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1. Introduction

Generalized open sets play a very important role in General Topology
and they are now the research topics of many topologists worldwide. Indeed
a significant theme in General Topology and Real Analysis concerns the
various modified forms of continuity, seperation axioms etc. by utilizing
generalized open sets. Kasahara [3] defined the concept of an operation on
topological spaces. Umehara et. al. [5] introduced the notion of 7, /) which
is the collection of all (y,~)-open sets in a topological space (X, 7). In [1]
the authors, introduced the notion of (v,7’)-semiopeness and investigated
its fundamental properties. The aim of this paper is to introduce and study
a new class of functions called almost (v,7')-(8, #')-s-continuous functions
in topological spaces by using (,7)-semiopen sets.

2. Preliminaries

Definition 1 ([3]). Let (X, 7) be a topological space. An operation y on
the topology T is a function from T in to power set P(X) of X such that
V C V7 for eachV € T, where V7 denotes the value of v at V. It is denoted
by v: 17— P(X).

Definition 2 ([5]). A subset A of a topological space (X, T) is said to be
a (v,7)-open set if for each x € A there exist open neighborhoods U and V
of x such that UYUV?Y C A. The complement of a (v,7)-open set is called
a (7y,7')-closed set. Also 7(, .y denotes set of all (y,7')-open sets in (X, 7).
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Definition 3 ([5]). Let A be a subset of a topological space (X, 7). A
point © € A is said to be the (v,~')-interior point of A if there exist open
neighborhods U and V of x such that UYUV?Y C A and we denote the set of
all such points by Int(, 1 (A). ThusInt, ,n(A)={reA:zeUer,Ver
and UTUVY C A. Note that A is (v,~')-open if and only if A = Int(y 4 (A).
A subset A C X is called (v,~")-closed if and only if X\ A is (v,7")-open.

Definition 4 ([5]). A point x € X is called the (v,~')-closure point of
AC X, if (UYUVYYNA # O for any open neighborhoods U and V of
x. The set of all (v,~")-closure points of A is called (v,7")-closure of A
and is denoted by Cl A). A subset A of X is called (v,7')-closed if
Cl(,y,,y/) (A) C A.

Definition 5 ([1]). A subset A of a topological space (X, T) is said to
be (v,7')-semiopen if there exists a (v,~")-open set O such that O C A C
Cl(y,41(O). The set of all (7y,')-semiopen sets is denoted by SOy (X).
A is (v,v")-semiclosed if and only if X\ A is (v,~')-semiopen in X.

)

Definition 6 ([1]). Let A be a subset of a topological space (X,T) and
v, v operators on T.

(1) The intersection of all (v,~")-semiclosed sets containing A is called
the (v,7')-semiclosure of A and is denoted by s Cl(, ) (A).

(2) The union of all (y,~')-semiopen subsets of A is called (v,~')-semiin-
terior of A and is denoted by sInt(, ,(A).

Definition 7 ([1]). A point x € X is said to be (,~")-semi-0-adherent
point of a subset A of X if sCl(, ,\(U)NA# () for every U € SO ) (X).
The set of all (v,~)-semi-0-adherent points of A is called the (vy,~")-semi-0-
closure of A and is denoted by s(, 4 Clg(A). A subset A is called (vy,')-semi-
0-closed if 5(y ) Clg(A) = A. A subset A is called (7y,~')-semi-0-open if and
only if X\A is (v,7)-semi-0-closed.

Definition 8 ([1]). A subset A of a topological space (X, T) is said to be
(v,v)-semiregular, if it is both (v,~")-semiopen and (v,7')-semiclosed. The
class of all (vy,~')-semiregular sets of X is denoted by SR(%W/)(A).

Definition 9 ([4]). An operation v on T is said to be regular if for any
open neighborhoods U,V of x € X, there exists an open neighborhood W of
x such that U"NVY D W7,

Definition 10 ([4]). An operation v on T is said to be open if for every
neighborhood U of x € X, there exists a y-open set B such that x € B and
U" D B.

Definition 11 ([2]). A subset A of a topological space (X, T) is said to be
(v,7)-s-closed if for every covery {Vy : a € I} of X by (v,7')-semiopen sets
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of X, there exists a finite subset Iy of I such that A C UI 5 Cliy 1y (Vo). If
aclp

A = X, the topological space (X, T) is called a (y,~')-s-closed space.

Proposition 1 ([2]). For any space X, the following are equivalent:
(1) X is (v,7)-s-closed.
(2) Every cover of X by (v,')-semiregular sets has a finite subcover.

Definition 12 ([1]). A function f : (X,7) — (Y,7) is said to be

(7,7, (B, B"))-semicontinuous if for any (3,3')-open set B in'Y, f~1(B)
is (y,v')-semiopen in X.

