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1. Introduction

Fractional integral equations have recently been applied in various ar-
eas of engineering, science, finance, applied mathematics, bio-engineering,
radiative transfer, neutron transport and the kinetic theory of gases and
others [6, 12, 13, 15, 21, 22]. The idea of fractional calculus and fractional
order differential equations and inclusions has been a subject of interest not
only among mathematicians, but also among physicists and engineers.

Fractional calculus techniques are widely used in rheology, control, porous
media, viscoelasticity, electrochemistry, electromagnetism, etc. [18, 20, 24,
25, 27]. There has been a significant development in ordinary and partial
fractional differential equations in recent years; see the monographs of Abbas
et al. [3], Kilbas et al. [23], Miller and Ross [26], Samko et al. [32], the
papers of Abbas et al. [1, 2, 4, 5], Belarbi et al. [7], Benchohra et al.
[8, 9, 10], Diethelm [17], Mainardi [24], Podlubny et al. [31], and Vityuk
and Golushkov [33], and the references therein.

Qualitative properties and structure of the set of solutions of the Darboux
problem for hyperbolic partial integer order differential equations have been
studied by many authors; see for instance [4, 14, 19]. In [11], Bica et al.
initiated the study of Fredholm integral equation of the form

(1) £(t) = F(t) + /O "yt s,2(s), 2 (5))ds,
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in Banach space setting. Recently in [29], Pachpatte studied the qualitative
behavior of solutions of equation (1) and its further generalization. Inspired
by the results in [11, 29], Pachpatte in [30] studied the Fredholm type integral
equation of the form

a rb
(2) u(:v,y):f(x,y)+/0/o g(z,y, s, t,u(s,t), Diu(s,t), Doyu(s,t))dtds,

where u is the unknown function to be found. In this paper we consider the
Fredholm type Riemann-Liouville integral equation of the form

3 ulzy) = plz,y)+ )T my//°a_3m1 gyt

X f(z,y,s,t,u(s,t), (“Dgu)(s,t))dtds,

if (z,y) € J := [0,a] x [0,b], where a,b € (0,00), 6§ = (0,0), “Dy is the
standard Caputo’s fractional derivative of order r = (r1,r2) € (0,1] x (0, 1],
w:d =R f:JxJxR*"xR"” — R™ are given continuous functions and
[(-) is the (Euler’s) Gamma function defined by I'(¢) = [t~ 'e 'dt, ¢ > 0.

The present result extends those considered with integer order derivative
11, 19, 28, 29, 30].

2. Preliminaries

In this section, we introduce notations, definitions, and preliminary facts
which are used throughout this paper. Let o > 0, by L2(J) we denote the
space of Lebegue-integrablefunctions w : J — R™ with the norm

a rb 1
folle = ([ [ It edyz)”

where ||.|| denotes a suitable complete norm on R”.
The case o =1 is included and we have

a rb
ol = /0 /0 lw(z, )l dydz.

As usual, by C(J) we denote the Banach space of all continuous functions
from J into R™ with the norm

|wllow = sup |w(z,y)l-
z,y)€J

Definition 1 ([33]). Let r = (r1,r2) € (0,00) x (0,00), 6 = (0,0) and
u € LY(J). The left-sided mized Riemann-Liouville integral of order r of u
is defined by

T _ 1 Y T —3 ri—=1/ rg—lu s s
(Igu)(x,y)—r(rl)r(m)/o /0( Y110y — ) Lu(s, £)dtds.
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In particular,

(Fu(e,) = o). (Fu)(e) = | ' / (s, ydds,

for almost all (x,y) € J, where 0 = (1,1). For instance, Iju exists for
all 1,72 € (0,00), when u € L'(J). Note also that when v € C(J), then
(Iyu) € C(J), moreover

(Iyu)(x,0) = (Iyu)(0,y) =0, z €[0,a], y€[0,0].
Example 1. Let A\,w € (—1,0)U(0,00) and r = (r1,72) € (0,00)x (0, 00),

then
L1+ A

TTA+ A+
for almost all (z,y) € J.

