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1. Introduction

Topology is an important and interesting area of mathematics, the study
of which will not only introduce you to new concepts and theorems but also
put into context old ones like continuous functions. It is so fundamental that
its influence is evident in almost every other branch of mathematics. This
makes the study of topology relevant to all who aspire to be mathematicians
whether their first love is algebra, analysis, category theory, chaos, contin-
uum mechanics, dynamics, geometry, industrial mathematics, mathemati-
cal biology, mathematical economics, mathematical finance, mathematical
modeling, mathematical physics, mathematics of communication, number
theory, numerical mathematics, operation research or statistics.

S. Kasahara [12] introduced and discussed an operation γ of a topology
τ into the power set P (X) of a space X. H. Ogata [13] introduced the
concept of γ-open sets and investigated the related topological properties of
the associated topology τγ and τ by using operation γ.

S. Hussain and B. Ahmad [1-6] and [8-11] continued studying the proper-
ties of γ-operations on topological spaces and investigated many interesting
results. Recently S. Hussain, B. Ahmad and T. Noiri [11], B. Ahmad and
S. Hussain [2] defined and discussed γ-semi-open sets in topological spaces.
They explored many interesting properties of γ-semi-open sets. It is inter-
esting to mention that γ-semi-open sets generalized γ-open sets introduced
by H. Ogata [13].
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In 1987, G. Di. Maio and T. Noiri [7], introduced the notion of s-closed
space. S. Hussain and B. Ahmad [9] introduced a class of topological spaces
called γ-s-closed space by utilizing γ-semi-closure. It is shown that the
concept of γ-s-closed space generalized s-closed space [9]. It is interesting to
note that γ-s-closedness is the generalization of γ0-compactness defined and
investigated in [4]. In [5], they also defined and characterized sets γ-s-closed
relative to a space X. They investigated γ-semi-regular set in γ-s-closed
subspace relative to a space X.

In this paper, we aim to continue studying the properties of γ-s-closed
spaces introduced and discussed in [5] and [9]. The concept of locally
γ-s-closed space have been introduced. Certain important characterizations
and properties of locally γ-s-closed space have also been established.

First, we recall some definitions and results used in this paper. Hereafter,
we shall write a space in place of a topological space.

2. Preliminaries

Definition 1 ([12]). Let X be a space. An operation γ : τ → P(X) is a
function from τ to the power set of X such that V ⊆ V γ , for each V ∈ τ ,
where V γ denotes the value of γ at V. The operations defined by γ(G) = G,
γ(G) = cl(G) and γ(G) = intcl(G) are examples of operation γ.

Definition 2 ([13]). Let A ⊆ X. A point x ∈ A is said to be γ-interior
point of A, if there exists an open nbd N of x such that Nγ ⊆ A and we
denote the set of all such points by intγ(A). Thus

intγ(A) = {x ∈ A : x ∈ N ∈ τ and Nγ ⊆ A} ⊆ A.

Note that A is γ-open [13] iff A = intγ(A). A set A is called γ- closed
[1] iff X −A is γ-open.

Definition 3 ([13]). A point x∈ X is called a γ-closure point of A ⊆ X,
if Uγ ∩A 6= φ, for each open nbd U of x. The set of all γ-closure points of A
is called γ-closure of A and is denoted by clγ(A). A subset A of X is called
γ-closed, if clγ(A) ⊆ A. Note that clγ(A) is contained in every γ-closed
superset of A.

Definition 4 ([13]). An operation γ on τ is said be regular, if for any
open nbds U ,V of x ∈ X, there exists an open nbd W of x such that Uγ ∩
V γ ⊇W γ.

Definition 5 ([13]). An operation γ on τ is said to be open, if for any
open nbd U of each x ∈ X, there exists γ-open set B such that x ∈ B and
Uγ ⊇ B.
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Definition 6 ([9]). A space X is γ-extremally disconnected space, if
clγ(U) is γ-open set, for every γ-open set U in X.

Definition 7 ([9]). A subset A of a space X is called γ-regular open,
if A = intγ(clγ(A)). The set of γ-regular open sets is denoted by ROγ(X).
Note that ROγ(X) ⊆ τγ ⊆ τ .