Definition 13. An operation v : 7 — P(X) is said to be y-open, if V7
is y-open for each V € T.

Lemma 1 ([1]). Let A be a subset of a space X. Then we have
(1) If A e SO(%,Y/)(X), then s Cl(%,yl)(A) = S(y4") CIQ(A)
(2) If A€ SRy 4 (X), then A is (v,7')-semi-0-closed.

Proof. (1) Clearly sCl, ,)(A) C s(,)Clg(A). Suppose that z ¢
5 Cl(y,4)(A). Then, for some (v, ~')-semiopen set U, ANU = ) and hence AN
5 Cly,4(U) =0, since A € SO,y (X). This shows that x ¢ s(,,) Cla(A).
Therefore s Cl, ,\(A) = 5(,,) Clg(A).

(2) This follows from (1). [ |

Lemma 2 ([1]). Let A be a subset of a topological space (X, T):
(1) If Ae 50(7,7/) (X), then SCI(%W/) (A) S SR(%,Y/)(A).
(2) If Ais (,7)-open in X, then s Cli, ) (A) = Int(y 41 (Cly ) (X)).

Proof. (1) Since s Cl, ,)(A) is (v,7')-semiclosed, we show that s Cl(,
(A) € SO, 4 (X). Since A € SO, ,(X), then for (v,+')-open set U of X,
U C A C Cl, U. Therefore we have, U C s Cl(, 1 (U) C sCl, 4 (A) C
SC](%,\//)(CI(%,Y/)(U)) = Cl(%,y/)(U) or U C SCI(%,Y/)(A) - Cl(%,yr)(U) and
hence s Cl(, ) (A4) € SO(, 1 (X). [ |

3. Almost (v,7)-(5, ')-s-continuous functions

Definition 14. A function f : (X,7) — (Y,7) is said to be almost
(v,7)-(8, B')-s-continuous if for each point x € X and eachV € SO(g g (Y),
there exists a (7y,7')-open set U containing x such that f(U) C s Cliy (V).

Example 1. Let X = {a,b,c}, 7 = {0, X, {a},{b,c}} and 0 = {0, X, {a},
{c},{a,c}}. Define the operations v : 7 — P(X),~ :7 = P(X), f:0 —
P(X) and ' : 0 — P(X) by

oA if be A o faw it bea
CI(A) if be A, A if be A,
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A if A / A if A
AP = l @< and A7 = 1 ¢c
AU{a} if a¢ A AU{c} if c¢ A

Clearly, 7,y = {0, X, {8}, {0, b}, {a, ¢} } and SOy (V) = {0, X, {a,c}}.
The the identity function f : (X, 7) — (Y, 0) is almost (v,7')-(8, 8’)-s-conti-
nuous.

Theorem 1. The following statements are equivalent for a function f :
(X,7) = (¥,0):

(1) f is almost (v,~")-(8, B")-s-continuous.

(2) For each x € X and V € SR 3 (Y), there exists a (7y,7')-open set
U containing x such that f(U) C V.

(3) f=YV) is (v,7)-clopen ( = (v,7)-open as well as (7y,~')-closed) in
X for every V € SR 5 (Y )

(4) f71(V) CIntey(f (s Cl(ﬂﬁf)( ) for every V€ SO 3(Y).

(5) Cliy o (f s Intg 51y (V) € f7HV) for every (8, 3')-semiclosed set
V oofY.

(6) Cliy(F7H(V)) € F™(s Clig (V) for every V € SO(5,3(Y),
where v and ' are open.

Proof. (1) = (2): Let x € X and V € SR (Y). There exists a
(v,7")-open set U containing x such that f(U) C s Cl(@ﬁ/)(V) =V.

(2) = (3): Let V € SR pn(Y) and 2 € f~1(V). Then f(U) C V
for some (v,7)- open set U of X containing x hence x € U C f~1(V).
This shows that f~*(V) is (7,7/)-open in X. Since Y\V € SRz ) (Y),

~1(Y'\V) is also (7,7')-open and hence f~1(V) is (v,7)-clopen in X.

