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1. Introduction

In [8], Z. Mustafa and B. Sims introduced the concept of G-metric spaces
as follows.

Definition 1 ([8], Definition 3). Let X be a nonempty set and the func-
tion G : X x X x X — Ry satisfy the following.

(G1) G(z,y,2) =0 if v =y = 2.
(G2) 0 < G(z,z,y) forallx #y € X.
(G3) G(z,x,y) < G(z,y,2) for all x,y # z € X.
(G4) The symmetry on three variables:
G(x,y,2) = Gz, z,y) = Gy, z,z) = Gy, z,x)
= G(Z’ z’ y) = G(Z’ y? x)
forallx,y,z € X.
(G5) The rectangle inequality:
G(z,y,2) < G(z,a,a) + G(a,y, 2)
forall z,y,z,a € X.

Then G is called a G-metric on X and the pair (X,G) is called a G-metric
space.

Many authors have been interested in the fixed point problem on G-metric
spaces and many results have been obtained in [1], [2], [3], [4], [5], [6], [7],
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[9], [10], [11], [12]. In this paper, we prove a general fixed point theorem on
G-metric spaces by an implicit relation. This result unifies many fixed point
theorems in [3], [6], [9], [12].

2. Main results

First we recall some notions and lemmas.

Definition 2 ([8]). Let (X, G) be a G-metric space and xo € X, r > 0.
The set
Bg(xo,r) ={zx € X : G(zo,x,z) <71}

1s called a G-ball with center zg and radius r. The family of all G-balls forms
a base of a topology T(G) on X, and 7(G) is called a G-metric topology.
The sequence {xy} is called to be G-convergent to x in X if z, — x in the
G-metric topology T(G). The sequence {x,} is called to be G-Cauchy in X
if G(xp, Tm,x;) = 0 as m,n,l — oco. X is called a complete G-metric space
if every G-Cauchy sequence is G-convergent.

Lemma 1 ([8], Proposition 6). Let (X,G) be a G-metric space. Then
the following statements are equivalent.
(1) xp is G-convergent to x in X.
(17) G(xp,xn, ) — 0 as n — oo.
(1i1) G(xp,z,z) = 0 as n — 0.
(iv) G(zp, Tm,z) — 0 as n,m — oo.

Lemma 2 ([8], Proposition 9). Let (X,G) be a G-metric space. Then
the following statements are equivalent.

(7) {zn} is a G-Cauchy sequence.

(17) G(Tn, Tm, Tm) — 0 as m,n — oo.

Lemma 3 ([8], Proposition 8). Let (X,G) be a G-metric space. Then G
1s jointly continuous in all three of its variables.

Now we introduce an implicit relation to state the main result. Let M
be the set of all continuous ten-variables functions M : ]RLO — Ry, We
consider following conditions for all x,y, z, x;, y;,2; € Ry, 0 < ¢ < 9, and
some k € [0,1).

(Cl)Ify< M(z,x,2,2,9,0,9,9,0,y) and z < x + y, then y < kz.

(C2) If y < M(0,0,y,y,0,2,0,0,z,0), then y < kz.

(C3) M(xz,z,x,z,xz,2,2,0,0,0) < kx

M(0,z,2,0,2,2,0,0,z,2) < kx
and if z; < y; + z;, then M (zg,...,29) < M(yo,...,y9) + M(20,...,29).

Next we state the main result of the paper with respect to the above

implicit relation.
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Theorem 1. Let T be a self-map on a complete G-metric space (X, G)

and

(1) G(Tz,Ty,Tz) < M(G(x, y.2), Gz, T(z), T(z)),
G(z,T(y), T(y),G(z,T(2),T(z)),
Gy, T(y), T(y)), Gy, T (x), T(x)),
Gy, T(2),T(2)),G(2, T(2),T(2)),
G2, T(@), T()), G(, T(y), T(»)))

for some M € M and all x,y,z € X. Then we have
(1) If M satisfies the condition (C1), then T has a fized point.
(i) If M satisfies the condition (C2) and T has a fized point, then the

fixed point is unique.

(#i7) If M satisfies the condition (C3) and T has a fixed point, then T is
continuous at the fized point.

