FASCICULI MATHEMATICI
Nr 54 2015

DOI:10.1515/fascmath-2015-0001

BENHARRAT BELAIDI

GROWTH OF MEROMORPHIC SOLUTIONS
OF FINITE LOGARITHMIC ORDER
OF LINEAR DIFFERENCE EQUATIONS

ABSTRACT. In this paper, we deal with the growth and the oscil-
lation of solutions of the linear difference equation

an (2) f(z+n) +an—1(2) f(z+n—1)
+ o tar(2) f(z+1) +ao(2) f(2) =0,

where a,(2), -+, ag(z) are meromorphic functions of finite loga-
rithmic order such that a,(z)ag(z) # 0.
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1. Introduction and main results

Throughout this paper, we assume that the reader is familiar with the
fundamental results and the standard notations of the Nevanlinna theory
of meromorphic functions ([6], [12]). Recently, many articles focused on
complex difference equations. The back-ground for these studies lies in the
recent difference counterparts of Nevanlinna theory. The key result here is
the difference analogue of the lemma on the logarithmic derivative obtained
by Halburd-Korhonen [4, 5] and Chiang-Feng [3], independently.

Definition 1 ([6]). Let f be a meromorphic function of order p(f) = p
(0 < p < ), the type of f is defined as

T(f) = limsupm.

r—-400 rP

If f is an entire function of order p (0 < p < 00), we can define the M —type

by
log M
v (f) = lim supiog (. f) .
r—+00 TP
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Remark 1. We have not always the equality 7ps (f) = 7 (f), for example
7(e*) = 2 < 1=y (e*). By T(r,f) <log™ M(r, f), it’s easy to obtain
the following

(f) <t (f).

Definition 2 ([12]). Let f be a meromorphic function. Then the expo-
nent of convergence of the sequence of zeros and distinct zeros of f(z) are
defined respectively by

log N (r, %)
A(f) =limsup————=
400 logr

Af) = limsuplogN(r,]lc)

r—+o00 log r ’

where N (r N(r, l)) is the integrated counting function of zeros (distinct

2eros) Off(f in{z:|z| <r}.

In recent paper [3], Chiang and Feng investigated meromorphic solutions
of the linear difference equation

(1) an (2) f (2 +n) + an-1(2) f (2 +n—1)
+ota(2) fz+1) +ao(2) f(2) =0,

where a,, (2),--- ,ap (z) are entire functions such that a,, (z) ap (2) #Z 0, and
proved the following result.

Theorem A ([3]). Let ag (z),a1 (2),--- ,an (2) be entire functions such
that there exists an integer [, 0 <1 < n such that

> i)y -
pla) > max  {p(a;)}
If f(z) is a meromorphic solution of (1), then p(f) > p(a;) + 1.

Note that in Theorem A, equation (1) has only one dominating coefficient
a;. For the case when there is more than one of coefficients which have the
maximal order, Laine and Yang [9] obtained the following result.

Theorem B ([9]). Let ag (2),a1(2), - ,an (z) be entire functions of fi-
nite order such that among those having the mazimal order p = Jhax {p(a;)},
one has exactly its type strictly greater than the others. Then for any mero-

morphic solution of (1), we have p(f) > p+ 1.

Obviously, we have p(a;) > 0 and p > 0 in Theorems A-B. Thus, a
natural problem which arises: How to express the growth of solutions of
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(1) when all coefficients ag (2), a1 (2), - - -, ay (2) are meromorphic functions
and of order zero in C. The main purpose of this paper is to adopt the idea
of finite logarithmic order due to Chern [2] to extend some results obtained
recently by the author and Latreuch in [10] for meromorphic solutions to
equation (1) of zero order in C.

