Q)

0<t(p,q) <T(p,q) < 0,

whereb=1ifp=q,b=0ifp > q.

Definition 2. A positive function p, 4(r) defined on [rg, 00), ro > expla—11,
is said to be a proximate order of an entire function with index-pair (p,q) if

() ppq(r) — p(p,q) asr— o0, (b < p(p,q) < o0),
(i) Ay (r) ppg(r) — 0 as v — 00; p, (1) are denote the derivative of

Pp,a(T)-

It is known that [10, Thm. 4] that (log[q_l]r)pp*q(r)*A is a monotonically
increasing function of v for r > ry, Hence we can define the function ¢(x)
for to be the unique solution of equation,

z = (loglt™Up)rra=4 & ¢ (z) = loglt—lr,
where A =1 of (p,q) = (2,2) and A =0 otherwise.

Definition 3. Let f(z) be an entire function of (p,q)- order p(p,q) (b <
p(p,q) < 00) such that

iy S log? VM@ f) T (pg)
1m . - * 9
r—oo inf (log[qfl] r)ﬂp,q(r) t (pa Q)

0<t*(p,q) <T*(p,q) < 0.

If the quantity t*(p, q) is different from zero and infinite then py, o(r) said
to be the lower proximate order and t*(p,q) is generalized (p,q)- type of a
given entire function.
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Definition 4. An entire function with index-pair (p,q) is said to be of
reqular (p, q)-growth if b < A(p,q) = p(p,q) < oo and further, it is of per-
fectly regular (p, q)- with respect to a prozimate order pp 4(r) if 0 < t*(p, q) <
T*(p,q) < .

3. Auxiliary results

In this section we discuss some auxiliary results which will be used in the
sequel.

Lemma 1. If f(z) = Z ar(2)[7(2)]F~! is an entire function of (p, q)-order
o(p,q,) and lower (p,q)- order X, q), then

S0P 108" M(T /) plp. )/
R>oo Inf log[q] R A(p) Q)/C ’

and for p(p,q) (b < p(p,q) < o0), T*(p,q) and t*(p,q) are given by

sup logP U MTr, f)  T*(p,q)

= <t <T* < .
Rieo inf (1Og[q71] R)Pr.a(R)/C t*(p,q) ’ <t'(p,q) <T7(p,q) < ¢

Proof. The lemma can be proved easily following the lines of Rice [11,
Lemma 3] so we omit the proof. |

Lemma 2. Let f(z) = Z ¢ (2)[v(2)]F! be an entire function of (p, q)-order

p(p,q) and lower (p,q)- order A(p,q), then

iy SUP log?” M(Tr, f)  p(p,q)/C

R—oo inf logl! R Ap,q)/C’
and for p(p,q) (b < p(p,q) < o), T*(p,q) and t*(p,q) are given by

i SUP logP"UM(Tr, /)  T*(p,q)

= 0<t" <7 <
R—oc0 1nf (lOg[q 1] R)Pp,q(R)/C t*(p, q) ’ — (p7 Q) — (p7 q) OO?

where M(Tg, f) = max |f(2)|.
z€BRr

Proof. Let zy be a fixed point of the set B and R > 1. Then from [16],
we get
R —2|B| — |2| < |2| < R+ |B| +|20|, %€ Bg.
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Forp >qg>1, 8 < 1and n > 1, using logl! Kz ~ logld 2 as z — oo,
0< K < o0,

log”! M (T gg, f) < log”! M (g, f) < log”! M (Tyr, f)
log[q]R - log[q]R - log[q]R

and, for p(p,q) (b < p(p,q) < 00), using log[‘ﬂ(K + ) ~ log[q] T as T — 0o,

log[pil]M(FR—av f) < log[pil]M(FRa f) < log[pil]M(FR"rC’ f)
(loglt=yera(R)/C = (loglt=yera(B)/C = (logla=yep.a(R)/C

where a = 2|B| + 2y, ¢ = |B| + ||
Now by virtue of Lemma 1, the proof is complete. |

4. Main results

In this section we shall prove our main results.
Consider the function

Ho(w) =) llav(2)llp, v, o <R,
k=1

where |lgx(2)||p. = m%x{]qk(z)]} as k — oo. It is known [10, Lemma 2] that
@ zel'r

if f(z) is analytic in ', then there exists a polynomial Q(z) of degree { — 1
independent of k£ and R such that fora < Rand k=1,2,... .

ITr[M (TR, f)

) las (e, <

1Q(2)Ir-

In view of (9) we can seen that H,(w) is entire if and only if
1/k
(10) (), | =o.

o0
Moreover, Ho(w) = > |lqr(2)lIr, w”, holds in the whole complex plane.
k=1

Now we prove

Theorem 1. If f € L*(B), 1 < s < oo, can be extended to an entire
function with index- pair (p,q), lower (p,q)-order X(p,q) (b < A(p,q) < o0)
and generalized lower (p,q)-type t*(p,q), then for every ||qi(2)|r,, there

o
exists an entire function Hy(w) = > qu(z)HFawk, such that
k=1

(11) Ap,q, f)/C=Ap,q, Ha) and t*(p,q, f) = t"(p,q, Ha).
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Proof. H, is entire function by (10). For R > « from [15, p. 77| we

have
gk (2)llr,, < llge(2)llp, B,
for z€I'p
k—1
2)| = Z lax()lirs ()T,
or

M(Tg, f) < ZH%(Z)HFQRHH, z € By

= R 22”% )r, R
— R Ha(R), R>1.