Proof. (i) For any xg € X and all n € N, put x,, = Tz,—1. It follows

from (1) that

G(-Tny Tn+1, fEn-{—l)

Since

IN
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G(l'n—l, Tn+1, xn—i—l) < G(SUn—lv Ln, xn) + G(ﬂfna Tn+1, xn-{—l)
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by (G5) and M satisfies the condition (C1), then there exists k € [0, 1) such
that

(2) G(I’n, Tn+41, $n+1) S kG(xnfla T, l’n) S knG(x()a X1, .’,Ul).
For all n < m, by using (G5) and (2) we have

0 < G(xn,Tm,Tm) < G(Tn, Tni1,Tnt1) + G(Tnit1, Ty Tm)

G(Tn, Tnt1, Tny1) + G(Tni1, Tny2, Tnt2)

+. 4+ G( X1, T, T

(K" + k" )G (g, 1, 71)
k?’l

1—k

IN

IN

<

G(xo,x1,21).

Taking the limit as m,n — oo we get G(xp, Tm,Tm) — 0. By Lemma 2,
{zy} is a G-Cauchy sequence. Since X is complete, then z, — u. Now we
prove that wu is a fixed point of 7. By using (1) again we get

G(zpt+1,Tu, Tu) = G(Tzp, Tu,Tu)
< M(G(mn,u,u),
G(xn, Txpn, Try), G(xn, Tu, Tu), G(xy, Tu, Tu),
G(u,Tu,Tu), G(u, Txp, Txy), G(u, Tu, Tu),
G(u,Tu,Tu),G(u, Tzp, Txy), G(u, Tu, Tu))

= M(G(mn,u,u),
G(xn, Ty, Tny1), G(zn, Tu, Tu), G(xp, Tu, Tu),
G(u,Tu,Tu), G(u, pi1, Tnt1), G(u, Tu, Tu),
G(u,Tu,Tu), G(u, Tpy1, Tny1), G(u, Tu, Tu))

By Lemma 3 and M € M, taking the limit as n — oo we have

G(u,Tu,Tu) < M(G(u,u,u),
G(u,u,u), G(u, Tu, Tu), G(u, Tu, Tu),
G(u,Tu,Tu), G(u,u,u), G(u, Tu, Tu),
G(u,Tu,Tu), G(u,u,u), G(u, Tu, Tu))
= M(O, 0,G(u, Tu,Tu), G(u, Tu, Tu),
G(u,Tu,Tu),0,G(u, Tu, Tu),
G(u,Tu,Tu),0,G(u, Tu, Tu))
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Since M satisfies the condition (C1), then G(u,Tu,Tu) < k.0. This proves
that G(u,Tu,Tu) = 0 or Tu = u.
(77) Let u,v € X and

We shall prove that © = v. By using (1) again we get
G(v,u,u) = G(Tv,Tu,Tu)
M( (v,Tv,Tv
G(v,Tv,Tv),
G(u,Tu,Tu),
G(u,Tu,Tu),

IN

v, Tu, Tu), G(v, Tu, Tu),
u, Tv, Tv), G(u, Tu, Tu)
u, Tv, Tv), G(u,Tu,Tu))

)
G

G(
G(

= M(0,0,G(U,u,u),G(v,u,u),
0,G(u,v,v),0,0,G(u,v,v),O).

Since M satisfies the condition (C2), then
(3) G(v,u,u) < kG(u,v,v).
By a similar argument we get
(4) G(u,v,v) < kG(v,u,u).
It follows from (3) and (4) that

G(v,u,u) < k*G(v,u,u).

Then G(v,u,u) = 0. This proves that u =v. (1). Let v = Tw and =, — u
in X. To prove T is continuous at u, we shall prove that Tx,, — Tu. By
using (1) again we get
G(Tzp, Try, Tu) < M(G(mn,xn,u),
G(xn, Txpn, Try), G(xpn, TTy, Txy), G2y, Tu, Tu),
G(xn, Txpn, Txy), G(xpn, Tey, Txy), G(2), Tu, Tu),
G(u,Tu,Tu), G(u, Ty, Txy), G(u, Txn,Tmn))
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= M(G(mn, T, ),
G(xn, Tan, Try), G(xpn, Try, Txy),
G(xn, Txn, Try), G(xpn, Try, Txy),
0,G(u,Txy, Txy), G(u, Ty, Txn))

G(‘/L‘n’ u? u)?
G

(ajna u)u)7

It follows from (G5) that

G(zp, Tn,u) < G(xp,Tn,u)+0
G(xn, Txn, Try) < G(xp,u,u) + G(u, Tay, Try,)
G(xn,u,u) < G(zp,u,u)+0
0<0+4+0
<

Gu,Txy, Tx,) < 04 G(u, Txp, Txy).

Since M satisfies the condition (C3), then

G(Txzy, Txy, Tu) < M(G(wn,xn,u),G(xn,u,u),
G(mn,u,u),G(xn,u,u),G(xn,u,u),
G(xn,u,u),G(wn,u,u),0,0,0)

+ M(O, G(u, Tz, Txy,),G(u, Tey, Txy), 0,
G(u,Txp, Txy), G(u, Txy, Txy,),0,
0,G(u, Tzy, Txy), G(u,Txn,Ta:n))
k.G(zp,zn,u) + k.G(u, Tz, Txy,).