Definition 3 ([2]). The logarithmic order of a meromorphic function f
s defined as
: log T'(r, f)
= limsup ————=.
oxlF) = TP Toglog

If f is an entire function, then

. logT(r, f) .. log log M (r, f)
Plog(f) = limsup ———— = limsup ————=.
r—+o00 loglogr 00 loglog r

Remark 2. It is evident that the logarithmic order of any non-constant
rational function f is one, and thus, any transcendental meromorphic func-
tion in the plane has logarithmic order no less than one. However, a function
of logarithmic order one is not necessarily a rational function. Constant func-
tions have zero logarithmic order, while there are no meromorphic functions
of logarithmic order between zero and one. Moreover, any meromorphic
function with finite logarithmic order in the plane is of order zero.

Definition 4 ([1]). The logarithmic type of a meromorphic function f
with 1 < piog(f) < +o0 is defined by

o T(r, f)
Tiog(f) = lirgigop (log )’

If f is an entire function with 1 < pog(f) < +o0, then

T log M
rog(F) = limsup —2 )y 108 M0 )
r—+00 (log r)plog(f) r——4o00 (log ’]")plog(f)

Remark 3. It is evident that the logarithmic type of any non-constant
polynomial @) equals its degree deg(Q); that any non-constant rational func-
tion is of finite logarithmic type, and that any transcendental meromorphic
function whose logarithmic order equals one in the plane must be of infinite
logarithmic type.

Definition 5 ([1],[2]). The logarithmic exponent of convergence of a—points
of a meromorphic function f is equal to the logarithmic order of n(r, f = a)

which is defined as

logn (r, ﬁ)
A ,a) = limsup ——————=.
log (f ) 7“—>+oop IOg log r
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The logarithmic exponent of convergence of zeros or distinct zeros of f are

defined by
logn<r, %)
Alo = Mg (f,0) =1i _
log (f) = Aog(f,0) i S v v

B B logn (7”7 %)
)\o = /\o ) =1li loologr
log (f) log(f,0) ifigop loglog r

or

respectively, where n (r, %) (orm (r, %)) denotes the number of zeros (or
distinct zeros) of f in the disc |z| < r.

Remark 4. It is trivial that A(f) (or A(f))) can also be given by making
use of the notation of the counting function of zeros (or distinct zeros) of
A N (r, %) (or N (r, %), to replace the notations n (r, %) (or @ (r, %)),
respectively (see e.g. [12], Theorem 2.1). However, it does not hold for
the case of logarithmic order. The logarithmic order of N (r, %) is equals
Aog(f) + 1, (see [2], Theorem 4.1).

Recently, the concept of logarithmic order has been used to investigate the
growth and the oscillation of solutions of linear differential equations in the
complex plane [1] and complex linear difference and ¢-difference equations
in the complex plane and in the unit disc ([7],[8],[11]). In this paper, we
obtain the following results.

Theorem 1. Let ag(z),a1(z), - ,an(2z) be meromorphic functions

1

such that there ewists coefficient a; satisfying Aiog (a—l> < Prog () = p

(1 <p<o0). Suppose that
(2) max {piog (a;) 1 0 < j <, j#I} <p,, (a).
If f (2) is a meromorphic solution of (1), then piog (f) > plog (ar) + 1.

Theorem 2. Let ag(z),a1(2), - ,an(2) be meromorphic functions
such that there exists coefficient a; satisfying Aog (%) < P (@) = p
(1<p<00), Tiog (1) =7 (0 <7 < 00). Suppose that

(3) max {piog (a;) : 0<j<m, j#I}<p
and
(4) Z Tiog (a;) < T

Plog (aj ) =Prog (a1)
J#l

If f(2) is a meromorphic solution of (1), then piog (f) 2> plog (a1) + 1.
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Remark 5. If pog (a5) < py,, (@) for all j =0,1,--- I =1,1+1,--- n,
then the sum in (4) is empty, and Theorem 2 reduces to Theorem 1.

Theorem 3. Let ag (2), a1(2), -+, an (2), F (2) (¥ 0) be finite logarith-

mic order meromorphic functions. If f is a meromorphic solution of the
equation

G) anfE+n)tanaf(z+n-—D+--+afz+)+af(z)=F

with
max{plog (aj) (] = 07 T 7”)7 Plog (F>} < Plog (f)a
then piog (f) = Aiog (f) + 1.

