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1. Introduction

The notion of A-sets was introduced by Maki [7] in 1986. A subset A
of a topological space is called a A-set if it is the intersection of all open
sets containing A. Recently many authors have introduced and studied
modifications of A-sets. By using a minimal structure, Cammaroto and Noiri
[3] introduced the notions of Ap,-sets and V,-sets as unified forms of these
modifications. Furthermore, recently Ekici and Roy [6] have introduced and
investigated the notions of A,-sets and V,-sets on a generalized topological
space (X, u) due to Csaszar [4]. Quite recently, Csaszar [5] has introduced
the notion of weak structures and obtained several fundamental properties
of weak structures, moreover see [8].

In this paper, we introduce the notions of A,-sets and V-sets on a weak
structure space (X, w) and investigate the properties of sets and spaces re-
lated to Ay-sets and V,-sets.

2. Preliminaries

Let X be a nonempty set and P(X) the power set of X. A subfamily
w of P(X) is called a weak structure (briefly, W) [5] if ¢ € w. The pair
(X, w) is called a weak structure (W.S) space. Each member of a WS w
is said to be w-open [5] and the complement of a w-open set is said to be
w-closed. Let A be a subset of X. The union of all w-open sets contained in
A is called the w-interior of A and is denoted by i,,(A) [5]. The intersection
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of all w-closed sets containing A is called the w-closure of A and is denoted
by ¢y (A).

For the w-interior and the w-closure, the following lemmas are useful in
the sequel.

Lemma 1 ([5]). Let w be a WS on X and A, B subsets of X, then
(1) iw(A) C A C cw(A).

(2) If A C B implies that i,(A) C iyw(B) and cw(A) C cy(B).

(3) iw(iw(A)) = iw(A) and cy(cw(A)) = cw(A).

(4) ip(X — A) = X —cp(A) and cpy(X — A) = X — iy (A).

Lemma 2 ([5]). Let w be a WS on X, then

(1) & € iy (A) if and only if there exists W € w such that x € W C A.

(2) z € cw(A) if and only if W N A # 0 whenever z € W € w.

(3) If A € w, then A = iyw(A) and if A is w-closed, then A = ¢, (A).
Remark 1. If w isa WS on X, then

(1) iy (0) = 0 and ¢,y (X) = X.

(2) iy(X) is the union of all w-open sets in X.

(3) cw(0) is the intersection of all w-closed sets in X.

We call a class u € P(X) a generalized topology [4] (briefly, GT) if ¢ € u
and the arbitrary union of elements of © belongs to p. A set X with a GT p
on it is called a generalized topological space (briefly, GTS) and is denoted

by (X, ).
3. Ay-sets and V,-sets

Definition 1. Let w be a WS on a set X and A C X. Then the subsets
Aw(A) and Vy(A) are defined as follows:

NG :ACG,Gew}, ifthere erists G €w

Aw(4A) = such that A C G;
X, otherwise
and
U{H:HCA X —Hew}, ifthere exists H such that
Vw(A) = X —Hewand HCA;

o, otherwise

Proposition 1. Let A, B and {C, : a € A} be subsets of a WS on X.
Then the following properties hold:
(1) B C Aw(B).
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2) If A C B, then Ny (A) C Ayw(B).
) Nw(Aw(B)) = Auw(B).

) UaeA (/\w(Ca)) C Aw (UQGACO!)'
5) ( aEAC ) C maEA (/\ (Ca))
) If A € w, then A = Ny (A).

) Aw(X — B) X — Vu(B).

) Vau(B) € B.

) If X — B € w, then B = V,(B).
(10) If A C B, then V(A) C Vyu(B).
)

( \/w (UaeAC ) D UaEA (\/w(ca)).

Proof. (1), (6) and (8) are clear.

(2) If there does not exist any U € w such that B C U then the proof
is trivial. Suppose there exist V' € w such that B C V and that = ¢ A (B).
Then there exist a subset U € w such that B C U with = ¢ U. Since A C B,
then x ¢ Ay(A) and thus Ay (A) C Ay (B).

(3) By (1), we have Ay (Aw(B)) 2 Aw(B). Suppose that = ¢ A, (B).
Then there exists U € w such that B C U and = ¢ U. Since B C A, (B) C
U, we have x ¢ Ay (Ayw(B)) and hence Ay (Ay(B)) C Aw(B).

(4) The proof follows from (2).