Now using Lemma 2, we obtain that for all index- pair (p, q),

(12) )‘(p? q, f)/c é )\(paana) and t*(pv q, f) S t*(p7Q>HOl)

In view of Lemma 1, Lemma 2 and (10) for every € > 0, the power series
expansion of H,(w) yields

Ho(R/€) Zuqk )Ir. (R/ef)*

M(Tg, f) |[Cr| |Qllr. (R/e)*
2w Rk

&8 i

=
Il

1

= M(Tgr, f)RVS(1+ O(1) \Qllraz s

= M(Tg, f)RYS(1+0(1)) HQHraeT_l-

Again in view of above inequality and Lemma 1, lemma 2 for p > 2 and
q=1,

(13) AP, g, Ha) < AMp, g, f)/¢ and  t*(p,q, Ha) < t*(p,q, f).

Combining (13) and (14), the proof is complete for s = oo. The result
can be obtained for 1 < s < oo after a simple manipulation. |
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Theorem 2. If f € L5(B), 1 < s < oo, can be extended to be an entire

function with index- pair (p,q), lower (p,q)-order X(p,q) (b < A(p,q) < o0)
and generalized lower (p, q)-type t*(p,q), then for every Ef(f), there exists

~ o)
an entire function H(t) = Eg(f)tk, such that
k=1

(14) Ap,q. [)/¢=Xp,q, H) and t*(p,q, f) =t*(p,q, H).

Proof. From [14], we have

Z lge(2)lIrg o

Using (9) we get

Ig||M(T
ny e g, o

For o > 1 be fixed constant and R > «, we obtain

1) B <M (F) (7o) B+ o)

for sufficiently large R and

(16) u(R.a) < 7" N (Cr, f)( F—r ) (1 +0(1)).
Now using Lemma 1, Lemma 2 and (16) we set for p > 2 and ¢ > 1,

(17) Ap,a.f)/¢ > NMp,¢, H) and  t*(p,q, ) > t*(p, q, H).

In order to prove reverse inequalities, consider the function

(18) =Y (Pera(2) — Pi(2)),
k=0

since

|Pet1(2) = Pr(2)] < 1 Pea(2) — Pe(2)ll <2 [If = Pe(2)ll, 2 € B.

Using Walsh inequality, [15, p. 77], we have get

|Peii1(2) = Pu(2)| <2 ||If — Pu(2)|3.R", 2€ By, R >1.
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Now Applying Holder inequality, we get

1Pesi(2) — Pel2)l/R™ <2 A || = Pu(2)|y .-

where A* is defined as earlier and ¢ =1 —1/s, 1 < s < oo. Since above
inequality holds for any polynomial Py(z), so we have

(19) 1Pesr(2) — Pu(2)|/R* <2 A ES_((f), 1<s< oo

From (18), (19) and (15), we get

1F&)] <Y 1Pera(z) = Pr(2)|
k=0

or

(20)  M(Tg, f) < laol +24°" 3" Bi_ (/)(RR)E,
k=0

< |ao| + 24" (RR(RR*, H), z € Bp.

The right hand side of series (18) converges for every R and there-
fore, the series on the right of (20) converges uniformly on every compact

subset of complex plane and so f(z) is entire and f(z) = f(z). Since
1/¢ ~

Clim [Eg(f)] = 0 by (15) it follows that H(t) is entire. By virtue of

—00

Lemma 1, Lemma 2 and (20) for all p > 2 and ¢ > 1, we have

(21) Ap,q, f)/C < Ap,q, H) and t*(p,q, f) <t*(p,q, H).

(17) and (21) together proves the Theorem 2. [ |

Theorem 3. Let f(2) = Y. qu(2)[y(2)]F~! belongs to L¥(B), 1 < s < oo
k=1

and « be fized. Then f(z) can be extended to be an entire function of lower
(p, q)-order A(p,q) (b < A(p,q) < o0) if and only if, for (p,q) # (2,2),

A(pa q, f) 7

(22) c - g%[Px(l(n q,Ha))] = g%[Px(l(p, q, H))]
and
@3 222D P (5, )] = max(P (" (0, F))]

¢ {m} {my}
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where
log[p_l] Mp_
l(p,q,Hy) = liminf =] ! -
k=00 1og ™ (|[gmy (2) [0, ) /™
l(p,q, H) = liminf ; = nmy,
. L logP— my,_
l (p7 q, Ha) = 1l]€Hi>lnf [ 1] 1g k”ql Y )||F )
oo q— m -1 z [e%
10g (mk_mk—l ( quk(z)”r‘a ))
loglP~ my,_
I"(p.¢, Ha) = lim inf : o8 Mk-1 )
o0 - 1
011 b os(Cot17)
such that

.. Jdogmy_q
= =1 f—=——.
X = xdmy} = liminf = 2o

Further, (22) and (23) hold for (p,q) = (2,2) also provided {my} be the
sequence of principal indices such that logmg_1 ~ logmy as k — oo.

