FASCICULI MATHEMATTICI
Nr 49 2012

BipuL SARMA

STATISTICALLY CONVERGENT DIFFERENCE
DOUBLE SEQUENCE SPACES DEFINED BY
ORLICZ FUNCTION

ABSTRACT. In this article we introduce some statistically conver-
gent difference double sequence spaces defined by Orlicz function.
Completeness of the spaces will be proved. We study some of their
other properties like solidness, symmetricity etc. and prove some
inclusion results.
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1. Introduction

Throughout, a double sequence is denoted by A = < a,; >, a double
infinite array of elements a,; € X for all n,k € N, where X is the set of
real or complex numbers.

The initial works on double sequences is found in Bromwich [3]. Later
on it is studied by Hardy [5], Moricz [10] and many others.

Throughout the article ow, 2f, 2¢, 2¢g, 9clt, gc{f denote the spaces of all,
bounded, convergent in Pringsheim’s sense, null in Pringsheim’s sense, reg-
ularly convergent and regularly null double sequences of complex numbers.

The notion of difference sequence spaces (for single sequences) was intro-
duced by Kizmaz [7] as follows.

Z(A) ={(zr) e w: (Axy) € Z},
for Z = ¢,cp and loo, where Az = xp — 254 for all k € N.
Following Hardy [5] the difference of double sequences is defined by Tri-
pathy and Sarma [13] as follows.

Aapg = Gpk — Qpg1k — Onkt1 + Gpg1k1  forall n k€ N.
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The notion of statistical convergence of double sequences is introduced
by Tripathy [11]. The idea depends on the density of subsets of N x N. A
subset F of N x N is said to have density p(FE) if

1
p(E)= lim — XE exists.
g 2 2

A double sequence < a,; > is said to be statistically convergent in Pring-
sheim’s sense to a number L if for given ¢ > 0, p({(n, k) : |apx—L| > €}) = 0.

A double sequence < a,i > is said to regularly statistically convergent
to a number L if < ay,; > converges statistically in Pringsheim’s sense to L
and the following statistical limits exist.

stat — lim a,, = x, exist for each k£ € N.
n—oo

and
stat — lim a,; = yi, exist for each k£ € N.
n—oo

2. Definitions and preliminaries

An Orlicz function M is a mapping M : [0,00) — [0,00) such that it is
continuous, non-decreasing and convexr with M (0) =0, M(x) > 0 for x > 0
and M(x) — oo, as x — 00.

Lindenstrauss and Tzafriri [9] used the idea of Orlicz function to construct
the sequence space,

M — {(l’k) : ZM (%\) < 0o, for some p > 0},

k=1 P

which is a Banach space normed by

||(z)]| Zin{p> 0: ZM (ﬁf’) < 1}.

k=1
Remark 1. Let 0 < A < 1, then M (Az) < AM (z), for all x > 0.

Definition 1. A double sequence space E is said to be solid if < app ank >
€ E whenever < an, >€ E for all double sequences < an > of scalars with
lank| <1 for alln,k € N.

Definition 2. Let K = {(n;,k;) :i € N;np <ng <nz < ... and k1 <
ko <ks<...} CN XN and E be a double sequence space. A K-step space
of E is a sequence space )\,]f ={< ank, > € 2w :< anp > € E}. A canonical
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pre-image of a sequence < Qi > € )\kE is a sequence < bnp, > € E defined
as follows:

N if (n,k) €K,
e 0, otherwise.

A canonical pre-image of a step space )\kE is a set of canonical pre-images
of all elements in )\kE.

Definition 3. A double sequence space E is said to be monotone if it
contains the canonical pre-images of all its step spaces.

Remark 2. From the above notions, it follows that 'If a sequence space
F solid then F is monotone’.

Definition 4. A double sequence space E is said to be symmetric if
< apg > € E implies < arnyx(x) > € E, where 7 is a permutation of N.

Definition 5. A double sequence space E is said to be convergence free
if <bpp > € E whenever < ayy, > € E where ay;, = 0 implies by, = 0.

Let M be an Orlicz function. We have the following double sequence
spaces.