(5) Suppose that ¢ Naea (Aw(Cq)). There exists ag € A such that
x ¢ Ny(Cay) and there exists a w-open set U such that x ¢ U and C,, C U.
Since NpeACay C Cq, we have ¢ Ay (NaeaCl) and hence Ay (NaeaCl) C
Naea (/\w(Coz))'

() X ~Vo(B)={X—-F:X-BCX-F,X—F¢cw)=Ao(X—DB).

(9) If X —B € w, then by (6) and (7) X —B = Ay (X —B) = X —V,(B).
Hence B = V(B).

(10) This follows from (2) and (7).

(11) This follows from (10). [ |
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In (4), (5) and (11) of Proposition 1, the equality does not necessarily
hold as shown in the next example.

Example 1. (1) Let X = {a,b,c}. Consider the WS w={¢, {a}, {b}}
on X. Let A = {a,b} and B = {a,c}. Then A,(A) = X, A\p(B) = X and
Aw(ANB) ={a}. Thus Ay(AN B) # Aw(A) N Aw(B).

(2) Let X = {a,b,c}. Consider the WSw = {¢,{a},{b}} on X. Let A =
{a} and B = {b}. Then A,(A4) = {a}, Aw(B) = {b} and A,(AU B) = X.
Thus Ay (AU B) # Aw(A) U Ay(B).

(3) Let X = {a,b,c}. Consider the WSw = {¢,{a},{b,c}} on X. Let
A ={b} and B = {c}. Then V,,(A) = ¢, Voy(B) = ¢ and V,,(AUB) = {b, c}.
Thus V(AU B) # Vy(A) U Vy(B).
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Definition 2. In a WS space (X,w) a subset A is called a N\y,-set (resp.
Vw-set) if Ay(A) = A (resp. Vw(A) = A). By Ay (resp. V), we denote
the family of all N\y-sets (resp. Vy-sets) of the WS space (X, w).

Remark 2. Tt follows from Proposition 1 (6) and (9) that in a WS w if
A € w, then A is a Ay-set and if X — A € w then A is a Vy-set. Also it is
easy to observe form Definition 1 that, X is a Ay-set and ¢ is a V,,-set.

Theorem 1. If w is a WS on X, then

(1) ¢ and X are Vy-sets (¢ and X are Ny -sets).
(2) The union of Vy-sets is a Vq-set.

(3) The intersection of Ny -sets is a Ny -set.

Proof. (1) This follows from Remark 2.

(2) Let {Cy : a € Q} be a family of V,-sets in a WS on X. Then by
Proposition 1 and Definition 2, UycqCq = Uaeq [V (Ca)] € Vi [Uaca(Ca)]
C Uaea(Cq). Hence UneqCh = Vi [Uaen(Ca)l.

(3) Let {Cy : o € Q} be a family of Ay-sets in a W.S on X. Then by
Proposition 1 and Definition 2, NaeqCa = Nacq [Aw(Ca)] 2 Aw [Naca(Ca)]
2O Naen(Cq). Hence NacqCh = Aw [Naca(Ca)l. |

Definition 3. A WS space (X, w) is said to be w-Ty if for any pair of
distinct points x and y of X, there exist a w-open set U of X containing x
but not y and a w-open set V of X containing y but not x.

Theorem 2. For a WS space (X, w), the implications (2) = (3) = (1)
hold. If w is GT, then the following properties are equivalent:

(1) (X,w) is w-T;

(2) For each x € X, the singleton {x} is w-closed in (X, w);

(3) For each x € X, the singleton {x} is a Ay -set.

Proof. (1) = (2): Let y be any point of X and x € X —{y}. There exists
Ve € wsuch that z € V, and y ¢ V,. Hence we have X —{y} = Uyex 1,3 Va-
Therefore, the singleton {y} is w-closed in (X, w).

(2) = (3): Let x be any point of X and y € X —{z}. Thenz € X —{y} €
w and Ayp({z}) € X — {y}. Therefore, y ¢ Ap({z}) and Ay ({z}) C {z}.
This shows that A, ({z}) = {z}. Therefore, the singleton {x} is a A,-set.

(3) = (1): Suppose that the singleton {x} is a Ay-set for each z € X.
Let z and y be any distinct points. Then y ¢ A, ({z}) and there exists a
w-open set U, such that © € U, and y ¢ U,. Similarly, © ¢ A, ({y}) and
there exists a w-open set U, such that y € Uy and = ¢ U,. This shows that
(X, w) is w-T1. [

Theorem 3. For a WS space (X, w), the implications (2) < (3) = (1)
hold. If w is a GT, then the following properties are equivalent:
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(1) (X,w) is w-Ty.
(2) Every subset of X is a Ny -set.
(3) Every subset of X is a V-set.