Definition 8 ([9]). A subset A of a space X is called γ-regular closed,
denoted by RCγ(X), if one of the following conditions hold:

(i) A = clγ(intγ(A)).
(ii) X −A ∈ ROγ(X).

Clearly A is γ-regular open iff X −A is γ-regular closed.

Definition 9 ([11]). A subset A of a space X is said to be a γ-semi-open
set, if there exists a γ-open set O such that O ⊆ A ⊆ clγ(O). The set of
all γ-semi-open sets is denoted by SOγ(X). A is γ-semi-closed iff X −A is
γ-semi-open in X. Note that A is γ-semi-closed iff intγ(clγ(A)) ⊆ A.

It is shown that every γ-open sets is γ-semi-open but converse is not true
in general [11].

Definition 10 ([2]). Let A be a subset of a space X. The intersection
of all γ-semi-closed sets containing A is called γ-semi-closure of A and is
denoted by sclγ(A) . A is γ-semi-closed iff sclγ(A) = A.

Definition 11 ([2]). Let A be a subset of a space X. The union of
γ-semi-open subsets of A is called γ-semi-interior of A and is denoted by
sintγ(A).

Definition 12 ([9]). A subset A of a space X is said to be γ-semi-regular,
if it is both γ-semi-open and γ-semi-closed. The class of all γ-semi-regular
sets of X is denoted by SRγ(A). If γ is regular, then the union of γ-semi-re-
gular sets is γ-semi-regular.

Definition 13 ([10]). A space X is said to be γ-s-regular, if for any
γ-semi-regular set A and x /∈ A, there exist disjoint γ-open sets U and V
such that A ⊆ U and x ∈ V .

Definition 14 ([2]). A space X is said to be γ-semi-regular, if for each
γ-semi-closed F and x /∈ F , there exist disjoint γ-semi-open sets U and V
such that x ∈ U and F ⊆ V .

Definition 15 ([13]). A space X is said to be γ-T2 space, if for each
disjoint points x, y of X, there exist open sets U and V such that x ∈ U ,
y ∈ V and Uγ ∩ V γ = φ.

Definition 16 ([4]). An operation γ on τ is said to be γ-open, if for
each U ∈ τ , Uγ is γ-open.
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Definition 17 ([5]). A subset A of space X is called γ-pre-open, if A ⊆
intγ(clγ(A)). Note that every γ-open set is γ-pre-open.

Definition 18 ([2]). A space X is said to be γ-s-closed, if for every cover
{Vα : α ∈ I} of X by γ-semi-open sets of X, there exists a finite subset I0 of
I such that X =

⋃
α∈I0 sclγ(Vα).

Definition 19 ([5]). A subset A of a space X is said to be γ-s-closed
relative to X, if for any cover {Vα : α ∈ I} of X by γ-semi-open sets of X,
there exists a finite subset I0 of I such that A ⊆

⋃
α∈I0 sclγ(Vα).

Definition 20 ([4]). A subset A of a space X is said to be γ0-compact
relative to X, if every cover {Vi : i ∈ I} of X by γ-open sets of X, there exists
a finite subset I0 of I such that A ⊆

⋃
I∈I0 clγ(Vi). A space X is γ0-compact,

if X =
⋃
i∈I0 clγ(Vi).

Proposition 1 ([9]). A space X is γ-extremally disconnected iff clγ(U) =
sclγ(U), for every U ∈ SOγ(X), where γ is a regular and an open operation.

Lemma 1 ([9]). A subset A of a space X is γ-semi-open iff clγ(A) =
clγ(intγ(A)), where γ is an open operation.

Lemma 2 ([5]). A γ-pre-open set of a space X is γ-s-closed as a subspace
of X iff it is γ-s-closed relative to X.

Corollary 1 ([5]). Every γ-semi-regular subset of γ-s-closed space is a
γ-s-closed subspace, where γ is regular.

Lemma 3 ([9]). If B is γ-open in a space X, then sclγ(B) = intγ(clγ(B)).

Corollary 2 ([5]). Let A and B be γ-open sets of a space X such that
A ⊆ B. Then A is γ-s-closed subspace of B iff A is γ-s-closed subspace of
X.