20 (M, q) = {< ank > € qw(q) : sup M <q (aﬂk>> < 00, for some p > 0}
n,k P

nk — L
2¢(M,q) = {< ank > € qw(q) : stat — liI}clM (q <a k )) =0, for some p > O} )
n, p

Also < app > € 9¢(M, q) i.e. regularly convergent if < a,; > €2 ¢(M, q)
and the following limits hold:

There exists Ly € X, such that stat — li7rlnM (q (%)) = 0, for some
p>0andall k€ N.

There exists J,, € X, such that stat — li’£nM (q <@>) = 0, for some
p>0andallneN.

The definition of 929(M, q) and 2¢¥(M, q) follows from the above defini-
tion on taking L = Ly = J, =60, for all n, k € N.

We introduce the following difference double sequence spaces.

A
Woo(M,A) = {< Ang > € qw : sup M <| ank) < oo, for some r > O}

n,k r

|Aank — L|
T

9c(M,A) = {< apk > € ow : stat — limM< =0, for some r > O}.
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Also < ayp, > €9¢*(M, A) i.e. regularly convergent if < a,; > €2¢(M, A)
and the following limits hold:

There exists Li € X, such that stat — lim M (

n

r>0andall k€ N.

There exists J, € X, such that stat — lilgnM (M) = 0, for some
r>0andalln e N.

The definition of o¢y(M, A) and 2¢f(M, A) follows from the above defi-
nition on taking L = Ly = J, =0, for all n,k € N.

Aapp—L
|a"’;7’“‘) = 0, for some

3. Main results

Theorem 1. The classes Z(M,A), where Z = o€, oCq, 2¢*, 26(1)% and ol
are linear spaces.

Theorem 2. The spaces Z(M,A), where Z = o¢tt, QEOR and ol are
Banach spaces normed by

A
f(< ang >) = sup|ani| + sup|aix| + inf <r > 0 : sup M <|ank> <1p.
n k n,k r

Proof. We prove the theorem for the space 2¢*(M, A) and the proof for
the other cases can be established following similar technique. Let A’ =<
aflk > be a Cauchy sequence in 2¢/*(M, A). We have to show the following:

(i) a' ) — ank as i — oo, for each (n,k) € N x N,

(i4) a; — a as i — 0o where stat — lima!, = a; for each i € N.

(791) ank — a (statistically relative to M).

Let € > 0 be given. For a fixed ¢ > 0, choose ¢t > 0 such that M (t%o) >1
and mg € N be such that
(1) f(<al, — aflk >) < ti for all 4,7 > my.

Zo
By the definition of f we have

r

Adt . — Ad’ "
jM<M>§1§M<“) for all 4,5 > mq
f(ailk‘_ank:) 3
i i trg € 5 o
= |Aa7ﬁk - AQ%IJ < ?% == g for all 1,7 > mo.

. . £ . . c ‘AG/Z _Aa] ’
|a,211—afﬂy<%, ’aluc_a]ug|<*0, M(nk‘"k <1

Hence < a{Ll >, < a{k > and < Aafm > are Cauchy sequences of complex
numbers and so there exists complex numbers a,1, a1 and y,, such that

; Jo— ; VA : Jo_
i g = e Jim ol = o i A =
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From this it is clear that lim aflk exists. Using continuity of f, from (1)
J—00
we have

(2) aly = app  as i — oo.

(i4) We have stat —lima’, = a for each i € N. Thus there exists a subset
E; C N x N such that p(E;) =1 and

=

r

IN

M(%)ﬁnﬂ(mméﬁ,

for each 7 € N and for some ¢t > 0.

; 5
= |ay, — ai| < 3

for all (n, k) € E;, for each i € N and by continuity of M.
Let i,5 > mg and (n, k) € E; N E;j. Then we have

|ai — a;] < laby — ail + |aly, — aly | + |al, — aj
g g g
< §+§+§:E by (2) and (3).

