FASCICULI MATHEMATTICI
Nr 51 2013

BiraAN HAZARIKA

ON ACCELERATION CONVERGENCE
OF MULTIPLE SEQUENCES
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1. Introduction

In 1968, D.F. Dawson [3] had characterized the summability field of ma-
trix A = (ag,) by showing A is convergence preserving over the set of all
sequences which converge faster than some fixed sequence x or A only pre-
serves the limit of a set of constant sequences. In 1979, Smith and Ford [13]
introduced the concept of acceleration of linear and logarithmic convergence.
Subsequently, Keagy and Ford [6] had established the results analogues to
the results of Dawson [3] dealing with the acceleration field of subsequence
transformation. Later, Brezinski, Delahaye and Gesmain-Bonne [2], Brezin-
ski [1] and many other authors have worked in this areas (see [11], [12], [14],
15)).

The sequence z = (x,,) converges to o faster than the sequence y = (yn)
converges to A, usually written as z < y, if
li |[zn — 0
im
n—oo [y, — Al

=0, provided y, — A # 0 for all n € N.

The matrix A = (agy,) is said to accelerate the convergence of the sequence
x = (zp,) if Az < z. The acceleration field of A is defined to be the class of
sequences {x = (z,) € w: Az < x}, where w is the space of all sequences.

The sequence x = (x,) converges to o at the same rate as the sequence
y = (yn) converges to A, written as z ~ y, if

Ty — O Ty —

0 < lim — inf

< lim — sup

<.

Yn
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Let A = (agp) be an infinite matrix. For a sequence x = (z,), the
A-transform of x is defined as

(o]
Ax = Zaknazn, for all n € N.
k=1

The subsequence (xy, ) of the sequence x = (x,) can be represented by a
matrix transformation Az, where the matrix A = (axy) is defined by

1, for all ieN;
@iki = o, otherwise

For a matrix summabilty transformation A, we define the domain of A,
usually denoted by d(A), as

d(A) = {x = (zp) €Ew: h’gnZakn:pn exists } :

n=1

We denote

llz{x:(xn)ew:2|xn|<oo},

n=1
Ss ={z = (z,) €Ew:ax, >06>0, for all n}, Sy = the set of all nonnegative
sequences which have at most a finite number of zero entries.

2. Definitions and preliminaries

In 1900, A. Pringsheim [9] introduced the notion of double sequence and
presented the definition of convergence of a double sequence. Robinson [10]
studied the divergent of double sequences and series. Later on Hamilton
([4], [5]) introduced the transformation of multiple sequences. Subsequently
Patterson [8] introduced the concept of rate of convergence of double se-
quences.

In this article various notions and definitions on double sequence and
double sequence spaces have been presented. Some interesting results on se-
quence spaces of convergent double sequences and bounded double sequences
have been presented. Further, summability field of a four dimensional matrix
A = (agimn) and the acceleration field of subsequence transformation of
double sequences have been characterized.

Definition 1 ([9]). A double sequence x = (xy, ) is said to converge to a
number L in Pringsheim’s sense, symbolically we write P—1imy, n—oo Tmn =
L, if for every € > 0, there exists a positive integer ng depending upon €,
such that |z, , — L| < e, whenever m,n > ng. The number L is called the
Pringsheim’s limit of the sequence x.
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Definition 2 ([9]). A double sequence x = (T, ) is said to be bounded
if there ezists a real number M > 0 such that |z, | < M, for all m and n.

Definition 3 ([7]). The double sequence y is a double subsequence of
a sequence T = (Tm.pn), if there exists two increasing index sequences {m;}
and {n;} such that y = (Tm;n,)-

Definition 4 ([7]). A number  is said to be a Pringsheim limit point
of the double sequence x = (xy, ) if there exists a subsequence y of x such
that P —limy = 3.

Definition 5 ([7]). Let x = (zy,n) be a double sequence of real numbers
and for each k, let ay, = supp{@mnn : m,n > k}. Then the Pringsheim limit
superior of x is defined as follows:

(1) If a = +00, for each k, then P —lim —sup z = +00;

(13) If ap < +00, for each k, then P —lim —sup x = infi{ay}.
Similarly, let By = infy{zmy, : m,n > k}. Then the Pringsheim limit
inferior of x is defined as follows:

(ii3) If By, = —oo, for each k, then P —lim —supx = —o0;

(v) If B > —o0, for each k, then P — lim —sup z = sup,{Sk}.