Theorem 4. Under the assumptions of Theorem 2, let © be a meromor-
phic function such that one of the following conditions holds:

(i) ¢ is not a solution of (1) with piog (¢) < piog (f);

(”) 2 3’—& 0 and Plog (90) < Plog (al) + 1.
Then )\10g (f - 90) +1= Plog (f)

Corollary. Under the assumptions of Theorem 4, we have Aiog (f — 2) +
1= Plog (f)

2. Some lemmas

We need the following lemmas to prove our results.

Lemma 1. Let f be a meromorphic function with piog (f) = p > 1. Then
there exists a set Ey C [1,400) with infinite logarithmic measure such that
logT

o loglogr

o
n=1

Proof. Since pios (f) = p, then there exists a sequence {r,} - ; tending

to oo satisfying (1 + %) rn < Thnt+1 and

log T (Tm f)

rn—oo  loglogry,

= Plog (f) .

So, there exists an integer n; such that for all n > ny, for any re [r,,(1+ L)r,],
we have

log T (rn, f) _logT(r,f) _logT ((1+3)7n,f)
loglog (14 1) r, = loglogr ~— log log ry,
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o0

Set By = U [rn, (1 + %) rn], we obtain
n=ni
log T log T

f 8T () 0T (1, f)

r—oo loglogr rn—oo  loglog Ty,

rekq

oo (1F5)rn o
and Im (Ey) = Y. [ %= Y log(l1+ 1) = occ. Thus, the proof of
n=ni Tn n=ni

the lemma is completed. |

Lemma 2. Let f be a meromorphic function with finite logarithmic order
1 < prog(f) < +00 and finite logarithmic type 0 < Tiog(f) < 4+00. Then for
any given B < Tiog(f) there exists a subset Ey of [1,+00) that has infinite

logarithmic measure such that T(r, f) > B (log T)p"’g(f), holds for all r € E5.

Proof. By Definition 4, there exists an increasing sequence {rp} (7, —
+00) satisfying (1+ £)rp < rm41 and

llm T(r'n’h f)
m—+00 (log Tm)Plog(f)

= 7_log(f)'

So, there exists a positive integer mg such that for all m > mg and for any
given 0 < € < Tieg(f) — 8, we have

(6) T (s f) > (Tiog(f) — €) (log 7 )15 .

Since

10 Lr]" plog(f)
lim <g mtl ) =1,
m—s-4-00 log r

then for any given < mog(f) — €, there exists a positive integer m; such
that for all m > m; we have

log —2—p\ Plog(f)
(7) <g i1 ) - B
logr Tog(f) — €

Take m > mg = max{mi,mo}. By (6) and (7), for any r € [rm, (1 4+ L )ry,]

T(r, f) > T(rm, f) > (Tiog(f) — &) (log 7y )= ()

log(f)
> (nog(f) —€) <log m )P > [ (log r)ﬂlog(f).

m—l—lr
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—+00

Set By = |J [rm,(1+ 2)ry]. Then there holds
m=msy
+oo (1+%)r7ndt +00 ]
Im(E2) = Z / 5= Z log(1 + E) = +o00.
m=mz m=ms

Lemma 3. Let fi, fo be meromorphic functions satisfying piog (f1) >
Plog (f2). Then there exists a set E3 C (1,+00) having infinite logarithmic
measure such that for all r € E3, we have

lim M = 0.

r—oo T (7, f1)

Proof. Set p1 = piog (f1)+ p2 = Piog (f2) (p1 > p2) . By Lemma 1, there
exists a set B3 C (1,400) having infinite logarithmic measure such that for
any given 0 < ¢ < 2522 and all sufficiently large r € E3