Hence < a; > is a Cauchy sequence in X, which is complete. Thus < a; >
converges in X and let lim a; = a.
1— 00
(7ii) Let e1 > 0 be given. Let i > mg and ¢ > 0 be so chosen that
M (%) < e1. From (ii) we have a subset E C N x N with p(E) = 1 such
that

i £
|ank - ai| < g :
By (i) we have |an, —a’,| < § for all i > mg. By (i) we have |a' —a| < §
for all 4 > mg. Hence for all ¢ > my and for all (n,k) € E with p(E) = 1,
we have
lank = al < lank = api] + lapy, — ail +|ai — a

< THs4s=c
3 3 3

= M(W) gM(%) =¢1 for some t >0
and all (n,k) € £ with p(E) =1
= stat — lima,; = a.
Hence < an;, >€ 2¢%(M,A). Thus 2¢®(M, A) is a Banach space. |
Proposition 1. (i) Z(M,A) Ca loo(M,A) for Z =9 c¥ 5 e, The inclu-
stons are strict.

(ii) Z(M) C Y(M,A) for Z = 9eft, o€ and Y = 2¢l, o respectively.
The inclusions are strict.
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Proposition 2. The spaces Z(M,A) for Z = q¢ft, selt are nowhere
dense subset of oloo (M, A).

Proof. The proof is clear from the Theorem 2 and Proposition 1(i). W

Proposition 3. Let M, My, Ms be Orlicz functions Then

( ) (MQ, ) - Z(Ml, ) for Z = o€, 90y, QCR, QCO ZfM1< ) < MQ((L‘)
for all z € [0,00).
( ) (Ml, )ﬁ (Mg, ) - Z(M1 +MQ,A) fO’F Z = 9¢, 90y, Q@R, QEOR.
(’LZZ) (Ml, ) - (MOMl, ) fOT Z = ocC, 2Cy, QER, 266%.

Proof. The proof of (i) and (ii) are obvious.
(7i7) Consider Z = 9¢. Let < anp > € 2¢(M1,A). Then for some r > 0,

A - L
stat — lim M, (’ank|> =0.
T

Let b, = M; (M) Since by, — O(stat), there exists J C N x N

with p(J) = 1 such that b, < 1 for all (n,k) € J.
Now by the Remark 1, we have M (b,) < by M (1).

:>stat—hmM< <|AankL|>>:0
r

Aany, — L
= stat — lim(M o M) <a’;‘> = 0.

Hence < apy > €9 ¢(M o My, A). Similarly the result can be proved for
the other cases also. |

Proposition 4. The spaces Z(M,A) for Z = o¢lt, oelt and 20y are
K -spaces.

Property 1. The spaces Z(M,A) for Z = 9, 9¢q, oct, 2 and 2lu
are not symmetric.

Proof. The result follows from the following example. |

Example 1. Consider the sequence space o¢o. Let M(x) = 3. Let the
sequence < ani > be defined by

{ 1, if n is odd for all k € N,
apk =

—1, otherwise.

Then Aanp, =0 for alln,k € N.



STATISTICALLY CONVERGENT DIFFERENCE . . . 143
Let < by, > be a rearrangement of the sequence < ani > defined by

-1, if n+k is even,
bnk =

1, otherwise.

Then
Ab,, = -4, ifn +l.<: s even,
4, otherwise.

The sequence < ang > € o¢o(M,A) but < bpx > ¢ 2co(M, A).
Hence the space o¢o(M, A) is not symmetric. Similarly the other spaces
are also not symmetric.

Property 2. The spaces Z(M,A) for Z = 9¢, o¢0, oc%t, 26 and 2l
are not monotone and hence are not solid.

Proof. To prove the results, consider the following example. |

Example 2. We prove the result for Z = o¢ and the other cases can be
proved using similar technique. Let M (x) = . Let the sequence < ani > be
defined by

ang, =1 for all n,k € N.

Then < an, > €2 ¢(M,A). Let J = {(n,k) € N x N :n > k}. Let the
sequence < bpi > be defined by

{ank, for all (n,k) € J,
bnk =

0, otherwise.

The sequence < by > belongs to the canonical pre-image of J-step space
of 2¢(M,A), but < bpy, > ¢2¢(M,A). Hence 2¢(M,A) is not monotone.
Similarly it can be shown that the other spaces are not monotone.

Thus by Remark 2 the spaces are not solid. The proof of the following
result is obvious.

Property 3. The spaces Z(M,A) for Z = ot, oCg, 2¢", 26(1)% and 90
are not convergence free.
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