Proof. In view of Theorem 1 and Theorem 2 we have concluded that
f € L*(B) can be extended to an entire function, if and only if, Hu(w)
and H(t) are entire functions. Applying Theorem 2 by Juneja et al [5, p.

62] to the functions H,(w) = Z gy, (2)||lr,w* and H(t) = Z B (f f)tok,

(e = nmy, with left equahtles of (11) and (14), it completes the proof of
Theorem 3. |

Theorem 4. Let « be a fizred and f(z) Z a(2)[y(2)]F~1 belongs to

L*(B), 1 < s < oo. Then f(z) can be eaﬁtended to be an entire function
of (p,q)-order p(p,q) (b < p(p,q) < o0) and generalized lower (p,q)-type
t*(p,q) (0 <t*(p,q) <o) if and only if

{my} k—o0

gb(log[p*ﬂ ’I?’Lk_l) ) p(p,q)/Ck
10 (g, (2) Ir.,) 1/ |

¢(10g[p,2} mk,l) p(P,a)/Cr
= max < liminf 1] : , p>3
{mi} | koo \ logl™H(E2 (f))~1/%

(24)t*(p,q) = max < liminf (
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and further, if the sequence of principal indices {my} satisfies mp_1 ~ my
as k > oo, then for p =2,

p(2,4) _ 4

7t*(p,q) = max 1iminf< o(mi—1) ) ! )

M*(p,q)  {mid | koo \ loghl(|lgm, (2)lIr, )~/

r(2,9) —A

Ck
— max 1iminf< [A](b(m’“‘l) 3 > , p>3
{me} | koo \log M (EE (f)) =1/

where mazimum is taken over all increasing sequence of positive integer and

*_1)(v"-1) .
ble— v =p2.2)/G i (pa)=(2.2),

M*(p,q) = % if  (pq) =(2,1),

1 otherwise.

Proof. In order to prove the theorem we apply Theorem 2 by Kasana ea
o) ~ o)

al [7] to the function Ho(w) = > [|gm, (2)|lr,w™* and H(t) = >_ EZ, (f)tsk
k=1 k=1

with the resulting characterization of t*(p, ¢, Hy) and t*(p, q, H) in terms of
gy (2)[Ir., and EE, (f) respectively. Now in view of right hand equality of
(11) and (14), the proof of theorem is complete. [ |

Note. Taking p,q(R)/¢ = p(p,q)/(, ¥V R > Ry and ¢(z) = W’

we have the following corollary which gives a formula for lower (p, q)-type
t(p,q) in terms of polynomial coefficients and approximation errors of an

entire function f(z) = 3 qu(2)[y]* ! .
k=1

58]
Corollary 1. Let a be fized and f(z) = . qu(2)[v(2)]F~! belongs to
k=1

L*(B), 1 < s < oo. Then f(z) is the restriction of an entire function

having (p,q)- order p(p,q) (b < p(p,q) < o) and lower (p,q)-type t(p,q)
(0 < t(p,q) < o) if and only if

t(p,q) . log?~2 my_4
——~ _ = max < liminf —
M*(p, q) {my} k—o0 [ p(p.a) _ 4

108171l g (=) [, ) /e | ™

log"~Z my_4
p(éM) _A
loglt- (B () 1/ ]

= max { liminf
{m} k—o0
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Example 1. Consider the function f(z) = . [2k — 1] Gk=1z[z2]k-1,

Here q;(z) = [2k — 1]~z and ~(z) = 22. From the coefficient formulae,
we get p=A=1and T =t = 1. Further, we have p = 2 and ||gx(2)|Ir, =
2k — 1)=k=1_ Tt can be easily seen that | [|qx(2)|| ]"/* = 0 as k — oo
therefore H,(w) is an entire function and the equations (7) and (8) are easily
verified

Example 2. To Ver1fy the Theorem 3 and Corollary 1, Consider the
function f(z) = €* Z [22])FL 4 Z w2 22)k=1 For

k=1 ( 221 )
(p,q) = (2,1), p(f) = AX(f) =2 and T(f) = t(f) = 1. But if we rewrite the

- 2
expansion of f(z) in the form

252 Z4 ZG 2
f@ = 1+ S+ S+ 5+ )+ (14 5+
., 1 11 ,orl 1
- +z+z(+ )+§+ <2I+I)+'“+Z [ﬁ+7(2m)!}
22m+1
et

we see by coefficient formulae p(f) =2, A\(f) =1, T(f) = 1 and ¢t(f) = 0.
This implies that equality does not hold for lower order and lower type
cases. Hence we have taken max on the right hand side of (22), (23) and in
Corollary 1. Now the verification of Theorem 3 and Corollary 1 needs some
mechanical work and hence left for the reader.
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