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Abstract. In this paper, we introduce the notion of distributive
pseudo BE–algebra and show that the related relation defined on
this structure is transitive and prove that every pseudo upper set
is a pseudo filter. Also, the pseudo filter generated by a set is
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and irreducible subset and prove that every irreducible subset is
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1. Introduction

As a generalizations of BCK/BCI-algebras, BE-algebras were intro-
duced by H. S. Kim and Y. H. Kim [5]. By using the notion of upper sets
they gave an equivalent condition of the filter in BE-algebras.

G. Georgescu and A. Iorgulescu [2], and independently J. Rachunek [6],
introduced pseudo-MV algebras which are a non-commutative generaliza-
tion of MV -algebras. After pseudo-MV algebras, the pseudo-BL algebras
[3], and the pseudo-BCK algebras as an extended notion of BCK-algebras
by G. Georgescu and A. Iorgulescu [4], were introduced and studied. A.
Walendziak give a system of axioms defining pseudo-BCK algebras [7].

R. Borzooei et al. introduced the notion of pseudo BE-algebras and dis-
cuss on the relationship between the subalgebras with pseudo filters. They
show that every pseudo filter is a subalgebra and give an example such that
the converse it is not true. Also, they prove that every pseudo filter is an
union of pseudo upper sets [1].

The purpose of this work is to define the notion of distributive pseudo
BE-algebras and show that in this algebraic structure, a subset F of dis-
tributive pseudo BE-algebra X is a pseudo filter if and only if it is a normal
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pseudo filter. We characterize the conditions for a pseudo BE-algebra to be
a BE-algebra.

2. Preliminaries

In this section we recall definitions and results that will be used in this
paper.

Definition 1 ([5]). An algebra (X; ∗, 1) of type (2, 0) is called a BE–algebra
if the following axioms hold:

(BE1) x ∗ x = 1,
(BE2) x ∗ 1 = 1,
(BE3) 1 ∗ x = x,
(BE4) x ∗ (y ∗ z) = y ∗ (x ∗ z), for all x, y, z ∈ X
We introduce a relation ” ≤ ” on X by x ≤ y if and only if x ∗ y = 1.

Definition 2 ([1]). An algebra (X; ∗, �, 1) of type (2, 2, 0) is called a
pseudo BE-algebra if it satisfies the following axioms:

(pBE1) x ∗ x = 1 and x � x = 1,
(pBE2) x ∗ 1 = 1 and x � 1 = 1,
(pBE3) 1 ∗ x = x and 1 � x = x,
(pBE4) x ∗ (y � z) = y � (x ∗ z),
(pBE5) x ∗ y = 1⇔ x � y = 1, for all x, y, z ∈ X.

In a pseudo BE-algebra, one can define a binary relation ” ≤ ” by

x ≤ y ⇔ x ∗ y = 1⇔ x � y = 1, for allx, y ∈ X.

Remark 1. If X is a pseudo BE-algebra satisfying x ∗ y = x � y, for all
x, y ∈ X, then X is a BE-algebra.

Proposition 1 ([1]). In a pseudo BE-algebra X, the following holds:
(1) x ∗ (y � x) = 1, x � (y ∗ x) = 1,
(2) x � (y � x) = 1, x ∗ (y ∗ x) = 1,
(3) x � ((x � y) ∗ y) = 1, x ∗ ((x ∗ y) � y) = 1,
(4) x ∗ ((x � y) ∗ y) = 1, x � ((x ∗ y) � y) = 1,
(5) if x ≤ y ∗ z, then y ≤ x � z,
(6) if x ≤ y � z, then y ≤ x ∗ z,
(7) 1 ≤ x, implies x = 1,
(8) if x ≤ y, then x ≤ z ∗ y and x ≤ z � y,
(9) if x∗y = z, then y∗z = y�z = 1 (If x�y = z, then y∗z = y�z = 1),

(10) if x ∗ y = x and x 6= 1, then x � y 6= y,
(11) if x ∗ y = y and x 6= 1, then x � y 6= x,
(12) if x ∗ y = x and x � y = z, then x ∗ z = x � z = 1, and

x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z) = x � (y ∗ z) = (x � y) ∗ (x � z) = 1,
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(13) if x ∗ y = y and x � y = z, then x ∗ z = z and

x ∗ (y ∗ z) = (x ∗ y) ∗ (x ∗ z) = x ∗ (y � z) = (x ∗ y) � (x ∗ z) = 1,

(14) if x ∗ y = z and x � y = t, then x � z = x ∗ t,
for all x, y, z, t ∈ X.

Definition 3 ([1]). A non-empty subset F of X is called a pseudo filter
of X if it satisfies in the following axioms:

(pF1) 1 ∈ F ,
(pF2) x ∈ F and x ∗ y ∈ F imply y ∈ F .

Proposition 2 ([1]). Let F ⊆ X and 1 ∈ F. F is a pseudo filter if and
only if x ∈ F and x � y ∈ F imply y ∈ F , for all x, y ∈ X.

For any x, y ∈ X, put A(x, y) := {z ∈ X : x∗(y�z) = 1}. We call A(x, y)
a pseudo upper set of x and y.

Proposition 3 ([1]). Let F ⊆ X be a pseudo filter and x ∈ X. Then
x � a ∈ F , for all a ∈ F .

3. Distributive pseudo BE-algebras

Definition 4. A pseudo BE-algebra X is said to be distributive if it
satisfies only one of the following conditions:

(i) x ∗ (y � z) = (x ∗ y) � (x ∗ z),
(ii) x � (y ∗ z) = (x � y) ∗ (x � z), for all x, y, z ∈ X.

We note that if (X; ∗, �, 1) is a pseudo BE-algebra, then (X; �, ∗, 1) is
a pseudo BE-algebra, too. From now, in this paper, X is a distributive
pseudo BE-algebra, which satisfy the condition (i) of Definition 4, unless
otherwise is state.

