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STRONG CONVERGENCE THEOREMS OF ONE-STEP

ITERATIVE SCHEME FOR A COUNTABLE FAMILY

OF MULTIVALUED MAPPINGS IN A BANACH SPACE

Abstract. In this paper, we introduce a new one-step iterative
scheme for finding a common fixed point of a countable family of
multivalued mappings in a real uniformly convex Banach space.
By using the best approximation operators, a necessary and suffi-
cient condition for strong convergence of the proposed method is
given. Moreover, we establish some strong convergence theorems
of the proposed iterative scheme under some control conditions.
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1. Introduction

An element p ∈ K is called a fixed point of a single valued mapping T if
p = Tp and of a multivalued mapping T if p ∈ Tp. The set of fixed points
of T is denoted by F (T ).

Let X be a uniformly convex real Banach space and K be a nonempty
closed convex subset of X and CB(K) be a family of nonempty closed
bounded subsets of K and P (K) be a nonempty proximinal bounded subsets
of K. The Hausdorff metric on CB(X) is defined by

H(A,B) = max

{
sup
x∈A

d(x,B), sup
y∈B

d(y,A)

}
,

for all A,B ∈ CB(X).
Let X be a real Banach space. A subset K of X is called proximinal if

for each x ∈ X, there exists an element k ∈ K such that

d(x, k) = d(x,K),

where d(x,K) = inf{‖x − y‖ : y ∈ K} is the distance from the point x to
the set K.
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A single valued mapping T : K → K is said to be nonexpansive if ‖Tx−
Ty‖ ≤ ‖x− y‖ for all x, y ∈ K. A multivalued mapping T : K → CB(K) is
said to be nonexpansive if H(Tx, Ty) ≤ ‖x− y‖ for all x, y ∈ K.

A map T : K → CB(K) is called hemicompact if, for any sequence {xn}
in K such that d(xn, Txn)→ 0 as n→∞, there exists a subsequence {xnk

}
of {xn} such that xnk

→ p ∈ K. We note that if K is compact, then every
multivalued mapping T is hemicompact.

A map T : K → CB(K) is said to satisfy Condition (I) if there is a
nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0, f(r) > 0 for
r ∈ (0,∞) such that

d(x, Tx) ≥ f(d(x, F (T )))

for all x ∈ K.
A family {Ti : K → CB(K), i ∈ N} is said to satisfy Condition (II) if

there is a nondecreasing function f : [0,∞)→ [0,∞) with f(0) = 0, f(r) > 0
for r ∈ (0,∞) such that

d(x, Tix) ≥ f(d(x,∩∞i=1F (Ti)))

for all i ∈ N and x ∈ K.
In 1969, Nadler [7] proved some fixed point theorems for multivalued

contraction mappings of the nonempty closed and bounded subsets of a
complete metric space and generalized a result of Edelstein for compact
multivalued local contractions. Moreover, he gave a counterexample to a
theorem about (ε, λ)-uniformly locally expansive mappings.

Hussain and Khan [6], in 2003, introduced the best approximation op-
erator PT to find fixed points of ∗-nonexpansive multivalued mapping and
proved strong convergence of its iterates on a closed convex unbounded
subset of a Hilbert space.

In 2009, Shahzad and Zegeye [9] proved strong convergence theorems
for the Ishikawa iteration scheme involving quasi-nonexpansive multivalued
maps in Banach spaces. They also relaxed compactness of the domain of
T and constructed an iteration scheme which removes the restriction of
T , namely, Tp = {p} for any p ∈ F (T ). Then, Abkar and Eslamian [2]
generalized and modified the iteration of Shahzad and Zegeye [9] from two
step of quasi-nonexpansive multivalued maps to multi-step of finite family of
multivalued maps and removed the restriction Tp = {p} by used nonexpan-
siveness of PTi . They also proved strong convergence theorem of a common
fixed point of {Ti}mi=1 in a complete CAT(0) space.

In 2011, Cholamjiak and Suantai [4] introduced two new iterative proce-
dures with errors for two multi-valued maps and proved strong convergence
theorems of the proposed iterations in uniformly convex Banach spaces. Let
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T1, T2 be two multivalued maps from D into P (D) and PTix = {y ∈ Tix :
‖x− y‖ = d(x, Tix)}, i = 1, 2. Let {xn} be the sequence defined by x1 ∈ D,

yn = α′nz
′
n + β′nxn + (1− α′n − β′n)un, n ≥ 1,

xn+1 = αnzn + βnyn + (1− αn − βn)vn, n ≥ 1,

where z′n ∈ PT1xn and zn ∈ PT2yn.
Later, Cholamjiak et al. [3] introduced a modified Mann iteration as

follow: x1 ∈ D,

xn+1 ∈ αnxn + (1− αn)PTnxn, ∀n ≥ 1.