(3) = (4): Let V € SO(,4)(Y). Then by Lemma 2, V' C sCl(g 5/ (V
and sCl(B 5 (V) € SR(g 1 (Y). By (3), we have f~1(V) C f~ (s Cl B (
and f (s Cl 3,87 (V)) is (7,7/)-open in X. Therefore, we obtain f Lv)

( (5): Let V be a (8, 3')-semiclosed subset of Y. By (4), we have
f 1
v

)

|m\-/v

)
(Y\V) C Int( (s Cligpy (Y\V))) = Ity o (f~HY \sInt( 51y (V)))
i(;)\ Cl 77)((‘f) (s Int(z 31(V))). Therefore, we obtain Cl(, o (f~!(sInt(g g
Lemma 2 and (5) we obtain Cl, o1 (f~H(V)) C Cliy4n (f 1 (s Clig gy (V) C
f_l(S Cl(ﬁﬁ/)(V))

(6) = (1): Let z € X and V € SO (Y). By Lemma 2, we have
SCI(%,Y/)(X) S SR(%,Y/)(X) and f(x) ¢ Y\S Cl(ﬂﬂ/)(V) = SC]BB ( \
s Clig gy (V). Thus, by (6) we obtain = ¢ Cl, ,(f1(Y\sCl /Bﬁ/)(V)))
There exists a (7v,7')-open set U of x such that U N f~1(Y\s Clig g1(V)) =
0. Therefore, we have f(U) N (Y\sClggy(V)) = @ and hence f(U) C
5 Clg,p)(V). This shows that f is almost (v,')-(8, 8')-s-continuous. W
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Theorem 2. The following statements are equivalent for a function f :
(X,7) = (Y,7):

(1) f is almost (v,7')-(8, B')-s-continuous.

(2) For eachx € X and eachV € SR 31(Y), there exists a (7y,7')-clopen
set U containing x such that f(U) C V.

(3) For each x € X and each V € SO 31 (Y), there exists a (7,7")-open
set U containing x such that f(Cli 4 (U)) C s Clg gy (V).

Proof. (1) = (2): Let z € X and V' € SR(3)(Y). By Theorem 1.
FHV) is (7,7')-clopen in X. Put U = f~%(V), then z € U and f(U) C V.
The proof of the other implications are obvious. |

Theorem 3. The following statements are equivalent for a function f :
) > (V,7):

[ is almost (v,7')-(8, 8')-s-continuous.

(Cliy41(A)) C s 35 Clg(f( )) for every subset A of X.

Ly ( YB)) C (s, Clo(B)) for every subset B of Y.
F) is (v,7)- closed in X for every (B, 8')-semi-8-closed set F of

(5) f~HV) is (7,7")-open in X for every (B, ')-semi-0-open set V of Y.

Proof. (1) = (2): Let B be any subset of Y and = ¢ f~!(s(g g Clg(B)).
Then f(x) & s, Clg(B) and there exists V' € SOg g (Y, f(x)) such that
5,8 Cl(V)N B = @. By (1), there exists a (7,')-open set U containing x
such that f(U) C s(g,8/) CI(V). Hence f(U)NB =0 and U N f~1(B) = 0.
Consequently, we obtain x ¢ Cl(, . (f~1(B)).

(2) = (3): Let A be any subset of X. By (2), we have Cl(,(A)
€ Cliyony (1 (F(A)) C £~ (35,5 Clo(f(A))) and hence f(Cli, ) (A)) C
s(s,') Clo(f(A)).

(3) = (4): Let F be any (8, ')-semi-6-closed set of Y. Then, by (3),
we have f(Cli, ) (f~1(F))) C s, Clo(f(f~H(F))) C s(5,81) Clo(F) = F.
Therefore, we have Cl(, o (f~1(F)) C f~(F) and hence Cl(, ,(f~1(F)) =
f~Y(F). This shows that f~(F) is (,7')-closed set in X.

(4) = (5): This is obvious.

(5)=(1): Let z € X and V' € SO (Y, f(x)). By Lemmas 1 and 2,
sap) CUV) is (8,B')-6-open in Y. Put U = f~!(s(3,3)CL(V)). Then by
(5), U is (v,7)-open containing z and f(U) C s gy Cl(V). Thus, f is
almost (v,7')-(8, #')-s-continuous. [ |

Definition 15. A point x € X is said to be a (v,7)-0-adherent point of a
subset A of X if Cly 1 (U)NA # O for every (7y,7')-open set U containing x.
The set of all (v,~")-0-adherent points of A is called the (v,~'")-0-closure of A
and is dentoed by Cl(, ,9(A). Note that a subset A is called (vy,~")-0-closed
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if Cliy4n9(A) = A. The complement of a (7v,7')-0-closed set is called a
(v,7')-0-open set.

The proof of the following theorem is similar to Theorem 3 and thus
omitted.

Theorem 4. The following statements are equivalent for a function f :
(X,7) > (¥,7):

(1) f is almost( v,v')- (B B) -8-continuous.

(2) Cliyyno(f7H(A)) C f (s(g,1 Cla(A)) for every subset A of Y.