Example 1. (i) Let X = {1, a, b, c, d, e}. Define the operations ”∗” and
” � ” on X as follows:

∗ 1 a b c d e

1 1 a b c d e
a 1 1 c c d 1
b 1 a 1 1 1 e
c 1 a 1 1 1 e
d 1 a 1 1 1 e
e 1 a d d d 1

� 1 a b c d e

1 1 a b c d e
a 1 1 b c d 1
b 1 a 1 1 1 e
c 1 a 1 1 1 e
d 1 a 1 1 1 e
e 1 a c c d 1

Then (X; ∗, �, 1) is a distributive pseudo BE-algebra.
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(ii) Let X = {1, a, b, c, d}. Define operations ” ∗ ” and ” � ” on X as
follows:

∗ 1 a b c d

1 1 a b c d
a 1 1 b c d
b 1 1 1 b c
c 1 a 1 1 b
d 1 a 1 1 1

� 1 a b c d

1 1 a b c d
a 1 1 b c d
b 1 1 1 b c
c 1 a 1 1 b
d 1 a 1 1 1

Then X is a pseudo BE-algebra. Also, we have

c ∗ (c � d) = c ∗ b = 1 6= b = 1 � b = (c ∗ c) � (c ∗ d).

Therefore, it is not distributive.

Proposition 4. The relation ”≤” is defined on X is transitive.

Proof. Let x ≤ y and y ≤ z, for some x, y, z ∈ X. Then

x ∗ z = 1 � (x ∗ z) (by (pBE3))

= (x ∗ y) � (x ∗ z) (by (pBE5))

= x ∗ (y � z) (by Definition 4)

= x ∗ 1 (by (pBE2))

= 1.

Now, by (pBE5) we have x � z = 1. Hence x ≤ z. �

Lemma 1. For any x, y ∈ X,
(i) x ∗ (x � y) = x ∗ y,
(ii) if x ∗ y = y, then x � y 6= x,
(iii) x ∗ y 6= x and x � y 6= x, for all x, y ∈ X and 1 6= x.

Proof. (i) Let x, y ∈ X. Then

x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � (x ∗ y) = x ∗ y.

(ii) Let x ∗ y = y and x 6= 1. If x � y = x, then

x ∗ (x � y) = x ∗ x = 1, x � (x ∗ y) = x � y = x.

By (pBE4), x = 1, which is a contradiction.

(iii) If X is distributive, x ∗ y = x and x 6= 1, then

1 = x � (x ∗ y) = x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � x = x.
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If x � y = x and x 6= 1, then

1 = x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � x = x.

Which is a contradiction. �

Theorem 1. Let x, y, z, t be distinct elements of X. Then one of the
following holds:

(i) x ∗ y = x � y 6= x,
(ii) x ∗ y = z and x � y = y,
(iii) x ∗ y = z and x � y = t.

Proof. By Lemma 1(iii), x ∗ y 6= x and x � y 6= x. Thus x ∗ y = y or
x ∗ y = z. By Lemma 1(i), if x ∗ y = y, then x � y 6= x. If x ∗ y = y and
x � y = z, then

x ∗ z = x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � y = y.

Also, by (pBE4) and distributivity we have

x � y = x � (x ∗ y) = x ∗ (x � y)

= (x ∗ x) � (x ∗ y)

= 1 � y
= y.

Which is a contradiction. �

Theorem 2. Let (X; ∗, �, 1) be a distributive BE-algebra. Then (X, �, ∗, 1)
is distributive if and only if X is a BE-algebra.

Proof. Let (X, ∗, �) and (X, �, ∗) are distributive. It is enough to show
that x ∗ y = x � y, for all x, y ∈ X. Without lose of generality one of the
following cases occur.

Case 1. x ∗ y = x and x � y = y. By using Proposition 1 (10), we have a
contradiction.

Case 2. x ∗ y = y and x � y = x, in which, it is a contradiction by using
Proposition 1 (11).

Case 3. x ∗ y = x and x � y = z. Then x � (x ∗ y) = x � x = 1 and

x � (x ∗ y) = (x � x) ∗ (x � y) = 1 ∗ (x � y) = 1 ∗ z = z.

Case 4. x ∗ y = y and x � y = z. Then x ∗ (x � y) = x ∗ z and

x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � (x ∗ y) = 1 ∗ y = y.
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Thus x ∗ z = y and so

x ∗ (x � y) = x ∗ z = y and x ∗ (x � y) = x � (x ∗ y) = x � y = z.

Hence y = z and so x ∗ y = x � y.

Case 5. x ∗ y = z and x � y = t. Then x � (x ∗ y) = x � z and

x � (x ∗ y) = (x � x) ∗ (x � y) = 1 ∗ (x � y) = 1 ∗ t = t.

Thus x � z = t. Also,

x ∗ (x � y) = x ∗ t and x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � z = z.

Hence x ∗ t = z and so

x � (x ∗ t) = x � z = t and x ∗ (x � t) = x ∗ t = z.

Thus z = t and so x ∗ y = x � y. Therefore, X is a BE-algebra.
Conversely, the proof is clear. �

Note. By Theorem 2, we conclude that if X is a pseudo BE-algebra
satisfies in the following axioms:

(i) x ∗ (y � z) = (x ∗ y) � (x ∗ z),
(ii) x � (y ∗ z) = (x � y) ∗ (x � z),

then (X; ∗, 1) = (X; �, 1) and it is a BE-algebra.

For x ∈ X we denote by A(x) = {y ∈ X : x ∗ y = 1}, which is called
terminal segment of an element x.