They obtained weak and strong convergence theorems for a countable family
of multi-valued mappings by using the best approximation operator in a Ba-
nach space and applied the main results to the problem of finding a common
fixed point of a countable family of nonexpansive multi-valued mappings. In
this work, they also gave some examples of multi-valued mappings T such
that PT are nonexpansive.

Recently, Abbas et al. [1] introduced a new one-step iterative process
to approximate common fixed points of two multivalued nonexpansive map-
pings in a real uniformly convex Banach space and established weak and
strong convergence theorems for the proposed process under some basic
boundary conditions. Let S, T : K → CB(K) be two multivalued nonex-
pansive mappings. They introduced the following iterative scheme:{

x1 ∈ K,
xn+1 = anxn + bnyn + cnzn, n ∈ N,

where yn ∈ Txn and zn ∈ Sxn such that ‖yn−p‖ ≤ d(p, Sxn) and ‖zn−p‖ ≤
d(p, Txn) whenever p is a fixed point of any one of the mappings S and T , and
{an}, {bn}, {cn} are sequences of numbers in (0, 1) satisfying an+bn+cn = 1.

Later, Eslamian and Abkar [5] generalized and modified the iteration of
Abbas et al. [1] from two mapping to the infinite family mappings {Ti : i ∈
N} of multivalued mapping as follow: x0 ∈ E,

xn+1 = an,0xn + an,1zn,1 + an,2zn,2 + . . .+ an,mzn,m, n ≥ 0,

where zn,i ∈ PTi(xn) and {an,k} are sequence of numbers in [0, 1] such that
for every natural number n,

∑m
k=0 an,k = 1. They proved strong convergence

theorem of this iterative scheme to a common fixed point of {Ti} such that
each PTi satisfies the condition (C).

In this paper, we introduced a new iteration for a countable family of
multivalued mapping {Ti} in a uniformly convex Banach space. Let P (K)
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be nonempty proximal bounded subsets of K ⊂ X and {Ti : K → P (K)}
be a family of given multivalued mappings and

PTi(x) = {y ∈ Ti(x) : ‖x− y‖ = d(x, Ti(x))}.

For x1 ∈ K, we define

(1) xn+1 = αn,0xn +
n∑
i=1

αn,i xn,i ,

where the sequences {αn,i} ⊂ [0, 1) satisfying
∑n

i=0 αn,i = 1 and xn,i ∈
PTixn for i = 1, 2, . . . , n. The main purpose of this paper is to prove strong
convergence of the iterative scheme (1) to a common fixed point of {Ti}.

To prove our main results, the following lemma is needed.

Lemma 1 ([8]). Suppose that X is a uniformly convex Banach space
and 0 < p ≤ tn ≤ q < 1 for all positive integers n. Also suppose that
{xn} and {yn} are two sequences of X such that lim supn→∞ ‖xn‖ ≤ r,
lim supn→∞ ‖yn‖ ≤ r and limn→∞ ‖tnxn + (1 − tn)yn‖ = r holds for some
r ≥ 0. Then lim supn→∞ ‖xn − yn‖ = 0.

2. Main results

We first prove that the sequence {xn} generated by (1) is an approximat-
ing fixed point sequence of each Ti(i = 1, 2, . . . , n).

Lemma 2. Let K be a nonempty closed convex subset of an uniformly
convex Banach space X. For i = 1, 2, . . . , n, let {Ti} be a sequence of multi-
valued mappings from K into P (K) with F := ∩∞i=1F (Ti) 6= ∅ such that all
PTi are nonexpansive. Let {xn} be a sequence defined by (1). Then

(i) ‖xn+1 − p‖ ≤ ‖xn − p‖ for all p ∈ F ,

(ii) limn→∞ ‖xn − p‖ exists for all p ∈ F .