Definition 6. A four-dimensional matriz A is said to be RH-regular if
it maps every bounded P-convergent sequence into a P-convergent sequence
with the same P-limit.

Definition 7. Let A C N x N be a two-dimensional set of positive inte-
gers. The cardinality of A, usually denoted by |A(m,n)|, is defined to be the
number of (i,7) in A such that i < m and j < n.

Definition 8. A two-dimensional set of positive integers A is said to

[A(m,n)]|

have a double natural density, if the sequence ( ) has a limit in Pring-

sheim’s sense. If this exists, it is denoted by 62(A). Thus we have

A
52(A) = lim M
m,n—oo mn
Clearly we have §2(A°) = 62(NxN—A) =1—02(A). Further, it is also clear
that all finite subsets of N x N have zero double natural density. Moreover,
some infinite subsets also have zero density. For example, the set

A={(,5):ie 28,2+ k) and j € 2,2 +1),k, 1 =1,2,3...}
has double natural density zero.

Definition 9. A double sequence x = (xy, ) is said to satisfy a property
P for ”almost all (m,n)” if it satisfies the property P for all (m,n) except
a set of double natural density zero. We abbreviate this by "a.a.(m,n)”.
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Throughout this paper we use the following notations:
2w = the space of all double sequences of real numbers.
2l = the space of all bounded double sequences of real numbers.
o¢ = the space of all convergent in Pringsheim’s sense double sequences of
real numbers.
oco = the space of all null in Pringsheim’s sense double sequences of real
numbers.
QCOB = 9¢p Nalso.
QSé? = the subset of the space zcoB.
2S5 = the set of all real double sequences x = (2, ) such that z,,, > 6 > 0,
for all m and n.
259 = the set of all non-negative sequences which have at most finite number
of columns and / or rows with zero entries.

00,00

Ql = Tr = (wm,n) : Z ’xm,n’ <X o,

m,n=1,1

0,00
2d(A) =<z = (Tmn) : P— lllﬁr? Z af 1m,nTm,n €Xists

m,n=1,1

pii(x) = sup |Tmal, for x € ol
m,n>k,l

Definition 10. Let A = (agimn) be a four-dimensional matriz. For
any x = (Tmpn) € 2w, the A-transform of x is defined as

0,00
(1) Az = Z Akl mnTmm, for all m,n € N.

m,n=1,1

The subsequence (Tm, n,) of the sequence x = (xy, ) can be represented by
a matriz transformation represented by (1), where

2) T I A
RLmn =0, if (myn) # (my,m)

It can be easily verified that the matrix as defined in (2) is a RH-regular
matrix.

Definition 11. A matrixz transformation associated with the four-dimen-
sional matriz A is said to be an sco — 2cg if Ax is in the set oco, whenever
x is in oco and is bounded (for details see [7]).

The following is an important result on the characterization of sco — 2cg
matrices:
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Lemma 1 ([4]). A four-dimensional matric A = (akjmn) i an 2co—2co,
if and only if,
(@) YopeZiilarpql < oo forall k, I;
(b) for ¢ = qo, there exists Cy(k,1) such that ag;pq =0,
whenever ¢ > Cy(k,l) for all k, 1, p;
(¢) for p = po, there exists Cp(k,l) such that ap;pq =0,
whenever p > Cy(k,1) for all k, 1, g;
(d) P—limyakpq =0, for all p and q.

3. Acceleration convergence of multiple sequences

In this section some more definitions related to double sequence have been
defined and some interesting theorems regarding acceleration convergence of
double sequences have been discussed.

Definition 12. Let © = () and y = (Ymn) be two double sequences
of real numbers. Then the sequence x is said to converge P-faster than the
sequence y, written as x <Py, if
Tm,n

P —lim

m,n

=0.

Ym,n

Definition 13. The sequence x = (2, ) is said to converge at the same
rate in Pringsheim’s sense as the sequence y = (Ymn), written as ~Fy, if

X .
TR < P —lim —sup

Ym,n

Tm,n

0 < P —lim—inf < 0.