F(l +w) x)\JrTl
F(l +w + 7‘2)

Igl_)\yw yw+r27

)
)

By 1 —r we mean (1—r1,1—72) € (0,1] x (0, 1]. Denote by D:%y = %,
the mixed second order partial derivative.

Definition 2 ([33]). Let r € (0,1] x (0,1] and u € L'(J). The Ca-
puto fractional-order derivative of order r of u is defined by the expression
“Dyu(z,y) = (I; " D3 u)(@,y).

The case o = (1,1) is included and we have

(‘Dgu)(x,y) = (Diyu)(x, y), for almost all (x,y) € J.

Example 2. Let A\,w € (—1,0) U (0,00) and r = (r1,72) € (0,1] x (0,1],
then (1 + NT(1+w)
+ +w
cpr Ay w A—r1, Ww—T2
0% Y F(l—l—)\—rl)f‘(l—i—w—m)x v
for almost all (x,y) € J.

Definition 3 ([23, 32]). Let a € (0,00) and u € L'(J). The partial
Riemann-Liouville integral of order o of u(x,y) with respect to x is defined
by the expression

1

Iau(e9) = o [ (@ =" uls s,

for almost all x € [0,a] and all y € [0, D].
Analogously, we define the integral

L ) /Oy(y —8)* u(x, s)ds,

[&yu(%y) = m

for all x € [0,a] and almost all y € [0, b].
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Definition 4 ([23, 32]). Let a € (0,1] and u € L'(J). The Caputo
fractional derivative of order « of u(x,y) with respect to x is defined by the
exTpPression

D ule,y) = 150 <l y),
for almost all x € [0,a] and all y € [0,b].

Analogously, we define the derivative

C « — 8
Dg yu(z,y) = I&y 8—yu(w,y),

for all € [0,a] and almost all y € [0,b]. For w,* Dyw € C(J), denote

lw(z, y)lln = llw(z, y)|| + [[*Dyw(z, y)l|.

Let E be the space of functions w,* Dyw € C(J), which fulfill the following
condition:

(4) AM >0 : |Jw(z,y)||; < MM for (x,y) € J,

where A is a positive constant. In the space E we define the norm (see [28])

lwlp = sup {[lw(z,y)e ).

(z,y)ed

It is easy to see that (E, ||.||g) is a Banach space. We note that the condition
(4) implies that

(5) |w|le < M.

3. Main results

Let us start by defining what we mean by a solution of the equation (3).

Definition 5. We mean by a solution of the equation (6), every function
w € C(J), such that the mized derivative Dgy(w) exists and is integrable on
J, and w satisfies (3) on J.

Further, we present conditions for the uniqueness of the solution of the
equation (3).

Theorem 1. Assume
(H1) There exist functions py,p2 : J x J — RY, such that f and “Dj(f)
satisfy

(6) ”f(‘r)y)sutvuvv) - f(xay557t7ﬂ7ﬁ)||
< pu(@,y, s, t)(lu =2l + lo =)
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and

(7) 1D ) (@, y, 8,8, u,0) = (“Dyf)(x,y,5,1,w,0)]|
< pa(z,y, 5, t)(|[u — @l + [lv = ]),

for each (x,y),(s,t) € J and u,v,u,v € R,
(H3) for X as in (4), there exist nonnegative constants a1, ag, as, B1, P2
and 0 < rg < min{ry,re} such that, for (z,y) € J, we have

le(z, y)||1 < apeM=ty),
(8) SN (g, s,,0 O)HTsdtds < ars 5+,
JE LDy f(2,y, 5,1,0,0)]| 75 dtds < o} ERC +y>,

and
9) foafob P (x,y,s,t)e"s (s+t)dtd5 < ﬂTS ( +y)
f0f0p2 xy,st) T3(+t)dtd3<,ﬁr3 (+y)

If
(10) (B1 + B2)al@1tD=rs)plwat1)(1=rs3) Aaty) <1

(wl + 1)(1*1“3)((*)2 + 1)(177“3)1“(7-1)11(7.2) s
where w1 = 1_r§, 9 = ?__Ti, then the equation (3) has a unique solution on
J in F.