Proposition 5. For any x, y, z ∈ X, we have
(i) 1, x ∈ A(x) (i. e., A(x) is a nonempty subset of X),

(ii) A(x, y) = {z ∈ X | y � z ∈ A(x)} = {z ∈ X | y ∗ z ∈ A(x)},
(iii) A(x) = A(x, 1) and A(1) = {1},
(iv) let ∅ 6= F ⊆ X. If F is a pseudo filter, then A(x) ⊆ F ,
(v) z ∈ A(x) implies y ∗ z ∈ A(x) and y � z ∈ A(x).

Proof. By definition of A(x), the proof (i), (ii), (iii) and (iv) are clear.
(v). Let z ∈ A(x). Then x ∗ z = x � z = 1. By using pBE4,

x ∗ (y � z) = y � (x ∗ z) = y � 1 = 1.

Thus y � z ∈ A(x). By a similar way, y ∗ z ∈ A(x). �

In the next example we show that the converse of Proposition 5(iv), is
not correct in general.
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Example 2. Let X = {1, a, b, c, d}. Define operations ” ∗ ” and ” � ” on
X as follows:

∗ 1 a b c d

1 1 a b c d
a 1 1 c c 1
b 1 1 1 1 1
c 1 d d 1 d
d 1 1 c c 1

� 1 a b c d

1 1 a b c d
a 1 1 c c 1
b 1 1 1 1 1
c 1 a d 1 d
d 1 1 c c 1

Then X is a distributive pseudo BE-algebra. We have

A(a) = {1, a, d} ⊆ {1, a, c, d}, A(c) = {1, c} ⊆ {1, a, c, d},
A(d) = {1, a, d} ⊆ {1, a, c, d}.

Since d∗ b = d� b = c ∈ {1, a, c, d} and d ∈ {1, a, c, d}, we see that {1, a, c, d}
is not a pseudo filter.

Lemma 2. x ∗ y = t and x � y = z implies x � t = x ∗ z = t, for all
x, y, z, t ∈ X.

Proof. By using (pBE4), x � t = x � (x ∗ y) = x ∗ (x � y) = x ∗ z. Also,

x ∗ z = x ∗ (x � y) = (x ∗ x) � (x ∗ y) = 1 � (x ∗ y) = 1 � t = t.

�

Theorem 3. y ∗ z ∈ A(x) if and only if y � z ∈ A(x), for all x, y, z ∈ X.

Proof. Let x, y, z, t, r, k ∈ X and t = y � z ∈ A(x). Then we have

y ∗ t = y ∗ (y � z) = (y ∗ y) � (y ∗ z) = y ∗ z.

By Proposition 5 (v), y ∗ t ∈ A(x). Thus y ∗ z ∈ A(x).
Conversely, let y ∗ z = k ∈ A(x) and x � z = t. It means that k ∗ x =

k �x = 1. By using (pBE4), 1 = x � k = x � (y ∗ z) = y � (x ∗ z) = y � t. Now
by (pBE5) we have y ∗ t = 1. Since y ∗ z = t 6= 1, we see that x � z = t 6= z.
By Theorem 1, x∗z = x�z = t or x�z = t and x∗z = t. If x∗z = x�z = t,
since y � t = 1, we have

x ∗ (y � z) = y � (x ∗ z) = y � t = 1.

Therefore, y � z ∈ A(x).
If x ∗ z = t and x � z = r, then by Lemma 2, x ∗ t = r. Since y � t = 1,

we have

x ∗ (y � z) = y � (x ∗ z) = y � r = y � (x ∗ t) = x ∗ (y � t) = x ∗ 1 = 1.

Therefore, y � z ∈ A(x). �
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Corollary 1. x∗(y ∗z) = 1 if and only if z ∈ A(x, y), for all x, y, z ∈ X.

Proof. Let x ∗ (y ∗ z) = 1, for some x, y, z ∈ X. Then y ∗ z ∈ A(x). By
Theorem 3, y � z ∈ A(x) and so x ∗ (y � z) = 1. Thus z ∈ A(x, y).

Conversely, let z ∈ A(x, y). Then x ∗ (y � z) = 1 and so y � z ∈ A(x). By
using Theorem 3, y ∗ z ∈ A(x). Therefore, x ∗ (y ∗ z) = 1. �

Theorem 4. (i) x ∗ y = z and x � y = y implies z ≤ y,
(ii) x ∗ y = z and x � y = t implies z ≤ t, t ≤ z, y ≤ z and y ≤ t,

(iii) x ∗ y ≤ x � y and x � y ≤ x ∗ y, for all x, y, z, t ∈ X.

Proof. (i) By Proposition 5(i), x ∗ y = z ∈ A(z). Now, by Theorem 3,
x � y = y ∈ A(z), which is z ≤ y.

(ii) By Theorem 1(9), y ≤ z and y ≤ t. By Proposition 5(i), x ∗ y = z ∈
A(z). Using Theorem 3, we have x � y = t ∈ A(z). It means that z ≤ t. By
a similar way we have x � y = t ∈ A(t). By Theorem 3, x ∗ y = z ∈ A(t),
which is t ≤ z.

(iii) Let x, y ∈ X. By Theorem 1, x ∗ y = x � y or x ∗ y = z and x � y = y
or x ∗ y = z and x � y = t, for some z, t ∈ X. If x ∗ y = x � y, then it is
obvious that x ∗ y ≤ x � y and x � y ≤ x ∗ y. If x ∗ y = z and x � y = y, then
by (i), x ∗ y ≤ x � y and x � y ≤ x ∗ y. Now, if x ∗ y = z and x � y = t, then
by (ii), x ∗ y ≤ x � y and x � y ≤ x ∗ y. �

Theorem 5. A(x ∗ y) = A(x � y), for all x, y ∈ X.

Proof. Using Theorem 1, we have the following cases.
Case 1. if x ∗ y = x � y, then the proof is obvious.
Case 2. let x ∗ y = z and x � y = y and a ∈ A(x ∗ y). Therefore, z ∗ a = 1.