Theorem 1 ([5]). A γ-semi-open set A of a space X is a γ-s-closed
subspace of X with regular and open operation γ, if it is γ-s-closed relative
to X.

3. Some properties of γ-s-closed spaces

Theorem 2. Let X be a γ-extermally disconnected space with a regular
operation γ. Then every γ-s-closed set A relative to X in a γ-semi-regular
space X is γ0-compact relative to X.

Proof. Let {Uα : α ∈ I} be a γ-semi-open cover of A ⊆ X. Then
for each x ∈ A, there exists Uα(x) such that x ∈ Uα(x). Since X is
γ-semi-regular, by Theorem 3.4 [10], there exists a γ-open set Vα(x) such
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that x ∈ Vα(x) ⊂ clγ(Vα(x)) ⊂ Uα(x). The family {Vα(x) : x ∈ A} is a
cover of A by γ-open and hence γ-semi-open sets in X. Since A is γ-s-closed
relative to X, there exists a subfamily {Vα(xj) : j = 1, 2, ..., n} such that
A ⊆

⋃
{sclγ(Vα(xj)) : j = 1, 2, ..., n}. Also sclγ(Vα(xj)) ⊂ Uα(xj) implies⋃

{sclγ(Vα(xj)) : j = 1, 2, ..., n} ⊆
⋃
{Uα(xj) : j = 1, 2, ..., n} and thus

A ⊆
⋃
{Uα(xj) : j = 1, 2, ..., n} ⊆

⋃
clγ{Uα(xj) : j = 1, 2, ..., n}. This

proves that A is γ0-compact relative to X. This completes the proof. �

The following example shows that the condition of regular operation γ is
necessary for the above theorem:

Example 1. Let X= {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}, {a, c}}. For
b ∈ X, define an operation γ : τ → P (X) by

γ(A) =

{
A, if b ∈ A

cl(A), if b 6∈ A .

Then the operation γ is not regular, also X is γ-extremally disconnected
and γ-semi-regular space. Calculations shows that {a, b}, {a, c}, {b}, X, φ
are γ-open sets, {a, c}, {b}, X, φ are γ-semi-open sets and {a}, {b}, {c}, X,
φ are γ-s-closed sets relative to X. Clearly γ-s-closed set A = {a} relative
to X is not γ0-compact relative to X.

Corollary 3. Every γ-semi-regular γ-s-closed space is γ0-compact. Where
γ ia a regular operation.

Lemma 4. If X is γ-extremally disconnected space with regular and open
operation γ and A ∈ SRγ(X), then A is γ-closed and γ-open in X.

Proof. This follows from Proposition 1 and Lemma 1. Hence the
proof. �

Theorem 3. A γ-extremally disconnected space X with regular and open
operation γ is γ-s-closed, if every γ-semi-regular subset of X is γ-s-closed
subspace of X.

Proof. Let {Vα : α ∈ I} be a cover of X and Vα ∈ SOγ(X) for each
α ∈ I. Suppose that X 6= sclγX (Vβ) and Vβ 6= φ. Since Vβ ∈ SOγ(X),
sclγX (Vβ) ∈ SRγ(X) and hence X − sclγX (Vβ) ∈ SRγ(X). Therefore X −
sclγX (Vβ) is a γ-s-closed subspace and hence is γ-open and γ-closed in X
by Lemma 4. By Corollary 1, X − sclγX (Vβ) is γ-s-closed relative to X.
Since X − sclγX (Vβ) ⊆

⋃
{Vα : α ∈ I}, there exists a finite subfamily

I0 of I such that X − sclγX (Vβ) ⊆
⋃
{sclγX (Vα) : α ∈ I0}. We obtain

X =
⋃
{sclγX (Vα) : α ∈ I0

⋃
{β}}. This shows that X is γ-s-closed. This

completes the proof. �
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The following example shows that the condition of regular and open
operation γ is necessary for the above theorem:

Example 2. Let X = {a, b, c}, τ = {φ,X, {a}, {b}, {a, b}, {a, c}}. For
b ∈ X, define an operation γ : τ → P (X) by

γ(A) =

{
A, if b ∈ A

cl(A), if b 6∈ A .