Proof. Let u € F and define the operator N : £ — E by
() Ne) = wtea) + s [ @m0
7'1 7'2
X f(z,y,s,t,u(s,t), (“Dyu)(s,t))dtds.

Differentiating both sides of (11) by applying the Caputo fractional deriva-
tive, we get

(12)  “Dy(Nu)(z,y) = “Dyu(z,

y
// a— 8 7"1 1 t)rgfl
7”1 ’1”2

XDjf (2, y, 5, t,uls, 1), (“Dyu) (s, 1) dtds.
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Now, we show that N maps E into itself. Evidently, N(u), “Dy(Nu) are

continuous on J. We verify that (4) is fulfilled. From (5), (8), (9) and using
the hypotheses, for each (z,y) € J, we have

a rb
1) (&, )l < s )+ # / /0 (a— 5171 (b— 1)
||f(:n Y, 8, t,u(s,t), (¢ Dgu)(s t)) f(z,y,s,t,0,0)| dtds

/ / Y (b — 62| f (2, 5,8, 0, 0) | deds
7’1 7’2

+?”17”2// (a—s)”_l(b—t)”_1

x HCDef(w y.s,t,u(s, ), (“Dyu)(s,£)) =° Dy f(a,y, 5,t,0,0) | dtds

/ / P 07 D 5,1,0,0) s
7"1 7"2

7‘1 1 ro—1 1—r3
< Wi ) + 300 // 0= )77 (b - )77 deds

/ / 75,1, u(s, 1), (D) (s. 1)) — F(ar.y.5,1,0,0)]| S drds)

it -1 L_l 1—7‘3
// 1 r3 —t)l_’"3dtd8>
""1 ""2
// ”f(l‘,%S,t,0,0)||§dtds)r3
r—1 rg—1 1—7rs
// 1 r3 —t)1 r3dtds>
7"1 7"2

/ / 1D} (., 5., u(s, 1), (*Dfu)(s, 1))

- CDgf(:L‘ Y, 8,t,0, 0)||T3 dtds)

r1—1 rg—1 1-rs
// a—s)=rs( —t)1*T3dtds>
7”1 7”2
// D5 f(x,y, 5,1, 0, 0)||73dtds>

Thus, for each (z,y) € J,
aw1t1)(1-r3) p(wa+1)(1-r3)

(w1 4+ 1)0=73) (wy + 1)A=73)T(r )T (r2)

[(Nu)(z,y)lln < (@, y)ll +
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a rb L .
+ (// ||CD5f(w,y,s,t,0,O)HGdtds) ’
0J0
S SN
// pf"(w,y,s,t)llu(s,t)ufddtds)
// my,stuust>yy;3dtds) }

aWi+D)(1=r3) plwa+1)(1-73)
(wi + 1)) (w + 1) =)D (11T (r2)

% [azemﬁy) + g @)

arb 1 A(S-‘y—t) r3
+ Hu\E(// p1®(x,y,s,t)ers dtds)

0Jo

arb 1 2 r
+HU\E(// P’ (w,y,s,t)eﬁ(“t)dtds) 3]

0Jo

(a2 + a3 + M By + M Bg)a@1FDA-ra)plwat1)1-rs)
(w1 + 1)E7r9) (wg + 1) 178D ()T (r2)

< @y r@Y) 4

< {041 + ]ek(ﬂc-i-y)'

Hence, for each (x,y) € J, we get

(13) [(Nu)(z,y)ll1
< [Oc + (g +az + MpPy + M52)@(°”+1)(1m)b(Wﬁl)(lTS)}eA(wnLy)
= (w1 + 1)@73) (s + 1)A=73)T (11 )T (12) '

From (13), it follows that N(u) € E. This proves that the operator N maps
F into itself. Next, we verify that the operator N is a contraction map. Let
u,v € E. From (11), (12) and using the hypotheses, for each (x,y) € J, we
have