T (r, f1) > (logr) ™=
and for all sufficiently large r, we have

T (r, f2) < (logr)"**.
From this we can get

T 1 pate 1
(rf2) _ (logr)*™* _ ___ ren
T(ﬁfl) (logr)pl (logr)pl p2—2¢

Since 0 < & < #2522, then we obtain

T (’I“, fg)

lim

= Es.
T () T e

Lemma 4 ([3]). Let o, R, R’ be real numbers such that0 < o < 1,R > 0,
and let n be a non-zero complex number. Then there is a positive constant
C,, depending only on a such that for a given meromorphic function f(2)
we have, when |z| = r, max{1l,r + |n|} < R < R, the estimate

< s (i (1)

e (e e (Yo ey ()
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Remark 6. We note that the estimate (8) follows from the proof of
Theorem 2.4 in [3].

Lemma 5. Let n1, 2 be two arbitrary complex numbers such that ny # 1o
and let f(z) be a finite logarithmic order meromorphic function. Let p be
the logarithmic order of f (z). Then for each € > 0, we have

(9) m (r, m> =0 ((log r)pflJrE) :

(55 (i)
n(n 5 52) ()
el ) e 5)

Since f(z) has finite logarithmic order piog(f) = p < +o0, so given ¢,
0 < e <2, we have

(11) T(r, f) = O ((logr)**?)
for all r. By using (8), we obtain from (10)

12) m(ﬁiiZi) : <R—2|;71—|]|%m|>2 (m(R’f”m<R’ ;”))
2R/ Im| Co Iml”

*(R/R)(eru <1a>ra)
2|7]2|R

Tl (i +m (R’ajlf))
tER (R—|:2—| ) (N (B 1)+ N (ij))

- (e we ) (0 e (7.7))

n 2R |71 n Co|m|®
(RR—R)\R—-r—|m| @Q-a)r

2] Ca |772|a ) ( ’ < / 1))
" + N@R,H+N(R,=)).
Ror Tl " T-ayre ) (VD) 7
By choosing o = 1 — g, R =2r, R = 3r and r > max{|m|, |n2],1/2} in
(12), we get

" ( W) : <<r4—|nﬁylf|>2 " (ﬂi;)?) (m (&, ) m (2’"’ D)

Proof. We have

o ()

IN
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2Cq Im|' " * 2C, |no|' %
+6< i 2Calml"F | _iml  2Caln )

r— |ml erl=% r— |n2l erl=2
1
X (N Br,f)+ N (37', f))
§4[ 4l |r i 4lna|r i
(r=1ImD*  (r—Imel)

r—|ml  r—|n erl=2

2C0 (Im!' ™% +no| '
M( ml i 20 N v

By using the estimate (11), we have

f(z4+m) 4m||r 4fma|r
m<r’f(z+nz)> =K [<r|m|>2 = )2

2Ca (Im[""% + |~ F) :
+6( ml el N

r—|m| o —|n] erl=3

5
< M (log )+,

where K > 0, M > 0 are some constants. This completes the proof. |

Lemma 6 ([2]). Let f be a meromorphic function of finite logarithmic

order, and let a € C. Then the logarithmic order of n(r,1/(f —a)) equals to
Aog(f,a). Moreover, N(r,1/(f — a)) is of logarithmic order Aog(f,a) + 1.

Remark 7. We point out that the first assertion of Lemma 6 is Theo-
rem 3.1 in [2], while the second one is in Theorem 4.1 of the same paper.

Lemma 7. Let f and g be non-constant meromorphic functions of log-
arithmic order. Then we have

Plog (f + g) < max {plog (f) » Plog (g)}

and
Plog (fg) < max {plog (f) s Prog (9)}-

Furthermore, if piog (f) > piog (9), then we obtain
Plog (f + g) = Plog (fg) = Plog (f) .
Proof. Set piog (f) = p1 and piog (g) = p2. For any given ¢ > 0, we have
(13) T(r,f+g) <T(rf)+T(rg)+0(1)
< (logr)”*¢ + (logr)”™ + 0 (1)
2 (log r)maxterezite 4 0 (1)

IN
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and
(14) T(r,fg) <T(r,f)+T(r,g) <2(log r)max{ﬂhpz}—i—e

for all r sufficiently large. Since ¢ > 0 is arbitrary, from (13) and (14), we
easily obtain

(15) Plog (f +g) < max {piog (f) , prog (9)}
and
(16) Plog (fg) < max {plog (f) » Plog (g)} .