Then the operation γ is not regular and open, also X is γ-extremally dis-
connected. Calculations shows that {a, b}, {a, c}, {b}, X, φ are γ-open sets,
{a, c}, {b}, X, φ are γ-semi-open sets, {a}, {b}, {c}, X, φ are γ-s-closed sets
relative to X and {b}, {a, c}, X, φ are γ-semi-regular subsets of X. Clearly
X is not γ-s-closed, since γ-semi-regular subset {a, c} is not γ-s-closed sub-
space of X.

Theorem 4. If X is a γ-T2 space and A ⊆ X is γ-s-closed relative to
X, then A is γ-closed in X.

Proof. Let X be a γ-T2 space and A ⊆ X be a γ-s-closed relative to X.
Let x0 ∈ X − A be a fixed point. For each a ∈ A, find disjoint nbds U(a),
Ux0(a). Since X is γ-T2, x0 /∈ sclγX (U(a)). Then {sclγx(U(a)) : a ∈ A} is a
covering of A by γ-semi-regular sets X. Since A is γ-s-closed relative to X,
there exists a finite subcovering sclγX (U(a1)), sclγX (U(a2)), ...,sclγX (U(an))
such that A ⊆

⋃
{sclγX (U(ai)) : i = 1, 2, ..., n} and U(x0) =

⋂
{Ux0(ai) : i =

1, 2, ..., n}. Where U(x0) is a nbd of x0 disjoint from
⋃
{sclγx(U(ai)) : i =

1, 2, ..., n}. Hence (U(x0))
γ ⊆ X − A. This proves that X − A is γ-open or

A is γ-closed. This completes the proof. �

Lemma 5. Let B be a γ-s-closed relative to X with regular operation γ
and O ∈ SRγ(X) such that O ⊂ B. Then B−O is γ-s-closed relative to X.

Proof. Let U = {Uα : α ∈ I} be a cover of B − O by γ-semi-regular
sets of X. Then U

⋃
{O} is a cover of B by γ-semi-regular sets of X. Since

B is γ-s-closed relative to X, there exists a finite subcollection {Ui : i =
1, 2, ..., n} such that B ⊆ O

⋃
sclγ{Ui : i = 1, 2, ..., n}. This implies that

B−O ⊆
⋃
sclγ{Ui : i = 1, 2, ..., n}. Then B−O is γ-s-closed relative to X.

Hence the proof. �

Example 3. In Example 2, it is easy to see that the above Lemma does
not hold, since γ is not regular.

Theorem 5. Let X be γ-T2 space with regular and open operation γ and
B a set γ-s-closed relative to X. For any x ∈ B and any γ-semi-regular
set A such that x ∈ A ⊆ B, there is a γ-open set G such that x ∈ Gγ ⊆
clγ(Gγ) ⊆ A.
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Proof. Let x ∈ B and A any γ-semi-regular set such that x ∈ A ⊆
B. For each y ∈ B − A, there exist open nbds Gy(x) and Hy such that
Gγy(x)∩H

γ
y = φ. Furthermore, we can assume that Gγy(x) ⊆ A. The collection

{Hγ
y : y ∈ B−A} is a cover of B−A by γ-semi-regular sets X. By Lemma 5,

B − A is γ-s-closed relative to X. There exists a finite subcollection {Hγ
yi :

i = 1, 2, ..., n} such that B − A ⊆
⋃
sclγ{Hγ

yi : i = 1, 2, ..., n} = Hγ . Let
Gγ =

⋂
sclγ{Gγyi(x) : i = 1, 2, ..., n}. It follows that Gγ ∩ Hγ = φ. Since

Hγ
yi is γ-open and hence γ-semi-open for each i = 1, 2, ..., n. By Lemma 3,

sclγ(Hγ
yi) is γ-open, for each i = 1, 2, ..., n. Hence Gγ and Hγ are γ-open

and clγ(Gγ)∩Hγ = φ. Also, by Theorem 3, B is γ-closed and Gγ ⊆ A ⊆ B.
This implies that clγ(Gγ) ⊆ B. Therefore B − A ⊆ B ∩ Hγ ⊆ B ∩ (X −
clγ(Gγ)) = B − clγ(Gγ). This implies that clγ(Gγ) ⊆ A. Clearly, then
x ∈ Gγ ⊆ clγ(Gγ) ⊆ A as specified. This completes the proof. �

The proof of the following theorem is straightforward:

Theorem 6. If Ai, i = 1, 2, . . . , n are γ-s-closed relative to X with
regular operation γ, then

⋃n
i=1Ai is γ-s-closed relative to X.