1 @ rb ri—1 _ \re—1
uwmmw<mwwmswmmwélms><bw

X || f(x,y,s,t,u(s,t), (“Dyu)(s,t))
— f(z,y, s, t,0(s,t), (“Dyv) (s, t))| dtds

/ / 7"1 1 t)rg—l
7"1 7"2

X ||CD9f(x7 Y, S, ta u($7 t): (cDgu)(sa t))
=Dy f(x,y,s,t,v(s,t), (“Dpv)(s,1))||dtds
awi+)(1=r3) p(w2+1)(1-73)

<
B (w1 + 1)(1—T3)(w2 + 1)(1_7"3)F(7"1)F(7"2)

a rb 1 1 re
(][0 s luts,t) = (s, )] deds)
0J0
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([ o8 s s, 0 s, 01 aas) )

w1+1 )(1— rg)b(w2+1)(1 r3)

< o 0 5 0 T

(L iy
// P?’(%%Si)eﬁ S+t)dtds) }HU_UHE

(ﬁl _’_62) (w141)(1— 7’3)b(wz+1)(1 r3)
B (w:[ + 1)(1 T3)((,U2 + 1)(1_7'3)]__‘(7‘1)]__‘(7'2)6

M [l — o .

Hence

|Nu— No|p < (BL + Bp)a 1D mrs)p(watl)(1=rs)
¥ = (w1 + 1)) (wy + 1) ()0 (rp)

From (10), it follows that N has a unique fixed point in E by Banach
contraction principle (see [16], p. 37). The fixed point of N is however a
solution of equation (3).

The next result deals with the uniqueness of a solution of equation (3) in
E when the functions p;; i € {1,2} are in the form

[u =l -

pi(l'aya&t) = hi(s,t)c(z,y) = mi(svt)ek(x—i_y_s_t)a (&S {172}

[ |
Theorem 2. Assume

(Hs) For X\ as in (4), there exist constants o > 0, 0 < r3 < min{ry,ra},

and strictly positive functions mi(x,y), me(x,y) € L%(J) such that
for each (z,y), (s,t) € J, p, f and “Dy(f) satisfy

(14) (z, y)|l1 < aer@H)
and

(15) {Ilf(w,y, 5,4,0,0)| < (s, )@,

1°D} £ (2, y, 5,t,0,0)|| < ma(s,t)eM@tv),

1
(Hy) There exist strictly positive functions ms(xz,y), mq(z,y) € L7 (J)
such that for each (x,y), (s,t) € J and u,v,w,v € R", f and
“Dy(f) satisfy

(16) I f(z,y, s t,u,v) — f(x,y,s,t,0,0)|| < ms(s,t)
x ATV (|l — g + v — )
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and
(17) 1Dy f)(x,y, 8.t u,0) — (CDyf) (@, 5, t,7,0)|| < ma(s,t)
6)\($+y—s—t)(||u _ HH + HU _ 5H)
If
Ma + M) g1t (1=rs)plwa+1)(1—r3)
(18) (M; + Ma)a .
(w1 + 1)0773) (wy + 1)A=73)T(r)T(r2)
where
= 1 _ro— 1 o ' .
wyp = 1 — 13’ Wy = 1—r3’ M; = HmZHL%’ i€ {3,4},

then the equation (3) has a unique solution on J in E.

13

Proof. Consider the operator N : E — E defined in (11). Now, we show
that N(u) maps F into itself. Evidently, N(u), “Dy(Nu) are continuous on
J and N(u),® Dy(Nu) € R™. We verify that (4) is fulfilled. From (5), (16),

(17) and using the hypotheses, for each (z,y) € J, we have
1 a rb | .
V)l < )l + s [ [ a=sm =0
”f(.’E Y, s, t u S t) (CDGU)(S t)) f(1:7y787t’0’0)”dtd8

// (a—s)" " b — )Y f(x,y,s,t,0,0)||dtds
7‘1 7‘2

+w// (a—s) (b -ty

X ||CD9f($ Y, 8, t, ’LL )7(CD9u)(S t)) —° Dgf(xayasvtvoao)udtds

// Tl 1 _t)TQ_IHCDgf(:Ea%S’taOaO)Hdtd‘S
7“1 7“2

ri—1 ro—1 1—r3
< et )l + gopos // a—s)1-s(b—1t)1-7s 7"3dtds)
L(ra)