By Proposition 1(9), y ∗ z = 1. We have

1 = y � 1 = y ∗ (z � a) = (y ∗ z) � (y ∗ a) = 1 � (y ∗ a) = y ∗ a.

Hence a ∈ A(y) = A(x � y). Thus A(x ∗ y) ⊆ A(x � y).
Conversely, let a ∈ A(x � y). Then y ∗ a = y � a = 1. By Theorem 4(i),

z ≤ y and so z ∗ y = 1. Thus

1 = z ∗ 1 = z ∗ (y � a) = (z ∗ y) � (z ∗ a) = 1 � (z ∗ a) = z ∗ a.

Hence z ∗ a = 1 and so a ∈ A(z) = A(x ∗ y). Therefore, A(x � y) = A(x ∗ y).
Let x ∗ y = z, x � y = t and a ∈ A(x ∗ y). Then z ∗ a = 1. By Theorem 4(ii),
t ≤ z and so t ∗ z = 1. Thus

1 = t � 1 = t ∗ (z � a) = (t ∗ z) � (t ∗ a) = 1 � (t ∗ a) = t ∗ a.

Hence a ∈ A(t) = A(x � y) and so A(x ∗ y) ⊆ A(x � y). By a similar way,
a ∈ A(x � y) implies a ∈ A(z) = A(x ∗ y). Therefore, A(x � y) = A(x ∗ y),
for all x, y ∈ X. �
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Theorem 6. Let x ≤ y. Then

(i) z ∗ x ≤ z ∗ y, and z ∗ x ≤ z � y,

(ii) z � x ≤ z ∗ y, and z � x ≤ z � y, for all x, y, z ∈ X.

Proof. Let x ≤ y and x, y, z ∈ X. Then x ∗ y = 1. So,

(z ∗ x) ∗ (z ∗ y) = z ∗ (x ∗ y) = z ∗ 1 = 1.

Beside, by using (pBE5) we have (z ∗ x) � (z ∗ y) = 1. Hence z ∗ x ≤ z ∗ y.
Thus z ∗ y ∈ A(z ∗ x). By Theorems 3 and 5, z � y ∈ A(z ∗ x) = A(z � x). It
means that z � x ≤ z � y. �

Theorem 7. (i) y ∗ z ≤ (x ∗ y) ∗ (x ∗ z), and y ∗ z ≤ (x ∗ y) � (x � z),
(ii) y � z ≤ (x∗y)∗ (x∗ z), and y � z ≤ (x∗y)� (x∗ z), for all x, y, z ∈ X.

Proof. We have

(y � z) � ((x ∗ y) � (x ∗ z)) = (y � z) � (x ∗ (y � z))

= x ∗ ((y � z) � (y � z))

= x ∗ 1

= 1.

Thus y � z ≤ (x ∗ y) � (x ∗ z). Also, we have (x ∗ y) � (x ∗ z) ∈ A(y � z).
Then by Theorem 3, (x ∗ y) ∗ (x ∗ z) ∈ A(y � z). It means that, y � z ≤
((x∗y)∗ (x∗z)) and so (ii) is hold. Also, by Theorem 5, A(y �z) = A(y ∗z).
Thus (x ∗ y) � (x ∗ z) ∈ A(y ∗ z) and (x ∗ y) ∗ (x ∗ z) ∈ A(y ∗ z) and so (i) is
hold. �

Theorem 8. a ∗ b ∈ A(x, y) if and only if a � b ∈ A(x, y), for all
a, b, x, y ∈ X.

Proof. Let a ∗ b ∈ A(x, y). By Theorem 1, we have the following cases.

Case 1. if a � b = a ∗ b, then the proof is obvious.

Case 2. let a∗b = c and a�b = b, for some c ∈ X. Since c = a∗b ∈ A(x, y)
and using the Corollary 1, we have x ∗ (y ∗ c) = 1. Also, by Theorem 4(i),
c ≤ b and so c � b = 1. Thus

x ∗ (y ∗ b) = 1 � (x ∗ (y ∗ b)) = (x ∗ (y ∗ c)) � (x ∗ (y ∗ b))
= x ∗ ((y ∗ c) � (y ∗ b))
= x ∗ (y ∗ (c � b))
= x ∗ (y ∗ 1)

= x ∗ 1

= 1.
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By Corollary 1, a � b = b ∈ A(x, y).

Case 3. if a∗b = c and a�b = t, for some t, c ∈ X. Since c = a∗b ∈ A(x, y)
and by Theorem 1, we see that x ∗ (y ∗ c) = 1. Also, by Theorem 4(i), c < t
and so c � t = 1. Thus

x ∗ (y ∗ t) = 1 � (x ∗ (y ∗ t)) = (x ∗ (y ∗ c)) � (x ∗ (y ∗ t))
= x ∗ ((y ∗ c) � (y ∗ t))
= x ∗ (y ∗ (c � t))
= x ∗ (y ∗ 1)

= x ∗ 1

= 1.

By Theorem 3, a � b = t ∈ A(x, y). Therefore, a ∗ b ∈ A(x, y) implies
a � b ∈ A(x, y). By a similar way a � b ∈ A(x, y) implies a ∗ b ∈ A(x, y). �

4. Pseudo filters and upper sets

Definition 5. A pseudo filter F is said to be normal, if for all x, y ∈ X

x ∗ y ∈ F if and only if x � y ∈ F.

By the following example we show that the class of normal pseudo filters
and pseudo filters in pseudo BE-algebras are different.