Proof. It is obvious that (2) < (3).

(1) = (3): Let A be any subset of X. Since A = U{{z} : = € A}, by
Theorem 2 A is the union of w-closed sets, hence A is a V,,-set (by Remark 2
and Theorem 1).

(2) = (1): Let x € X. Then by (2), {z} is a Ay-set. Let p, ¢ be any two
distint points of X. Then q ¢ Ay({p}) = {p}. So by definition of A,-sets,
there exists a w-open set U such that p € U but ¢ ¢ U. Similarly the other
case can done. Thus (X, w) is w-T1. [ |

4. Generalized N,-sets and generalized V -sets

Definition 4. In a WS space (X,w), a subset B is called a generalized
Aw-set (briefly g.N\y-set) if Ny(B) C F whenever B C F and F is w-closed.
The complement of a g.N\y-set is called a .V, -set.

Proposition 2. In a WS space (X,w), the following properties hold:
(1) Every Nw-set is a g.N\y-set;
(2) Every Vy-set is a g.V-set.

Proof. (1) This follows from Definitions 2 and 4.

(2) Let B be a Vy-set subset of X. Then B = V,,(B). By Proposition 1
(7), Aw(X — B) = X — Vyu(B) = X — B. Thus by (1) and Definition 4, B
is a g.Vy-set. |

Proposition 3. Let (X, w) be a WS space. For each x € X, the following
properties hold:

(1) {x} is w-open or X — {x} is a g.N\y-set.

(2) {x} is w-open or {z} is a g.V-set.

Proof. (1) Suppose {x} is not a w-open set. Then the only w-closed set
F containing X —{z} is X. Thus A, (X —{z}) C F = X and thus X — {z}
is a g.A\y-set of X.

(2) This follows from (1) and Definition 4. [

Proposition 4. If A is a g.\y-set of a WS space (X,w) and A C B C
Aw(A), then B is a g.\y-set of (X, w).

Proof. Since A C B C Aw(A), by Proposition 1 (2), (3) Ay(A)
Aw(B). Let F' be any w-closed subset of X such that B C F. Then,
Aw(B) = Ay(A) C F, since A is a g.Ay-set. [ |
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Proposition 5. A subset B of a WS space (X, w) is a g.V-set if and
only if U C V(B) whenever U C B and U € w.

Proof. Let U be a w-open subset of (X,w) such that U C B. Then
since X — U is w-closed and X — B C X — U, we have A\,(X — B) C
X — U by Definition 4. Hence by Proposition 1 (7) X —V,(B) C X —U.
Thus U C V(B). Conversely, let F' be a w-closed subset of X such that
X — B C F. Since X — F is w-open and X — F C B, by assumption we
have X — F' C V(B). Then Ay(X — B) = X — Vy(B) C F by Proposition
1 (7). Thus X — B is a g.Ay-set and hence B is a g.V,-set. [

Corollary 1. Let B be a g.Vy,-set in a WS space (X, w). Then for every
w-closed set F' such that V,,(B) U (X — B) C F, X = F holds.

Proof. The assumption V,,(B) U (X — B) C F implies that X — F C
(X — Vw(B)) N B. Since B is a g.Vy-set, then by Proposition 5, we have
X — F C Vy(B). On the other hand, X — F C V,,(B) N (X — Vy(B)) = ¢.
Therefore, we have X = F.. |

Corollary 2. Let B be a g.Vq,-set in a WS space (X, w). Then V,(B)U
(X — B) is a w-closed set if and only if B is a V,(B)-set.

Proof. Suppose that V,,(B) = B, then V,,(B)U(X —B) = X is w-closed.
Conversely, by Corollary 1, X = (X — B) U V4 (B). Thus (X — V4 (B))N
B = ¢. Hence by Proposition 1 (8), V. (B) = B. |

Definition 5. Let wbe a weak structure (WS) on X. Then A C X
is called a w-generalized closed set (or simply wg-closed set) if cw(A) C U
whenever A C U and U is w-open. The complement of a wg-closed set is
called a w-generalized open (or simply wg-open) set.

Theorem 4. Let (X, w) be a WS space such that H N ¢y, (K) is w-closed
for any w-closed set H and any subset K of X. Then a subset A of X 1is
wg-closed if and only if ¢,,(A) — A contains no nonempty w-closed sets.