/ / |f(x,y,s,t,u(s,t), (‘Dyu)(s,t)) — f(a:,y,s,t,(),O)H%dtdsy3

ri—1 ro—1 1—rs3
// 1 r3 —t)l_TSdtds)
7'1 7'2
= T3
// Hf(w,y,s,t,O,O)Hrsdtds>
n—- 1 E 17’!‘3
// a—8)T7 (b~ 1) dtds)
7“1 7“2
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a rb
X (/O/O 1°Dy f (x,y, s,t, u(s, t), (“Dyu)(s, t))
1 T,
— “Dyf(x, y,s,t,o,o)uﬁdtds) ’
r1—1 ro—1 1—7r3
)73 (b — t) s dtd
[(r1)T(ra) // Ho—t) S)

// D5 f(x,y, ,t,0, 0)\|mdtds)

q(@1+ 1) (1=r3) p(wa+1)(1-73)
(w1 + 10773 (w + 1) 1= T (1) T (r2)

a rb r
X K// (ml(s,t)e)‘(x+y))%dtds> ’
0J0
a rb
<// (mg(s,t)e)‘(x+y))%dtds>r3
0J0
arb 1 T3
([ tmatsstyuts. e+ dtas)
0J0
a rb r
([ tmats.luts. a0 %aras) "
0 J0

qwi+1)(1=rs) p(w2+1)(1-73)
(wr + 1)) (wy + 1)E=73)T ()T (r2)

arb 1 T3
+M2€/\(x+y)HUHE(// <m3(8,t)e)‘(x+y))rsdtd8)
0J0
a rb r
+ ||u|E<// (ma(s, )X s dds) ),
0J0

M;=|lm| 1, ie{1,2}.
L7"3

< [lp, y)lla +

_|_

+

+

Az+y)

< ae [ My )

where

Hence, for each (z,y) € J, we get
(19) [(Nu)(z, )l
(M1 + Mo+ MMy + My) ) alertD0rapleat (1)

eAMaty)
(w1 + 1)03773) (wo + 1)A=73)D ()T (12)

S[OH—

From (19), it follows that N(u) € E. This proves that the operator N maps
FE into itself. Next, we verify that the operator N is a contraction map.
Let u(z,y),v(x,y) € E. From (11), (12) and using the hypotheses, for each
(x,y) € J, we have
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V) a,0) = 0zl < s [ @ ooy

X [ f (@, y, s, t,uls, 75) (“Dyu)(s,t))
- f x y,s t v(s,t), (“Dyv)(s,t))| dtds

CL o S 7"1 1 t)m—l
7'1 7'2

X ||CD9f(:E,y,5,t,u(s,t),( D@U)(S,t))

— “Dpf(x,y,s,t,0(s, 1), (“Dpv)(s, 1)) dtds
a1+ (A=73) pwa+1)(1-73)

= or £ D0 (wy + DT ()0 (ra)
a rb 1 T3
ma(s u(s,t) —v(s AETY=s=1)\ 75 gt s
< [( [ mats.Dlats.) = o0 )75 dids)

+( /0 ’ /0 a5 (s ) —v(s,t)||1e’\(”y’s’t))%dtds>r3}

(Mg +M4)a(w1+1)(1—7"3)b(w2+1)(1—r3)
= (w1 4+ 1)A73) (wg + 1)A=73)T (71)T ()

AT |y — v

Hence
(M3 + My)artD(=rs)pwat1)(1=rs)
(w1 +1)3=73) (wy + 1)A=m3)D (1) (1)

|INu— No|g < [u—v|e.

From (18), it follows that N has a unique fixed point in F by Banach
contraction principle (see [16], p. 37). The fixed point of N is however a
solution of equation (3).