Suppose now that piog (f) > piog (9). Considering that

. T f)=Trf+9-9) <T(f+9) +T(rg+0(1)

and

(18) T(rf) =T <r, f;’) <T(rfg)+T <r, ;)
=T(r,fg)+T(r,g) +0(1).

By (17) and (18), by the same method as above we obtain that

(19) Plog (f) < max {piog (f +9) Prog (9)} = pProg (f +9),

(20) Plog (f) < max {plog (fg) » Plog (g)} = Plog (fg) .

By using (15) and (19) we obtain piog (f +9) = piog (f) and by (16) and
(20), we get piog (f9) = prog (f)- |

Lemma 8. Let f and g be meromorphic functions in the complex plane
such that 1 < piog (f) , plog (9) < 00 and 0 < Tieg(f), Tiog (9) < 00. Then we
have

(@) If prog (f) > prog (9), then we obtain
(21) Tog (f + g) = Tlog (fg) = Tlog (f) .
(”) If Plog (f) = Plog (9) and Tlog (f) 7é Tlog (g), then we get

(22) Plog (f +9) = prog (f9) = plog (f) = prog (9) -
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Proof. (i) Suppose that piog (f) > piog (9). By using the definition of
the type and since piog (f + g) = prog (f), We get

T(r,f+g)

(23)  Tiog (f +g) = limsup Pros(F+9)

r—+oo (logr)
T, f)+T(r,g)+0(1)

< lim sup

oo (log ,r,)plog(f)
T T 1
< lim sup% + lim supMO(f())
r—+oo (logr)°s r—+oo  (logr)°s
. T(r, f . T(r, g log Prog(9)
= lim SUP(ip)(f) +lim sup ( ’ )<g> ( )p 5
r—+oo (logr)’'os r—+oco \ (logr)*s*?’ (log )"
T 1 Plog(9) T
< lim sup% + lim sup%(f)lim supi)()
r—+oo (logr)°s r—+oo (logr)s") r—to0 (logr)’o='Y
= Tlog (f) .

Since piog (f +9) = plog (f) > piog (9), then by (23), we obtain

Tlog(f) :Tlog(fWLg*g) < Tlog(f+g)'
Hence Tiog (f + g) = Tiog (f). By the same method as before, we have

T (r, fg) " T(r,f)+T(rg)
prog(fg) = b yPiox ()

(24) Tiog (fg) = limsup
r—+oo (logr)
T
< limsup%
r—+oo (logr)s

r—+4o00 (log r

i T(r.g)
+limsup———2__ < 7 .
r—>+oop (log T)mog(f) log (f)

Since Plog (fg) = Plog (f) > Plog (9) = Plog (%): then by (24)7 we obtain

Tlog (f) = Tlog <fg;) < Tlog (fg) .

Thus, Tog (fg) = Tlog (f)-

(i1) Without loss of generality, we suppose that 7iog (f) > Tiog (9). It’s
easy to see that

Plog (f+g) < Plog (f) = Plog (9)-
If we suppose that piog (f +9) < prog (/) = g (), then by (21)
Tog (g) = Tlog (f +9-— f) = Tlog (f)

which is a contradiction. Hence piog (f + ) = plog (f) = piog (9). Also, we
have

Plog (fg) < Plog (f) = Plog (9)-
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Ifwesuppo&eng(fg)<ipbg(f)==pmg<}> = plog (9), then by (21), we can
write