Ym,n

Definition 14. The four-dimensional matric A = (a1 mn) is said to
P-accelerate the convergence of the sequence x = (zm,) if Az <F x.

We define the P-acceleration field of A as the set
{x = (2mpn) € qw: Az <P 2},

Theorem 1. Let x = (zpn) and y = (Ymn) be two elements of 25(1)3
such that x <Py, then there exists an element z = (zmn) in 258 such that
x <P z<Py.

Proof. Let x,y € 2SF be such that z < y. Define the sequence
2 = (Zm,n) as follows:

This implies that = <P 2 <F y. |
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Theorem 2. Let x <P y and y =7 z, then x <P 2.
Proof. The proof is omitted as it is straight forward. |

Theorem 3. Let A be a nonnegative ocy — 2¢g summability matriz and
let x and y be two elements in ol such that x <P y with x € 2563 andy € 955
for some 6 > 0, then u(Azx) <¥ p(Ay).

Proof. Since z <? g, then there exists a bounded double sequence
2z = (#Zmn) with Pringsheim’s limit zero such that 2., = Ymn 2mn. For
each k and [, we have

Mk,l(Ax) . Supr,sZk,l(Ax)T,S
Nk,l(Ay) Supr,sZk,l(Ay)T75
00,00
SUpPy s>k, Zm,nzm Qr,s,mn Tm,n
00,00
SUPy s>k, Zm,n:Ll Qr,s,m,n Ym,n
00,00
Supr,sZk,l Zm,n:l,l QAr.s;mmn Ym,n Zm,n

50,00
SUDy s>k, Zm,n:l,l Ar,s;mmn Ymn

00,00
Supr,szk,l Zm,n:l,l Arsmmn Ymmn Zmn

IN

0,00
SUPy s>kl Zm,n:l,l Gr,s;m,n Ym,n
00,00
SUD; s>k1 D mne1,1 @rsmn Ymn |Zmnl
0,00
Supr782kyl Zm,n:l,l ar,s,m,n ym7n
00,00
SUDy. s> k0 D omne1 1 Orsmn Ymon |2monl

B 00,00
55upr,sZk,l Zm,n:l,l Gr,s,m,n

IN

Since y and z are bounded real double sequences with z is in 2cy and A is a
nonnegative sco — 2cg matrix , then

00,00
P—1 =0.
im Tissglzvlmnzl 1 Ur.s;mmn Ymn |Zmm
Hence N
(3) P tim 2T
kil g1 (Ay)
In a similar manner we can establish N
(4) P tim 24T
kil o (Ay)
Hence from (3) and (4), we have
A
Pl Mrald2)
kil ik (Ay)

which implies pu(Ax) <P u(Ay). This establishes the result. [
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Theorem 4. Let v = (zpp) € QS(’)B and A be a subsequence transfor-
mation such that Az < x. Then there exists y = (ymn) € 258 such that
T = Ymn @.a.(m,n) and Ay <Py.

Proof. Let x = () € 25’(])9. Then there exists a subset B; C N x N
with d3(B1) = 1 such that

P —lim z,,, =0, over Bj.

Let (Zm,.n;) € 25F. Then there exists a subset By C N x N with dy(Bs) = 1
such that
P —1lim x,, n, =0, over Bs.

Since Az <P z, we have

xmk )T

P —1lim =0.

Tm,n
Then there exists a subset B3 C N x N with d2(Bs) = 1 such that

xmk 1

P —lim =0, over Bs.

Tm,n
Let D = By N By N Bs. Then clearly d2(D) = 1. For r # my, s # ny, (k1) €
N x N, let us define the sequence y = (Y n) as follows:

B Ty s if (r,s) € D;
Yrs = (rs)™  otherwise

and
[ if (k,l) € D;
ymk,nl ==

Ym,n (mn)=3 otherwise
Then we have y = (Ym.n) € 25 such that z,, = Ymn a.a.(m,n) and this
implies Ay <” y. m

Theorem 5. Let v = () € QS(’)B and A be a subsequence transfor-
mation such that Az <P x. Then there exists y = (ymn) € 258 such that
z <Py and Ay < y.

Proof. Consider the sequence
Ymmn = ’xm,n|% for all m,n € N.

Then clearly y = (Ymn) € 258 such that x <P y and Ay <P y. This
establishes the theorem. |
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