For w,® Dy, w,® Dy w € C(J), denote

lw(z, y)ll = [lw(z, y)l| + Do yw(z, y)|| + [“Doyw(z, y)|-

Let E be the space of functions w,® Dy, w,® Dg?w € C(J), which fulfill
condition (4). [ |

Corollary 1. Consider the following Fredholm type Riemann-Liouville
integral equation of the form

a rb
(20) u(z,y) = “("”’y”ml)lr(rz) /0 /0 (a— 5171 (b — 1)
% £y, 5,t,uls, 1), (D) (5, 1), (CDiu) (s, 1))dtds

if (x,y) € J:=10,a] x [0,b]. Assume
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(H}) There exist functions p1,p2,p3 = J x J — RY, such that f Dy, (f),
and °Dg? (f) satisfy

(21) ||f(:v,y,s,t,u,v,w) 7f($ay787t’ﬂaﬁvm)”
< pr(@,y, 8, 1) (lu —ull + flv — ]| + [lw —w]])

and
(22) [(“Do' ), y, 8, u,v,w) — (“Dol, f)(x, y, 5, ¢, 0,0, 0) ||

< pa(z,y, 8, 1)([[u =l + [lv = 0] + [Jw —w@])),
(23) 1(°DeZ, )@, y, s, u, v,w) — (“Ded, (@, y, 8,¢,0,0, )|

< p3(@,y,,t)([[u =@l + [lo = ]| + [lw —w]),

for each (x,y), (s,t) € J and u,v,w,u,v,w € R,
(HY) For X\ as in (4), there exist nonnegative constants oy, g, a3, Qd,

517 /82} 63

and 0 < r3 < min{ry,ro} such that, for (x,y) € J, we have

(@, y)|1 < are?@ty),
1 N
SO £ (@, 5,£,0,0,0)|75 dtds < ag? e7s “ ),
1 1,
JE D, f (2,1, 5,1, 0,0, 0|75 deds < g ers ),

A

1 1
S 1eDR, (2, . 5,1,0,0,0) |75 dtds < aj e7s ),

(24)

and

1

SO o1 (2, 5,t)e
1

(25) JE L2 0g? (2, y, 5, t)e
1

S L 032 (2, y, 5, t)e

@[>

() s < B{%G%(ag+y)7

(S+t)dtd8 < 55%6%(1"‘!‘1/)7

&3>

>

3 (s+1) dtds < 5%62)\(x+y) .

3

If
(w1+1)(177‘3) (WQ+1)(177‘3)
(26) (Bt + Bs)a b At < 1,
(w1 + 1)) (wy +1)A=r3)D ()T (1r2)
where wy = 7141__7,;, wy = %, then the equation (20) has a unique solution
on J in E.

Corollary 2. Assume
(H%) For X\ as in (4), there exist constants a > 0, 0 < rg < min{ry, 72},
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1
and strictly positive functions my(x,y), me(z,y) € L™ (J) such
that for each (x,y),(s,t) € J, u, f and “Dy(f) satisfy

(27) Iz, )1 < @)

(28) {Ilf (2,9, 5,£,0,0,0)|| < mi (s, £)eNa+s)

1°Dy £ (z,y, 5,t,0,0,0)|| < ma(s,t)er#+y),

(H}) There exist strictly positive functions ms(x,y), ma(x,y), ms(z,y)

€ L%(J) such that for each (x,y), (s,t) € J and u,v,u,v € R",
[ and “Dy(f) satisfy

(29) ||f(m,y,s,t,u,v,w)—f(:n,y,s,t,ﬂ,ﬁ),@”

< my(s, )XV (fu = al| + v = v + [[w —w]]),

(30) 1(“Dg (@, y, 8, u,v,w) — (“Dol, f)(z,y, 5, ¢, 70,0, w)||

< ma(s, )XV (lu — ]| + [l — ] + [lw —w]))

(31) 1(“ Doz, (@, y, 8.t u,v,w) — (“Ded, (2, y, 8,¢,0,0,0)||

< ms(s, )XV (fu —al| + [Jv = 0| + [Jw — ).

If
M M Me)a @1+ (1—r3) p(wa+1)(1-73)
(32) (Ms + My + Ms)a <1,
(w1 +1)0778) (wg + 1)A=r9)T (r1)T (r2)
where
r — 1 To — 1 .
= = Ml = il L3 747 )
w1 T wo . ||m HLrlg i€{3,4,5}

then the equation (20) has a unique solution on J in E.
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