Proof. Suppose that A is wg-closed. Let F' be a w-closed subset of
cw(A) — A. Since A € X — F and A is wg-closed, ¢,(A) € X — F and
so FF C X — ¢, (A). Therefore, FF = ¢. Conversely, suppose the condition
holds and A C M and M € w. If ¢,(A) € M, then c,(A) N (X — M) is a
nonempty w-closed subset of ¢,,(A) — A. This contradicts the hypothesis.
Therefore, ¢,,(A) C M which implies that A is wg-closed. |

Definition 6. A WS space (X, w) is said to be w-T1 if every wg-closed
2

subset of X is w-closed.



NAw-SETS AND V,,-SETS IN WEAK STRUCTURES ... 21

Theorem 5. For a WS space (X, w), the implications (1) = (2) hold.
If wis GT, then the following statements are equivalent:
(1) (X,w) is w-Th,
2

(2) For each x € X the singleton {x} is w-closed or w-open.

Proof. (1) = (2). Suppose that (X, w) is w—T% and let x € X. If {z} is
not w-closed, then X — {z} is not w-open, and thus X is the only possible
w-open set containing X — {x}. Thus X —{z} is wg-closed. By assumption,
X — {z} is w-closed, that is {z} is w-open.

(2) = (1). Suppose that every singleton of X is w-open or w-closed and
let A be a wg-closed subset of X. Let = € ¢,,(A). We discuss the following
two cases:

(a) {x} is w-open. Then {zx} N A # ¢, that is z € A.

(b) {z} is w-closed. Since A is wg-closed, it follows from Theorem 4 that
x €& cy(A)— Aandsoz € A

Thus in both cases, x € A. Therefore, ¢,,(A) = A, that is, A is w-closed.
Hence, (X, w) is w—T%. [ |

Theorem 6. For a WS space (X,w), the implications (1) = (2) < (3)
hold. If w is GT, then the following statements are equivalent:

(1) (X,w) is w—T%.

(2) Every g.N\w-set is a Ny -set.

(3) Every g.Vy-set is a Vy,-set.

Proof. (1) = (2). Suppose that (X, w) is w—T%. If Ais a g.Ay-set which
is not a Ay-set, then since A C Ay (A), there exists x € A, (A) such that
x ¢ A. By Theorem 5, {z} is w-open or w-closed. We discuss two cases:

(a) {x} is w-open. Then X — {z} is a w-closed set containing A and
A is a g.Ay-set. Hence Ay (A) C X — {z}, that is, x ¢ Ay, (A). This is a
contradiction.

(b) {z} is w-closed. Then X — {x} is a w-open set containing A, and
Aw(A) € X — {x}. This is contray that z € A,(A). This contradiction
proves the implication (1) = (2).

(2) = (1). Suppose that every g.A,-set is a Ay-set and let z € X.
We will prove that {x} is w-open or w-closed. If {z} is not w-open, then
X — {z} is not w-closed, and so the only w-closed set containing X — {z}
is X. Thus, X — {z} is a g.Ay,-set. By assumption, X — {x} is a A,-set.
Therefore, X — {x} is w-open, that is, {x} is w-closed. Hence by Theorem
5, (X,w) is w—T%.

(2) < (3). This is obvious. [ |



22 AHMAD AL-OMARI AND TAKASHI NOIRI

Theorem 7 ([2]). Let 7(Ay) be the topology generated by Ay,. That is
T(Ay) ={V :V = | forany B C Ay} is a topology for X.
BeB

Definition 7 ([1]). A WS space (X,w) is said to be w-Ry if every

w-open set contains the w-closure of each of its singletons.

Definition 8 ([2]). A WS space (X, w) is said to be

(1) w-Tp if for any pair of distinct points of X, there exists a w-open set
containing one of the points but not the other.

(2) w-Ty if for any pair of distinct points x and y of X, there exist
a w-open set U of X containing x but not y and a w-open set V of X
containing y but not x.

Theorem 8 ([2]). For a WS space (X,w), the following properties are
equivalent:
(1) (X,w) is w-T;

(2) (X,w) is w-Ty and w-Ry;
(3) (X,7(Ay)) is Ty and Ry;
(4) (X, 7(Ay)) is Ty.

5. Conclusion

The investigation enables us to obtain a unified theory of notions re-
lated to different sets for example A-sets, V-sets, semi-A-sets, semi-V-sets,
pre-A-sets, pre-V-sets in topological spaces, Ap,-sets and V,,-sets in m-spaces
and A,-sets and V,-sets in GT spaces.
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the referee.
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