4. Locally γ-s-closed spaces

Definition 21. A space X is said to be locally γ-s-closed, if each point
of X has a γ-regular-open nbd which is γ-s-closed subspace.

Note that every γ-s-closed space is locally γ-s-closed. However the con-
verse is not true in general, because every uncountable set with discrete
γ-topology is locally γ-s-closed but not γ-s-closed.

Lemma 6. If A is a γ-regular open set in (X, τ) with regular operation
γ, then every γ-regular open set in the subspace (A, τA) is also γ-regular
open in (X, τ).

Proof. Let V ⊆ A be a γ-regular open in the subspace (A, τA). Then
V = intγA(clγA(V )) = intγA(A∩clγX (V )) = intγX (A∩clγX (V ) = intγX (A)∩
intγX (clγX (V )) = A∩intγX (clγX (V )) = intγX (clγX (V )), since V ⊆ A implies
intγX (clγX (V )) ⊆ intγX (clγX (A)) = A. Therefore V is γ-regular open in X.
This completes the proof. �

Theorem 7. A space X is locally γ-s-closed with regular operation γ iff
for each point x ∈ X, there exists a γ-regular open set U containing x such
that U is locally γ-s-closed.

Proof. Necessity. The proof is straightforward.
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Sufficiency. Let x ∈ X. Then by supposition, there exists a γ-regular
open set U of X containing x such that U is locally γ-s-closed. By Lemma 6,
there exists a γ-regular open set V in U such that x ∈ V and V is a γ-s-closed
subspace of U . Therefore V is a γ-regular open set in X and by Corollary 2,
V is γ-s-closed subspace of X. Hence X is locally γ-s-closed. �

Theorem 8. A space X is locally γ-s-closed iff each point of x ∈ X has
a γ-open nbd which is γ-s-closed relative to X.

Proof. The proof follows from Lemma 3 and the fact that every γ-open
set is γ-pre-open [5]. Hence the proof. �

Remark 1 ([2]). Let γ be a regular operation on τ . If A and B are
γ-semi-open sets, then A ∩B is γ-semi-open.

Theorem 9. If X is a locally γ-s-closed space with regular and open
operation γ and A ∈ SOγ(X), then A is locally γ-s-closed.

Proof. Let x ∈ A and X is locally γ-s-closed, by Theorem 8, there
exists a γ-open nbd U of x such that U is γ-s-closed relative to X. As A is
γ-semi-open , by Theorem 1, A ∩ U is γ-s-closed relative to A. Since A ∩ U
is γ-open nbd of x in the subspace A, by Theorem 8, A is locally γ-s-closed.
This completes the proof. �

Corollary 4. If γ is a regular operation, then locally γ-s-closedness is a
γ-open hereditary property.

Theorem 10. A space X is locally γ-s-closed iff for each point x ∈ X,
there exists a γ-open set A of X such that x ∈ A and A is locally γ-s-closed.

Proof. Sufficiency. Let x ∈ X. By Theorem 8, there exists a γ-open
set A such that x ∈ A and A is locally γ-s-closed. Therefore, there exists a
γ-open nbd U of x ∈ A such that U is a γ-s-closed subspace of A. Since A
is γ-open in X, U is γ-open in X. By Corollary 2, U is γ-s-closed subspace
of X. This proves that X is locally γ-s-closed.