Example 3. (i) Let X = {1, a, b, c, d}. Define operations ” ∗ ” and ” � ”
on X as follows:

∗ 1 a b c d

1 1 a b c d
a 1 1 a 1 1
b 1 1 1 1 1
c 1 a a 1 1
d 1 a b c 1

� 1 a b c d

1 1 a b c d
a 1 1 c 1 1
b 1 1 1 1 1
c 1 a b 1 1
d 1 a b c 1

Then (X; ∗, �, 1) is a pseudo BE-algebra and {1, d} is a normal pseudo filter.
(ii) Let F = {1, a, b, c}. Define the operations ” ∗ ” and ” � ” on X as

follows:

∗ 1 a b c

1 1 a b c
a 1 1 1 b
b 1 a 1 c
c 1 1 1 1

� 1 a b c

1 1 a b c
a 1 1 1 a
b 1 a 1 a
c 1 1 1 1
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Then (X; ∗, �, 1) is a pseudo BE-algebra and F = {1, b} is a pseudo filter of
X. Since a∗ c = b ∈ F and a� c = a /∈ F , we see that F is not normal. Also,
since a ∗ (b � c) = a ∗a = 1 6= b = 1 � b = (a ∗ b) � (a ∗ c), it is not distributive.

Theorem 9. A subset F of distributive pseudo BE-algebra X is pseudo
filter if and only if it is normal pseudo filter.

Proof. Let F be a pseudo filter and x ∗ y ∈ F . By Theorem 1, we have
the following cases.

Case 1. if x ∗ y = x � y, then the proof is obvious.
Case 2. if x ∗ y = z and x � y = y, then by Theorem 4(i), z ≤ y. It

means that z ∗ y = z � y = 1 ∈ F . Since F is a filter and z ∈ F , we have
x � y = y ∈ F .

Case 3. if x ∗ y = z and x � y = t, then by Theorem 4(ii), z ≤ t. It
means that z ∗ t = z � t = 1 ∈ F . Since F is a filter and z ∈ F , we have
x � y = t ∈ F .

Conversely, let x � y ∈ F . By Theorem 1, we have the following cases.
Case 1. if x ∗ y = x � y, then the proof is obvious.
Case 2. if x∗y = z and x�y = y, then by Theorem 1(9), y ≤ z. It means

that y ∗ z = y � z = 1 ∈ F . Since F is a filter and y = x � y ∈ F , we have
z ∈ F and so x ∗ y ∈ F .

Case 3. if x∗y = z and x�y = t, then by Theorem 4(ii), t ≤ z. It means
that t ∗ z = t � z = 1 ∈ F . Since F is a pseudo filter and t ∈ F , we have
x ∗ y = z ∈ F . �

Proposition 6. Pseudo upper set A(x, y) is a pseudo filter, for all
x, y ∈ X.

Proof. Obviously, 1 ∈ A(x, y). By Theorem 2, it is sufficient to prove
that a ∈ A(x, y) and a ∗ b ∈ A(x, y) implies b ∈ A(x, y).

Let a ∈ A(x, y) and a ∗ b ∈ A(x, y). Then by Theorem 8, a � b ∈ A(x, y).
Now, by Corollary 1, x∗(y∗(a�b)) = 1 and x∗(y∗a) = 1. So by distributivity,
we have

1 = x ∗ (y ∗ (a � b)) = x ∗ ((y ∗ a) � (y ∗ b))
= (x ∗ (y ∗ a)) � (x ∗ y ∗ b)
= 1 � (x ∗ (y ∗ b))
= x ∗ (y ∗ b).

Then by Corollary 1, b ∈ A(x, y). Therefore, A(x, y) is a pseudo filter
of X. �

In the following example we show that the condition self distributivity in
Proposition 6, is necessary.
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Example 4. Let X = {1, a, b, c, d}. Define the operation ” ∗ ” follows:

∗ 1 a b c d

1 1 a b c d
a 1 1 b c d
b 1 1 1 b c
c 1 a 1 1 b
d 1 a 1 1 1

.

Then (X; ∗, 1) is a BE-algebra. Put ”� := ∗” and so (X; ∗, �, 1) is a pseudo
BE-algebra. Since

c ∗ (c � d) = c ∗ b = 1 6= b = 1 � b = (c ∗ c) � (c ∗ d),

we can see that it is not distributive. By easy calculation we get A(a, b) =
{1, a, b}. Since b ∗ c = b � c = b ∈ A(a, b) and b ∈ A(a, b) but c /∈ A(a, b), we
can see that A(a, b) is not a pseudo filter.

Theorem 10. A non-empty subset F of pseudo BE-algebra X is a
pseudo filter if and only if satisfy in:

(i) ∀x ∈ X and ∀a ∈ F imply x ∗ a ∈ F ,
(ii) ∀x ∈ X and ∀a, b ∈ F imply (a ∗ (b ∗ x)) � x ∈ F .

Proof. Let F be a pseudo filter, a ∈ F and x ∈ X. Then by (pBE4) and
(pBE3), a� (x∗a) = x∗ (a�a) = x∗1 = 1. Using (pF1), a� (x∗a) ∈ F . By
Proposition 2, x ∗ a ∈ F . Let a, b ∈ F and x ∈ X. By (pBE4) and (pBE1),
we have

a ∗ (b ∗ ((a ∗ (b ∗ x)) � x)) = a ∗ ((a ∗ (b ∗ x) � (b ∗ x))

= (a ∗ (b ∗ x)) � (a ∗ (b ∗ x)) = 1.

By (pF1), a ∗ (b ∗ ((a ∗ (b ∗ x)) � x)) ∈ F . Since a, b ∈ F , by using (pF2) we
have (a ∗ (b ∗ x)) � x ∈ F and so (ii) is hold.