Tlog (g) = Tlog (fg}> = Tlog (f) s

which is a contradiction. Hence piog (f9) = plog (f) = piog (9)- |

3. Proof of the theorems and corollary

Proof. of Theorem 1. If pj, (f) = 0o, then the result is trivial. Next
we suppose piog (f) < co. We divide through equation (1) by f(z +1) to
get

(25) aj (Z) = - (an (Z)m+"'+all (Z)f(;(l‘i_l)l)
flz+l+]) flz+1)
+az+1(z)W+...+al(Z)m
/(2)
+o0l) 7657

It follows that

(26) T (r,a)) = m(r,a;) + N (r,a)

Zm (rya;) + Zm (7’, J;((Zzi;))) + N (r,aq;) +0(1)
I3 Uy

3 - f(z+7)
< T (r,a;)+» m|r, + N (r,a;)+0O(1).
2 2 (7E5) l

IN

)

il il

By Lemma 5, we have for sufficiently large r and any given € > 0

fz+17)

(27) m (r, TeED )

) -0 ((logr)plog(f)_l-i-&) , j=0,---,n, j#L

ap

Let us choose o such that Aje (i) < 0 < plog (1) = p. Then we have for

any given € (0 < € < p — o) and for sufficiently large r

>\10g<ai)+€ o-+e€
(28) N (rya;) < (logr) t < (logr)”™=.
Thus, by (27) and (28), we obtain from (26)

(29) T (r,a;) < ZT (ryaj)+ 0O ((log r)plog(f)_HE) + (logr)7t=.

=0
1
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Since max {piog (a;) (j =0,---,n),j#1} < p, (@), then by Lemma 3,
there exists a set E3 C [1,4+o00) with infinite logarithmic measure such that

T (r,a;)

(30)  max {T(ml)

(j=0,--- ,n),j;él} —0, r— 4oo, r€ Ejs.
Thus, by (29) and (30), we have for all r € E3, r — +00
(B1)  (1—0()T (ra) < O ((logr)™=V71) + (log )7+

Since 0 < &€ < p — o, then it follows from (31) that piog (f) > py., (@) +1. B

Proof. of Theorem 2. 1If pio, (f) = 00, then the result is trivial. Next
we suppose plog (f) < 0o. Recall that we have 0<néax {Prog (@)} < prog (1)
<j<n,j#
and Y Tiog (a5) < Tiog (a1). If prog (a5) < prog (ar) for allj =0,1,---,1—
Plog(aj):p
il
1,l 4+ 1,--- ,n, then Theorem 2 reduces to Theorem 1. Thus, we assume
that at least one of a; (j =0,1,---,1 — 1,1+ 1,---,n) satisfies piog (a;) =
Plog (1) = p. So, there exists aset J; C {0,1,--- ,l—1,l41,--- ,n} such that

for j € Ji we have piog (@) = plog (@) = p and Y Tiog (a5) < Tiog (@) =7
jeS1
and for i € {0,1,--- , 1 =1,0+1,--- ,n}\J1 we have piog (a;) < plog (a1) = p.
Hence, we can choose a1, g satisfying > moeg (a;) < a1 < az < 7 such
J€N
that for any given ¢ (O <e< 9 "‘1) and for sufficiently large r, we have

(32) T (r,a;) < (nog (aj) +¢) (logr)”, j €L
and
(33) T(T)ai) < (1OgT)p0’ (S {0717 al_]-al'f_lv an}\‘]lv

where 1 < pg < p. By applying Lemma 2, there exists a subset Es of [1, 00)
that has infinite logarithmic measure such that for all r € E5, we have

(34) T (rya;) > as (logr)”.