Necessity. This is obvious. Hence the proof. �

Theorem 11. Let X be a space. The following are equivalent:
(a) X is locally γ-s-closed.
(b) Every point has a γ-regular-open set which is γ-s-closed relative to X.
(c) Every point x ∈ X has a γ-open nbd U such that intγX (clγX (U)) is

γ-s-closed relative to X.
(d) Every point x ∈ X has a γ-open nbd U such that sclγ(U) is γ-s-closed

relative to X.
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(e) For every point x ∈ X, there exists a γ-open set V containing x such
that sclγ(V ) is γ-s-closed relative to X.

(f) For every point x ∈ X, there exists a γ-open set V containing x such
that intγX (clγX (U)) is γ-s-closed relative to X.

(g) For each x ∈ X, there exists a γ-pre-open set V containing x such
that sclγ(V ) is γ-s-closed relative to X.

(h) For every x ∈ X, there exists a γ-pre-open set V containing x such
that intγX (clγX (U)) is γ-s-closed relative to X.

(i) For every x ∈ X, there exists a γ-pre-open set V containing x such
that intγX (clγX (U)) is a γ-s-closed subspace of X.

Proof. (a) ⇒ (b). Follows from Lemma 3 and the fact that every
γ-regular-open set is γ-pre-open.

(b)⇒ (c). This is obvious.
(c)⇒ (d). This follows from Lemma 2.
(d)⇒ (e). This is evident, since every γ-open set is open.
(e) ⇒ (f), (f) ⇒ (g), (g) ⇒ (h), (h) ⇒ (i) are straightforward because

of the facts that every γ-open set is γ-pre-open and by Lemma 2.
(i)⇒ (a). This follows from Lemma 3. This completes the proof. �

Theorem 12. If X is a γ-T2 space with a regular and open operation γ,
then the following conditions are equivalent:

(a) X is locally γ-s-closed.
(b) For each x ∈ X and each γ-open nbd U of x, there is a γ-open set

V such that clγ(V γ) is γ-s-closed relative to X and x ∈ V γ ⊆ clγ(V γ) ⊆
sclγ(Uγ).

(c) For each x ∈ X and each γ-regular open nbd U of x, there is a γ-open
set V in X such that clγ(V γ) is γ-s-closed relative to X and x ∈ V γ ⊆
clγ(V γ) ⊆ Uγ.

(d) For each set C, γ-s-closed relative to X and γ-regularly open set U
containing C, there is a γ-open set V such that V is γ-s-closed relative to
X and C ⊆ V γ ⊆ sclγ(V γ) ⊆ Uγ.

Proof. (a) ⇒ (b). Let X be locally γ-s-closed space and x ∈ X. There
exists a γ-open set W with x ∈ W γ ⊆ sclγ(W γ). By Theorem 11(d),
sclγ(W γ) is γ-s-closed relative to X. The set sclγ(Uγ∩W γ) is γ-semi regular
and is contained in sclγ(W γ). By Theorem 5, there exists a γ-open set
V such that x ∈ V γ ⊆ clγ(V γ) ⊆ sclγ(Uγ ∩ W γ) ⊆ sclγ(Uγ). The set
clγ(V γ) is γ-semi regular and contained in sclγ(W γ). Since γ is regular, by
Proposition 4.9(2) [5], clγ(V γ) is γ-s-closed relative to X. This proves (b).

(b)⇒ (c). This is obvious.
(c) ⇒ (d). For each c ∈ C, find a γ-open set V1 such that by Theo-

rem 11(d), sclγ(V γ
1 ) is γ-s-closed relative to X and sclγ(V γ

1 ) ⊆ Uγ . Since
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C is γ-s-closed relative to X, there exists a finite subcollection {V γ
1i

: i =
1, 2, . . . , n} such that C ⊆

⋃
{V γ

1i
: i = 1, 2, . . . , n} = V γ . Since V is the

finite union of the sets γ-open as well as γ-s-closed relative to X. Thus
V is γ-open and by Theorem 6, V is γ-s-closed relative to X. Clearly,
C ⊆ V γ ⊆ sclγ(V γ) ⊆ Uγ . This proves (d).

(d) ⇒ (a). A point is certainly γ-s-closed relative to X. Let X be U
in (d). The by (d), there exists a γ-open set V containing x such that V is
γ-s-closed relative to X. hance by Theorem 4, X is locally γ-s-closed. This
proves (a). Hence the proof. �
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