Conversely, let F satisfy in conditions (i) and (ii). Since F is a non-empty
set, there is a ∈ F . By (i), 1 = a ∗ a ∈ F . Hence (pF1) is hold. Let
x ∗ y ∈ F and x ∈ F . By replacing a = x ∗ y, b = x and x = y in (ii),
((x ∗ y) ∗ (x ∗ y)) � y ∈ F . Thus y = 1 � y = ((x ∗ y) ∗ (x ∗ y)) � y ∈ F and so
(pF2) is hold. Therefore, F is a pseudo filter. �

Corollary 2. A non-empty subset F of pseudo BE-algebra X is a pseudo
filter if and only if satisfy in:

(i) ∀x ∈ X and ∀a ∈ F imply x � a ∈ F ,
(ii) ∀x ∈ X and ∀a, b ∈ F imply (a � (b � x)) ∗ x ∈ F .
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Theorem 11. F is a pseudo filter if and only if for all x, y ∈ F , A(x, y) ⊆
F .

Proof. Let F be a pseudo filter and z ∈ A(x, y), for some x, y ∈ F . Then
x ∗ (y � z) = 1 ∈ F . Thus y � z ∈ F , and so z ∈ F . Therefore, A(x, y) ⊆ F ,
for all x, y ∈ F .

Conversely, let F be a non-empty set such that A(x, y) ⊆ F , for all
x, y ∈ F . Since F is a non-empty set, there is a ∈ F . By using (pBE1) and
(pBE3) we have a ∗ (a � 1) = a ∗ a = 1 and so 1 ∈ A(a, a) ⊆ F . Thus (pF1)
is hold. Now, let x ∗ y = z ∈ F and x ∈ F . Then by (pBE1) and (pBE4),
1 = z � z = z � (x ∗ y) = x ∗ (z � y). Thus y ∈ A(x, z). Since x, z ∈ F and by
assumption A(x, z) ⊆ F , we have y ∈ F . Hence (pF2) is hold. Therefore,
F is a pseudo filter of X. �

Theorem 12. Let F be a pseudo filter. Then F =
⋃

u,v∈F
A(u, v).

Proof. Let x ∈
⋃

u,v∈F
A(u, v). Then x ∈ A(u, v), for some u, v ∈ F . By

Theorem 11, x ∈ F .
Conversely, let x ∈ F . Since x ∗ (x � x) = x ∗ 1 = 1, we see that

x ∈ A(x, x) ⊆
⋃

u,v∈F
A(u, v).

�

If F is a pseudo filter of X and a ∈ X, put

Fa := {x ∈ X : a ∗ x ∈ F}.

Note. Since by Theorem 9, every pseudo filter is normal, we have

Fa = {x ∈ X : a ∗ x ∈ F and a � x ∈ F}.

Theorem 13. Let F be a pseudo filter of X and a ∈ X. Then Fa is the
least pseudo filter of X containing F and a.

Proof. By (pBE2) we have a ∗ 1 = 1, for all a ∈ X, i.e., 1 ∈ Fa. By
using (pBE1), we have a ∗ a = 1 ∈ F , for any a ∈ F . Hence a ∈ Fa.

By Proposition 2, it is sufficient to prove that x ∈ Fa and x � y ∈ Fa

implies y ∈ Fa.
Let x ∈ Fa and x � y ∈ Fa. Then a ∗ x ∈ F and a ∗ (x � y) ∈ F . Since by

the definition of distributivity, a∗ (x�y) = (a∗x)� (a∗y) ∈ F and a∗x ∈ F ,
we get that a ∗ y ∈ F, and so y ∈ Fa. This proves that Fa is a pseudo filter
of X.
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Let x ∈ F . Since x ∗ (a � x) = 1 ∈ F and F is a pseudo filter of X, we
get that a � x ∈ F . Since by Theorem 9, F is normal, we see that a ∗ x ∈ F .
Hence x ∈ Fa. Thus F ⊆ Fa.

Now, let G be a pseudo filter of X containing F and a. Let x ∈ Fa. Then
a ∗ x ∈ F ⊆ G. Since a ∈ G and G is a pseudo filter of X, then x ∈ G.
Therefore, F ⊆ G. �

Example 5. (i) In Example 1(i), F = {1, e} is a pseudo filter of X and
Fa = {1, a, e}. Also, {1, a, e} is the smallest pseudo filter of X containing F
and a.

(ii) In Example 1(ii), F = {1, a} is a pseudo filter but Fb = {1, a, b} is
not a pseudo filter, because b ∗ c = b � c = b ∈ Fb and b ∈ Fb but c /∈ Fb.

Note. Let F be a pseudo filter of X and a ∈ X, if put

Fa := {x ∈ X : a ∗ x ∈ F and a � x ∈ F}

Then Fa is not a pseudo filter of X in general.

Example 6 ([1]). Let X = {1, a, b, c}. Define the operations ” ∗ ” and
” � ” on X as follows:

∗ 1 a b c

1 1 a b c
a 1 1 1 b
b 1 a 1 c
c 1 1 1 1

� 1 a b c

1 1 a b c
a 1 1 1 a
b 1 a 1 a
c 1 1 1 1

.

Then (X; ∗, �, 1) is a pseudo BE-algebra. F = {1, b} is a pseudo filter and
Fc = {1, b, c} is not a pseudo filter, because c ∗ a = b ∈ Fc and c � a = c ∈ Fc

but a /∈ Fc.

5. Some results on pseudo filters lattice

Let pF (X) be the set of all pseudo filters and let A be a non-empty subset
of X, then the set

< A > =
⋂
{G ∈ pF (X)| A ⊆ G}

is called the pseudo filter generated by A, written < A >. If A = {a}, we
will denote < {a} >, briefly by < a >, and we call it a principal pseudo
filter of X. For F ∈ pF (X) and a ∈ X, we denote by (F ∪ {a}] the pseudo
filter generated by F ∪ {a}. For convenience, set (∅] = {1}.
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Example 7. In Example 1(i), pF (X) = {X, {1, b, c, d}, {1, a, e}, {1, e}, {1}}.
Also, < {a, b} > = X and < {b, c} > = {1, b, c, d}.