Proof. Let p ∈ F . Then PTip = {p}. Hence

‖xn+1 − p‖ ≤ αn,0‖xn − p‖+

n∑
i=1

αn,i‖xn,i − p‖

= αn,0‖xn − p‖+

n∑
i=1

αn,id(xn,i, PTip)

≤ αn,0‖xn − p‖+

n∑
i=1

αn,iH(PTixn, PTip)

≤ αn,0‖xn − p‖+

n∑
i=1

αn,i‖xn − p‖ = ‖xn − p‖.
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So (i) is satisfied, hence (ii) is obtained from (i). �

Theorem 1. Let K be a nonempty closed convex subset of an uniformly
convex Banach space X. For i = 1, 2, . . . , n, let {Ti} be a sequence of multi-
valued mappings from K into P (K) with F := ∩∞i=1F (Ti) 6= ∅ such that all
PTi are nonexpansive. Let {xn} and {xn,i}, i ∈ N be the sequences defined by
(1). If limn→∞ αn,i and limn→∞ αn,n exist and lie in [0, 1) for all i ∈ N∪{0},
then

(i) lim
n→∞

‖xn − xn,i‖ = 0 for all i ∈ N and

(ii) lim
n→∞

d(xn, Tixn) = 0 for all i ∈ N.

Proof. Suppose that limn→∞ ‖xn − p‖ = c for some c ≥ 0. Then

lim
n→∞

‖xn+1 − p‖ = lim
n→∞

‖αn,0(xn − p) + αn,1(xn,1 − p)

+ αn,2(xn,2 − p) + . . .+ αn,n(xn,n − p)‖

= lim
n→∞

∥∥∥∥(1− αn,0)
[

αn,1
1− αn,0

(xn,1 − p) +
αn,2

1− αn,0
(xn,2 − p)

+ . . .+
αn,n

1− αn,0
(xn,n − p)

]
+ αn,0(xn − p)

∥∥∥∥ = c.

Since all PTi are nonexpansive and F 6= ∅, we have ‖xn,i−p‖ = d(xn,i, PTip) ≤
H(PTixn, PTip) ≤ ‖xn − p‖ for each p ∈ F and i ∈ N.
Taking lim sup on both sides, we get lim supn→∞ ‖xn,i−p‖ ≤ lim supn→∞ ‖xn−
p‖ = c for all i ∈ N. Next,

lim sup
n→∞

∥∥∥∥ αn,1
1− αn,0

(xn,1 − p) +
αn,2

1− αn,0
(xn,2 − p)

+ . . .+
αn,n

1− αn,0
(xn,n − p)

∥∥∥∥
≤ lim sup

n→∞

[
αn,1

1− αn,0
‖xn,1 − p‖+

αn,2
1− αn,0

‖xn,2 − p‖

+ . . .+
αn,n

1− αn,0
‖xn,n − p‖

]
≤ lim sup

n→∞

[
αn,1

1− αn,0
‖xn − p‖+

αn,2
1− αn,0

‖xn − p‖

+ . . .+
αn,n

1− αn,0
‖xn − p‖

]
= lim sup

n→∞

(
αn,1 + αn,2 + . . .+ αn,n

1− αn,0

)
‖xn − p‖

= lim sup
n→∞

‖xn − p‖ = c.
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It follows from Lemma 1 that

lim
n→∞

∥∥∥∥ αn,1
1− αn,0

(xn,1 − p) +
αn,2

1− αn,0
(xn,2 − p)

+ . . .+
αn,n

1− αn,0
(xn,n − p)− (xn − p)

∥∥∥∥ = 0.

This yields

0 = lim
n→∞

(
1

1− αn,0

)
‖αn,1xn,1 + αn,2xn,2

+ . . .+ αn,nxn,n + αn,0xn − xn‖

= lim
n→∞

(
1

1− αn,0

)
‖xn+1 − xn‖.

This implies by our control condition that, limn→∞ ‖xn+1 − xn‖ = 0.
By using the argument as above, we get limn→∞ ‖xn+1 − xn,i‖ = 0 for
all i ∈ N. Since ‖xn − xn,i‖ ≤ ‖xn − xn+1‖ + ‖xn+1 − xn,i‖, we obtain
limn→∞ ‖xn − xn,i‖ = 0 for all i ∈ N. Since d(xn, Tixn) = d(xn, PTixn) ≤
‖xn − xn,i‖, it follows that d(xn, Tixn)→ 0 as n→∞ for all i ∈ N. �

Theorem 2. Let X be an uniformly convex Banach space and K be
a nonempty closed convex subset of X. For i = 1, 2, . . . , n, let {Ti} be a
sequence of multivalued mappings from K into P (K) with F := ∩∞i=1F (Ti) 6=
∅ such that all PTi are nonexpansive. Let {xn} be a sequence defined by (1)
with the conditions that limn→∞ αn,i and limn→∞ αn,n exist and lie in [0, 1)
for all i ∈ N ∪ {0}. Then {xn} converges strongly to a common fixed point
of {Ti} if and only if limn→∞ inf d(xn, F ) = 0.