IN

It implies that
k
0 < G(Txp, Tap,u) < ka(mn,xn,u)

Taking the limit as n — oo we get G(T'zp, T'zy,u) — 0. Then by Lemma 1
we have
Tx, = u="Tu.

This proves that T is continuous at . |

Next we show that many known fixed point theorems are particular cases
of Theorem 1.

Remark 1. By choosing

M(to,tl,.. . ,tg) = kmaX{O,tl,...,tg}
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with k € [O, %) and t; € Ry, 0 < <9, then M € M and M satisfies the

conditions (C1), (C2) and (C3). So [12, Theorem 1] and [12, Corollary 1]

are particular cases of Theorem 1.

Remark 2. By choosing
M(to,tl,...,tg) = kmaX{O,tl + 14+ 17,12 +t5+t9,t3+t6+t8}

with k € [O, %) and t; € Ry, 0 <4 <9, then M € M and M satisfies the
conditions (C1), (C2) and (C3). So [12, Theorem 2] and [12, Corollary 2]
are particular cases of Theorem 1.

Remark 3. By choosing

M(to,t1,...,tg) = kmax{ty, t1,ts,t7,t2,t6, 3}

1
with k € [0, 5) and t; € Ry, 0 <i <9, then M € M and M satisfies the

conditions (C1), (C2) and (C3). So [9, Theorem 2.1] and [9, Corollary 2.3]
are particular cases of Theorem 1.

Remark 4. By choosing
M(to,tl, - ,tg) = kmax{tz + 15,16 + 19,13 + tg}

with k € [0, %) and t; € Ry, 0 <4 <9 then M € M and M satisfies the
conditions (C1), (C2) and (C3). So [9, Theorem 2.4] and [9, Corollary 2.5]
are particular cases of Theorem 1.

Remark 5. By choosing
M(to, t1,... ,tg) = kmax{t4 + 19, 2t5}

with k € [0, %) and t; € Ry, 0 <4 <9 then M € M and M satisfies the
conditions (C1), (C2) and (C3). So [9, Theorem 2.6] and [9, Corollary 2.7]
are particular cases of Theorem 1.

Remark 6. By choosing
M(to,tl, o ,tg) = kmax{ts + 15,16 + 13,12 + tg}
with k € [0, %) and t; € Ry, 0 <4 <9 then M € M and M satisfies the

conditions (C1), (C2) and (C3). So [9, Theorem 2.8] is a particular case of
Theorem 1.
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Remark 7. By choosing

to+1tg to+ 15 tg+1tg t3+1g
M(to,tl,...,tg):kmaX{tU,tl,t4,t7, }

2 72 72 72

with k € [0,1) and ¢; € Ry, 0 < i <9, then M € M and M satisfies the
conditions (C1), (C2) and (C3). So [3, Theorem 2.1] is a particular case of
Theorem 1.

Remark 8. By choosing
M(tg, t1,..., tg) =k max{tg, t1,t4,12,15, t7}

with k € [0,1) and ¢; € Ry, 0 < i <9, then M € M and M satisfies the
conditions (C1), (C2) and (C3), then the first part of [3, Theorem 2.2] is a
particular case of Theorem 1.

Remark 9. By choosing
M(to,tl, - ,tg) = k’(tl +t4+ t7)

with £ € [0, %) and t; € Ry, 0 <3 <9, then M € M and M satisfies the
conditions (C1), (C2) and (C3). So [6, Theorem 2.1] and [6, Corollary 1]

are particular cases of Theorem 1.

Remark 10. By choosing
M(to,t1, ..., tg) = ato + B(t1 +ta + t7)

with a + 38 € [0,1) and t; € Ry, 0 <47 <9, then M € M and M satisfies
the conditions (C1), (C2) and (C3). So [6, Theorem 2.2] and [6, Corollary 2]
are particular cases of Theorem 1.

Remark 11. By choosing
M(to,t1,...,tg) = atg + Smax{ty, ts,t7}

with a4+ €[0,1) and t; € R4, 0 <3 <9, then M € M and M satisfies the
conditions (C1), (C2) and (C3). So [6, Theorem 2.3] and [6, Corollary 3]
are particular cases of Theorem 1.

Remark 12. We can have more new fixed point theorems if we combine
Theorem 1 with some examples of M € M and M satisfies the conditions
(C1), (C2) and (C3).
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