Proposition 7. Let F and G are two subsets of X. Then the following
statement holds:

(i) (1] = {1}, X] = X,
(ii) F ⊆ G implies (F ] ⊆ (G],
(iii) if F is a pseudo filter of X, then (F ] = F .

Proposition 8. Let ∅ 6= A ⊆ X. Then

< A > = {x ∈ X|an ∗ (. . . ∗ (a1 ∗ x) . . .) = 1 for some a1, . . . , an ∈ A}
= {x ∈ X|an � (. . . ∗ (a1 ∗ x) . . .) = 1 for some a1, . . . , an ∈ A}
= {x ∈ X|an ∗ (. . . � (a1 ∗ x) . . .) = 1 for some a1, . . . , an ∈ A}
= {x ∈ X|an ∗ (∗(a1 � x)) = 1 for some a1,, an ∈ A}
= {x ∈ X|an � (. . . � (a1 � x) . . .) = 1 for some a1, . . . , an ∈ A}.

Proof. Set F = {x ∈ X|an∗(...∗(a1∗x)...) = 1 for some a1, . . . , an ∈ A}.
Since a ∗ a = 1, for all a ∈ A, we have A ⊆ F . Obviously, 1 ∈ F . Let
x ∗ y ∈ F and x ∈ F. Now, there are a1, . . . , an, b1, . . . , bm,∈ A such that
an ∗ (. . . ∗ (a1 ∗ (x ∗ y) . . .) = 1 and bt ∗ (. . . ∗ (b1 ∗ x) . . .) = 1. Hence
x ≤ (an ∗ (. . . ∗ (a1 ∗ y) . . .). By definition,

1 = bt ∗ (. . . ∗ (b1 ∗ x) . . .) ≤ (bt ∗ (. . . ∗ (b1 ∗ (an ∗ (. . . ∗ (a1 ∗ y) . . .).

Therefore, (bt ∗ (. . . ∗ (b1 ∗ . . . ∗ (an ∗ (. . . ∗ (a1 ∗ y) . . .) = 1. Since F is a
pseudo filter, we see that y ∈ F . Hence F is a pseudo filter.

Now, let G be a pseudo filter of X containing A. Let x ∈ F . Then there
are a1, . . . , an ∈ A such that an ∗ (... ∗ (a1 ∗ x) . . .) = 1. Since a1, . . . , an ∈ G
and G is a pseudo filter of X, then x ∈ G. Therefore, F ⊆ G. �

Corollary 3. Let F ∈ pF (X) and a ∈ X. Then (F ∪ {a}] = Fa.

Proof. The proof is clear by Theorem 13 and Proposition 8. �

Theorem 14. Pseudo filter F is maximal if and only if x ∗ y ∈ F or
y ∗ x ∈ F , for all x, y ∈ X.

Proof. (⇒) Let x, y ∈ X. If x ∈ F , then since x ≤ y ∗ x and F is a
pseudo filter, we have y ∗ x ∈ F and y � x ∈ F . By a Similar way, if y ∈ F ,
then x ∗ y ∈ F and x � y ∈ F . Finally, assume that x, y /∈ F and x ∗ y /∈ F .
Then

Fx∗y = {z ∈ X : (x ∗ y) ∗ z ∈ F}
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is a pseudo filter containing F and x ∗ y. Since F is a maximal filter, we see
that Fx∗y = X. Hence (x ∗ y) � (y ∗ x) ∈ F . Now, by using (pBE4) we have

y ∗ ((x ∗ y) � x) ∈ F.

By Theorem 7, (pBE3) and pseudo self distributivity X we have

y ∗ x = 1 � (y ∗ x)

= (y ∗ (x ∗ y)) � (y ∗ x)

= y ∗ ((x ∗ y) � x) ∈ F.

(⇐) Let K be a pseudo filter, such that F ⊆ K. If F 6= K, then there is
x ∈ K such that x /∈ F . Thus (F ∪{x}] ⊆ K. Let y be an arbitrary element
of X. If y ∈ F , then y ∈ (F ∪ {x}] ⊆ K. If y /∈ F , then x ∗ y ∈ F . By
Corollary 3, y ∈ (F ∪ {x}]. Thus X = (F ∪ {x}], and so K = X. Therefore,
F is a maximal pseudo filter. �

Theorem 15. If F,G ∈ pF (X), then

(F ∪G] = {a ∈ X|x ∗ (y � a) = 1 for some x ∈ F, y ∈ G}
= {a ∈ X|x � (y � a) = 1 for some x ∈ F, y ∈ G}
= {a ∈ X|x ∗ (y ∗ a) = 1for some x ∈ F, y ∈ G}.

Proof. By Proposition 8, the proof is clear . �

Theorem 16. Let F ∈ pF (X) and F 6= X. Then the following statement
are equivalent:

(i) F is a maximal pseudo filter,
(ii) if x /∈ F , then (F ∪ {x}] = X, for all x ∈ X.

Proof. (i)⇒ (ii). We have that F ⊆ (F ∪{x}] and F 6= (F ∪{x}], since
x /∈ F. From the fact F is maximal it follows that (F ∪ {x}] = X.

(ii)⇒ (i) Suppose that there is a proper pseudo filter G of X such that
F ⊆ G and F 6= G. Then there is x ∈ G\F . By (ii), we have (F ∪{x}] = X.
Since (F ∪ {x}] ⊆ G, it follows that G = X. �

Let F,G ∈ pF (X). We define the meet of F and G (denoted by F ∧G)
by F ∧ G = F ∩ G and the join of the F and G (denoted by F ∨ G) by
F ∨ G = (F ∨ G] which is, pseudo filter generated by F and G. Hence
(pF (X);∧,∨) is a lattice. Moreover, by Theorem (2.11, [1]), we have

Theorem 17. (pF (X);∧,∨) is a complete lattice.