Proof. The necessity is obvious. Conversely, assume that lim inf
n→∞

d(xn, F )

= 0. From Lemma 2(i), we get ‖xn+1 − p‖ ≤ ‖xn − p‖ for all p ∈ F . Hence
d(xn+1, F ) ≤ d(xn, F ). Thus limn→∞ d(xn, F ) exists. By hypothesis, we
have limn→∞ d(xn, F ) = 0.

Next, we will show that {xn} is a Cauchy sequence in K.
Let ε be arbitrary. Since limn→∞ d(xn, F ) = 0, there exists n0 such

that for all n ≥ n0, d(xn, F ) < ε
2 . Then there exist a p∗ ∈ F such that

‖xn0 − p∗‖ < ε
2 . For n ≥ n0 and m ∈ N, by Lemma 2(i), we have

‖xn+m − xn‖ ≤ ‖xn+m − p∗‖+ ‖xn − p∗‖ ≤ 2‖xn0 − p∗‖ < ε.

Thus, {xn} is a Cauchy sequence in K. Hence limn→∞ xn = q for some
q ∈ K. This implies by Theorem 1(i) that for each i ∈ N,

d(xn, Tiq) ≤ d(xn, xn,i) + d(xn,i, Tiq)

= d(xn, xn,i) + d(xn,i, PTiq)
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≤ d(xn, xn,i) +H(PTixn, PTiq)

≤ d(xn, xn,i) + d(xn, q)→ 0 as n→∞.

It follows that d(q, Tiq) = 0. Hence q ∈ Tiq for all i ∈ N. Consequently,
q ∈ F . �

Theorem 3. Let X be an uniformly convex Banach space and K be a
closed convex subset of X. For i = 1, 2, . . . , n, let {Ti} be a sequence of mul-
tivalued and continuous mappings from K into P (K) with F := ∩∞i=1F (Ti) 6=
∅ such that all PTi are nonexpansive. Let {xn} be a sequence defined by (1)
with the conditions that limn→∞ αn,i and limn→∞ αn,n exist and lie in [0, 1)
for all i ∈ N ∪ {0}. Assume that one of Ti is hemicompact. Then {xn}
converges strongly to a common fixed point of {Ti}.

Proof. Suppose that Ti0 is hemicompact for some i0 ∈ N. Then there
exists a subsequence {xnk

} of {xn} such that limk→∞ xnk
= q ∈ K. By The-

orem 1(ii), we have limn→∞ d(xn, Tixn) = 0 for all i ∈ N. From continuity
of Ti, we get d(xnk

, Tixnk
) → d(q, Tiq). This implies that d(q, Tiq) = 0 and

q ∈ F . Since limn→∞ ‖xn−q‖ exists, it follows that {xn} converges strongly
to q. �

Corollary 1. Let X be an uniformly convex Banach space and K be
a closed convex subset of X. For i = 1, 2, . . . , n, let {Ti} be a sequence of
multivalued mappings from K into P (K) with F := ∩∞i=1F (Ti) 6= ∅ such
that all PTi are nonexpansive. Assume that {Ti} satisfying condition (II).
Let {xn} be a sequence defined by (1) with the conditions that limn→∞ αn,i
and limn→∞ αn,n exist and lie in [0, 1) for all i ∈ N ∪ {0}. Then {xn}
converges strongly to a common fixed point of {Ti}.

Proof. Since {Ti} satisfies condition (II), we have d(xn, Ti(xn)) ≥ f(d(xn,
F )) where f is a nondecreasing function defined by f : [0,∞) → [0,∞)
with f(0) = 0, f(r) > 0 for r ∈ (0,∞). By Theorem 1(ii), we have
limn→∞ d(xn, Tixn) = 0 for all i ∈ N. It follows that limn→∞ d(xn, F ) = 0.
By Theorem 2, we get the result. �

Remark 1. The following sequences are the examples of the control
sequences in Theorem 1-3 and Corollary 1:

1. αn,i = 1
n for i = 0, 1, . . . , n and αn,i = 0 otherwise for all n ∈ N.

We see that, limn→∞ αn,i = 0 for i = 1, 2, . . . , n and limn→∞ αn,n = 0.
2. αn,i = 1

2 for i = n− 1, n and αn,i = 0 otherwise for all n ∈ N.
We see that, limn→∞ αn,i = 0 for i = 1, 2, . . . , n and limn→∞ αn,n = 1

2 .
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