(3) (Cl(77 9(B)) C 53,8 Clg(f( )) for every subset B of X.
(4) f7Y(F) is (y,7)-0-closed in X for every (B, ')-semi-0-closed set F
of Y.

(5) f7YV) is (v,7)-0-open in X for every (B,B')-semi-0-open set V
of Y.

Theorem 5. If f: (X,7) — (Y, 7) is almost (v,7')-(B, 5')-s-continuous
and A is (7v,7')-s-closed in X, then f(A) is (8,8")-s-closed in'Y .

Proof. Let {V, : a € I} be any cover of f(A) by (8, 5’)-semiregular sets
of Y. By Theorem 1, {f~1(V,) : a € I} is a cover of A by (v,7)-clopen
sets of X. By Proposition 1, there exists a finite subset Iy of I such that
A C UsCliy i {f ' (Va) : @ € Ip} and hence f(A) C UsClggn{Va : a €
Ip}. Hence f(A) is (B, f)-semiclosed relative to Y. [ |

Theorem 6. If f: (X,7) — (Y, 7) is almost (v,7')-(8, B')-s-continuous
surjection and X is (v,v')-s-closed, then'Y is (8,3')-s- closed

Proof. The proof is clear. |

Theorem 7. Let f : (X,7) — (Y,7) be a function and v € X. If
there exists a (v,7')-open set N of X containing x such that the restriction
In of f to N is almost (v,~")-(8, 8')-s-continuous at x, then f is almost
(v,v)-(8, B')-s-continuous at x, where v and v are regular.

Proof. Let U be any (v, 7')-semiregular set containing f(x). Since fy is
almost (v,~")-(8, 8’)-s-continuous at z, there is a (y,7’)-open set V' contain-
ing x such that r € NNV and f(NNV) C sClggy(U)=Uor f(NOV) CU.
Since v and ' are regular, N NV is a (,v)-open set containing x. Hence
f is almost (v,7)-(8, 8')-s-continuous at x. [ |

Theorem 8. Let X1, Xy be (v,v")-closed sets in a topological space (X, T)
and X = X7 UXe. If f: X =Y be a function and fx, and fx, are almost
(v,7)-(8, B")-s-continuous functions, then f is almost (v,~")-(8, 5')-s-conti-
nuous, where v and ' are regular.
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Proof. Let A be a (8, 3')-semiregular subset of Y. Since fx, and fx,
are both almost (v, ')-(3, 8')-s-continuous, (fx,) '(A) and (fx,) *(A) are
both (7,7')-clopen subsets of X and f~1(A4) = (fx,) 1(A) U (fx,) 1 (A).
Since v and 4" are regular, f~!(A) is the union of two (v,7')-clopen sets
and is thus (,v)-clopen in X. Hence f is almost (v, ~')-(8, 3’)-s-continuous
function. |

Remark 1. The following example shows that the regularity on v and
~" of Theorem 8 can not be removed.

Example 2. Let X = {a,b,c}, 7 = {0, X, {a},{b,c}} and 0 = {0, X, {a},

{c},{a,b},{a,c}}. Define the operations v : 7 — P(X), v/ : 7 = P(X),
B:0—P(X)and ' : 0 — P(X) by

w A if b¢ A s Cl(A) if b¢ A
Cl(A) if be A, A if beA,
A if A / A if A
AP = B and A7 = hoee
AU{a} if a¢ A AU{c} if c¢ A

Then, it is shown that 4/ is not regular. Let X; = {b}, X2 = {a,c} and
f:(X,7) — (Y,7) be an identity function. Clearly, fx, and fx, are almost
(v,7")-(8, B)-s-continuous functions but f is almost (y,~")-(3, 3')-s-continu-
ous function.

Theorem 9. If f : X — X be a function fx, and fx, are both almost
(v,7")-(8, B")-s-continuous at a point x € X = X1 U X, then f is almost
(v,v")-(B, B8')-s-continuous at z, where v and ' are regqular operations.

Proof. Let U be any (v,7)-semiregular set containing f(x). Since x €
X1 N Xy and fx,, fx, are both almost (vy,7')-(3, 8’)-s-continuous at a point
x, there exists (7y,7')-open sets V; and V; of X, respectively containing x
such that z € X3 NVy, f(XiNV)) CU and x € XoNVa, f(XoNVa) CU.
Since X = X7 U Xo, f(VlﬂVQ) = f(XlﬂV1ﬂV2)Uf(X2ﬂV1ﬂV2) -
f(XinW) U f(Xan V) CU. Since v and «/ are regular, V; NVo = V is
a (v,7')-open set containing x such that f(V) C U and hence f is almost
(v,7")-(8, B)-s-continuous by Theorem 1. |
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