Theorem 18. (pF (X);∧,∨) is a distributive lattice. (i.e., I ∧ (J ∨K) =
(I ∧ J) ∨ (I ∧K), for all I, J,K ∈ pF (X)).
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Proof. Let x ∈ (I ∧ J) ∨ (I ∧K). Then by Theorem 15, j ∗ (k � x) = 1,
for some j ∈ I ∩ J and for some k ∈ I ∩K. Since K is a pseudo filter and
j, k ∈ I, it follows that x ∈ I. Also, since j ∈ J , k ∈ K and j ∗(k�x) = 1, by
Theorem 15, we have x ∈ J ∨K. Thus x ∈ I ∧ (J ∨K) and so I ∧ (J ∨K) ⊇
(I ∧ J) ∨ (I ∧K).

Conversely, let x ∈ I ∧ (J ∨K). Then x ∈ I and x ∈ J ∨K. By Theorem
15, j ∗ (k � x) = 1, for some j ∈ J and k ∈ K. Since j ∗ (k � x) = 1 ∈ J ,
j ∈ J and J is a pseudo filter, it follows that k � x ∈ J . By a similar way,
k � (j ∗ x) = 1 ∈ K, k ∈ K and K is a pseudo filter, implies j ∗ x ∈ K. Now,
by Definition 4 and (pBE4), we have

(j ∗ x) ∗ ((k � x) � x) = ((j ∗ x) ∗ (k � x)) � ((j ∗ x) ∗ x)

= (k � ((j ∗ x) ∗ x)) � ((j ∗ x) ∗ x)

= (j ∗ x) ∗ ((k � ((j ∗ x) ∗ x) � x)).

On the other hand, k � (j ∗ x) = 1 implies (k � (j ∗ x) ∗ x = 1 ∗ x = x and so
((k � (j ∗ x) ∗ x) � x = x � x = 1. Hence

(j ∗ x) ∗ ((k � x) � x) = (j ∗ x) ∗ ((k � ((j ∗ x) ∗ x) � x)) = (j ∗ x) ∗ 1 = 1.

Since j ∗ x ∈ I ∩ K and k � x ∈ I ∩ J , By Theorem 15, we see that x ∈
(I ∧ J) ∨ (I ∧ K). Therefore, I ∧ (J ∨ K) ⊆ (I ∧ J) ∨ (I ∧ K) and so
I ∧ (J ∨K) = (I ∧ J) ∨ (I ∧K). �

In the following Example we show that the lattice (pF (X);∧,∨) is not
complemented in general.

Example 8. Let X = {1, a, b, c, d, e}. Define the operations ” ∗ ” and
” � ” on X as follows:

∗ 1 a b c d e

1 1 a b c d e
a 1 1 c c 1 1
b 1 d 1 1 d 1
c 1 d 1 1 d 1
d 1 e c c 1 e
e 1 d c c d 1

� 1 a b c d e

1 1 a b c d e
a 1 1 b c 1 1
b 1 d 1 1 d 1
c 1 d 1 1 d 1
d 1 e b c 1 e
e 1 d c c d 1

.

Then (X; ∗, �, 1) is a distributive pseudo BE-algebra. If set I = {1, a, d, e},
J = {1, b, c, e}, K = {1, d}, L = {1, e}, then pF (X) = {{1}, X, I, J,K,L}.
We see that the complement of I dose not exists.

Let F ∈ pF (X). Define S(F ) ⊆ pF (X) as follows: S∗ = {I ∈ pF (X) |
I ⊆ X/F ∪ {1}},
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Theorem 19. The complement of F ∈ pF (X) exists if and only if there
is F ′ ∈ S(F ) such that F ′ ∨ F = X. Specially, pF (X) is a boolean lattice
if and only if for all F ∈ pF (X), there is a unique F ′ ∈ S(F ) such that
F ′ ∨ F = X.

Corollary 4. If for all F ∈ pF (X), X/F ∪{1} ∈ pF (X), then pF (X) is
a complemented distributive lattice (F ′ = X/F ∪ {1}, for all F ∈ pF (X)).

Proof. By Theorem 19, the proof is clear. �

Example 9. Let X = {1, a, b, c, d, e}. Define the operations ” ∗ ” and
” � ” on X as follows:

∗ 1 a b c d e

1 1 a b c d e
a 1 1 c c d 1
b 1 a 1 1 1 e
c 1 a 1 1 1 e
d 1 a 1 1 1 e
e 1 a d d d 1

� 1 a b c d e

1 1 a b c d e
a 1 1 b c 1 1
b 1 a 1 1 1 e
c 1 a 1 1 1 e
d 1 a 1 1 1 e
e 1 a c c d 1

.

Then (X; ∗, �, 1) is a distributive pseudo BE-algebra and pF (X) = {{1}, X,
I = {1, a, e}, J = {1, b, c, d}}. We can see that

X ′ = 1, I ′ = X/I ∪ {1} = J, J ′ = X/J ∪ {1} = I.

Therefore, pF (X) is a boolean lattice.

6. Conclusion and future work

In this paper, the notion of distributive pseudo BE-algebra is defined.
Normal pseudo filters can be thought of as a kind of generalization of pseudo
filters, and also as a framework provides the foundation for the study of
filter theory. We give some examples to show that this notions are different
and consider the notion of normal pseudo filter and get some results in
distributive pseudo BE-algebras.

In the future work, we are going to consider the notion of the pseudo
filters on distributive pseudo BE-algebras to get a quotient algebras induced
by this pseudo filters and define pseudo congruence relations on pseudo
BE-algebras. Also, we try to define the other types of pseudo filters in
pseudo BE-algebras and discuss on the relationship between them.
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