By using the assumptions (27), (28), (32), (33) and (34), we obtain from
(26) for any given € (0 < e < min {22 p—¢}) and for all 7 € By

az (logr)” < > (mog (a;) +¢) (logr)” + > (log )™

Jjen i€{0,1,-- ) 1=1,1+1, - ,;n}\J1

+0 ((log r)"1°g(f)_1+5> + (logr)”**

< (a1 +en) (logr)” +n (logr)™ + O ((log r)pk’g(f)*l“) + (logr)7*e.
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It follows that

(35) (ag — a3 —en) (logr)” < n(logr)™
+0 ((log r)plog(f)_HE) + (log )=

Since 0 < &€ < min {22-%1 p— o}, we obtain from (35) that piog (a;) = p <
Plog (f) — 1. u

Proof. of Theorem 3. If f is a non-constant rational function, then f
has logarithmic order 1 and Ajog (f) = 0. Thus, the conclusion of the theorem
follows immediately. Suppose now that f is transcendental meromorphic
function. By (5) we have

AN e N (CE S
(36) f(Z)_F<” O IC “)'

By (36) and Lemma 5, we have

37) T(rf) = T(r,}>+0(1):m 7‘,})+N(
1 n
f

IN
=
—
3
_|_

3
—
3
Bl
~
_|_

3
=
£

IA
=
7N
3
e
_|_
S
S
3
Bl

< N (7‘, ch) +0 ((log r)m“g('f)_HE) +T(r,F)+ ZT (r,a;) .

=0

Set max {piog (a;) (5 =0, ,n), plog (F)} < plog (f) . Then, by Lemma 3,
there exists a set B3 C [1,+00) with infinite logarithmic measure such that

T (r,a4) T(r,F)
T(r, f) T(r,f)

Thus, by (37) and (38), we have for all r € E3, r — +00

(j=0,...,n),

(38) max{ }—>0, r — 400, r € Ej.

(39) (1—o()T(r,f) <N (r, }) +0 (<1ogr)mog<f>—1+f) .
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By (39), we obtain that piog (f) < Aiog (f) + 1 and by Lemma 6, we have
Aog (f)+1 < prog (f) for every transcendental meromorphic function. Hence,
we deduce that piog (f) = Aog (f) + 1. [ |

Proof. of Theorem 4. Set w(z) = f(2) — ¢ (2). (i) If piog (f) >
Plog (¢), then by Lemma 7 we have pjog (W) = plog (f ) Substituting w into
equation (1), we obtain

ap w(z+n)+ap_qw(z+n—1)4+ - +aw(z+ 1)+ aqw(z)
= —(anp(z+n)+tanap(z+n—1)+ - +arp(z+1) +ap(z))

Since ¢ is not a solution of (1), then A # 0. By Theorem 2, we have

Plog () > Jmax {prog (a;)} +1

which implies

(40) Plog (w) = Plog (f) > max {plog (A) s Plog (aj) (] = 07 te :n)} .

Therefore, by Theorem 3 we have piog (W) = Alog (W) + 1, i.e., Aiog (f — @) +
1= Plog (f)
(i7) Suppose now that ¢ # 0 and piog (¢) < plog (a1) +1. Since ¢ # 0 and

Plog (‘P) < Plog (al) +1= Orélgagxn {plog (aj)} +1 S Plog (f) ’

then A # 0. By (40) and Theorem 3, we obtain Ajog (w) + 1 = piog (w), i.e.,
Aog (f — ) +1 = piog (f). This completes the proof of Theorem 4. [ |

Proof. of Corollary Setting g(z) = f(z)—z. It is clear that piog (9) =
Plog (f) because piog (f) > prog (@) +1 > piog (2) = 1. Substituting f = g+=
into equation (1), we obtain

n

Zaj g(z+7) Z(z—&-j)cg(z).

7=0

In order to prove piog (f — 2) = Alog (f — 2)+1 we need to prove ) (2 + j)
j=0
xaj (z) # 0. Suppose that > (2 +j)a;(2) = 0. Then, by the conditions
j=0
(3), (4) and Lemma 8 we have
n
Plog (O) = Plog (Z (Z + ]) a; (Z)) = Plog (al) >1

J=0
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which is a contradiction. Hence, by applying Theorem 4 we obtain

)\log(f—z)“‘l:,olog(f_z):plog(f)' -
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