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1. Introduction

Vector valued sequence space generated by the elements of ordered vector
space or Riesz space is studied by Kaushal [8]. Ordered vector spaces and
Riesz spaces are real vector spaces equipped with the algebraic structure
of the space and have their origin. In an address by Riesz [12] in the In-
ternational Congress of Mathematicians held at Bologona in the year 1928
considered the partial ordering on the class of linear functionals defined on
the class of functions. In this article we have introduced an order relation
and constructed a vector valued sequence space 9A(X) generated by dou-
ble sequences. Further we have shown that the space 2 A(X) is an ordered
vector space, Riesz space, order complete vector space and it satisfies the
Archimedean property.

The notion of cone metric space has been applied by various authors in the
recent past. It has been applied for introducing and investigating different
new sequence spaces and studying their different algebraic and topological
properties by Abdeljawad [1], Beg, Abbas and Nazir [3], Dhanorkar and
Salunke [5] and many others. In this article we have investigated different
properties of the notion of statically convergence in cone metric space.

Some initial works on double sequence spaces is found in Bromwich [4].
Later on it was investigated by Basarir and Solancan [2], Hardy [6], Moricz
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[9], Moricz and Rhoades [10], Patterson [11], Tripathy [13], Tripathy and
Dutta [14], Tripathy and Sarma ([15], [16], [17], [18]), Turkmenoglu [19] and
many others.

2. Definitions and preliminaries

Throughout the article w, £, ¢, ¢, denote the classes of all, bounded,
convergent and null sequences respectively.

A double sequence is denoted by X = (z,%) i.e. a double infinite array
of elements x,y, for all n,k € N.

Again, in this article we consider a seminormed space X, seminormed by
g. The zero element of X is denoted by 26, i.e. a double infinite array of 6,
the zero element of X

Definition 1. A set P in a real vector space X is said to be a cone if it
possesses the following properties:

(i) P+PCP

(ii) aP C P, for each o in R™

(1i1) PN —P = {6}.

The presence of a cone P in a real vector space X yields the ordered
vector space structure of X for the ordering '>’ defined by x > y if and only
ife—yeP, forallz,y € X.

Definition 2. A cone P in a vector space E determines a transitive and
reflexive relation <’ by x <y if y—x € P and the relation "<’ is compatible
with the vector structure as:

(1) ifx>0andy >0 thenx+y >0

(ii) if x > 0 then A\x > 0 for all A > 0, where z,y € E.

Then the relation '<’ determined by the cone P is called the vector (par-
tial) ordering of E and the pair (E, P) or (E,<) called the ordered vector
space.

Definition 3. Let E be a partially ordered vector space. If there exists
the least upper bound for any two elements x,y € F, then E is called a Riesz
space or vector lattice.

Definition 4. A wector valued sequence space is a vector space whose
elements are sequences and the terms of the sequence are chosen from a
vector space X, where X may be different from R or C.

Definition 5. A directed set is a non-empty set "A” together with a
reflexive and transitive binary relation <’ with the additional property that
every pair of elements has an upper bound. In other words, for any a and b
in A there must exist ¢ in A with a <c and b < c.
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Definition 6. An ordered vector space X is said to be order complete if
every directed, majorised subset of X has a supremum in X.

Definition 7. An ordered vector space X is said to be Archimedean if
x < 0 whenever \x <y for some y € P and for all \ € RT.

In this article we introduce the following definitions:

Definition 8. Let X be an ordered vector space. Then for any two vector
valued double sequences T = (xpx) and § = (ynk), the order relation <’ is
defined by Tpp < Ynk, for alln,k € N.

The class of all ordered vector valued double sequences is denoted by
oA (X).

Definition 9. Let E be a subset of all vector valued double sequences.
Then a relation "r” on E is said to be antisymmetric if (znx) is r related
with (ynk) and (ynr) is r related with (x,r) implies that xp, = yYnr for all

values of n and k.

Definition 10. Let ”r” be an order relation on a set E, where E is a
subset of all vector valued double sequences. Then E is ordered with respect

Dpa )

to "r” if "r” is reflexive, transitive and antisymmetric.

Definition 11. A cone 2P in the vector space oA(X) determines a tran-
sitive and reflexive relation <’ by (nk) < (Ynk) if and only if (Ynk — Tnk) €
o P and the relation <’ is compatible with the vector structure as follows:

(1) if (xpr) > 20 and (ynr) > 20 then (Tpr + ynk) > 20.

(i1) if (xnr) > 20 then (A\zni) > 20, for all X > 0, where (zni), (Ynk) €
oA (X). )

Then the relation '<’ determined by the cone o P is called vector (partial)
ordering of oA(X) and the pair (3A(X),2P) or (2A(X), <) is called ordered
vector space in double sequence.

Definition 12. An ordered vector space o A(X) is said to be Archimedean
if (1) < 20 whenever (Azpg) < (Ynk), for some (yni) € 2P and all A € RT
and (xnr) € 2A(X).

3. Main results

The proof of the following result is easy, so omitted.

Theorem 1. Let oA(X) be the set of all double sequences. Let the vector
addition and scalar multiplication on 9 A(X) be defined by

(xnk:) + (ynk) = (xnk + ynk) and a(xnk) = (Oél'nk),

for all (xnk), (Ynk) € 2A(X) and o« € R. Then (2A(X),+,-) is a vector
space.
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Theorem 2. Let oA(X) be the set of all ordered double sequences and
X be an ordered vector space with respect to the cone P, then oA(X) is an or-
dered vector space with the cone o P = {z € oA(X) : xp, € P, for alln, k > 1}.

Proof. Reflexivity. Let & = (x,;) be an element in 9A(X). Then
clearly we have {(n, k) € NXN : x,; # X, } contains no element. Therefore
Tpk = Tnk, for all n, k € N. Therefore ”<” is reflexive.

Transitivity. Let 7 = (z,x), ¥ = (Ynk) and Z = (z,x) be the elements in
9A(X). Suppose, T < g and § < z, then we have x5 < ynr and ypr < znk,
for all n,k € N. It follows that x,1r < 2k, for all n,k € N. Hence z < Z.
Therefore the relation ”<” is transitive.

Antisymmetry. Let £ = (z,1) and § = (ynx) be two elements in o A(X).
Suppose T < g and ¥ < Z. Then we have xpr < ypr and ypr < Tpg, for
all n,k € N. It follows that x,; = ynk, for all n,k € N. Hence "<” is
antisymmetric.

Let z < g, then we have x,; < yui, for all n,k € N. Then x,1 + 2z <
Ynk + 2Znk, for all n,k € N. Hence £ 4+ z < 4+ z. Next let, z < ¢, then
we have T, < yui, for all n,k € N. Hence az < ay, for all @ > 0 and
n,k € N.

Now we have to show that 9P = {Z € oA(X) : z; € P, for all n,k > 1}
is a cone for o A(X).

Let & = (7,) and 4 = (ynx) be two elements in o P. Then z,; € P and
ynk € P, for all n,k > 1. Hence z, + ynx € P, for all n,k > 1 by linearity
of P. Hence Z + § € oP. Clearly § € P. Hence 20 = (0,,;) €2P. Therefore
QP #* {an} Let ank(# Gnk) S 2]3. Then clearly a = (ank) = QA(X)

We have 90 € 9P also 20 € —P. Hence 20 € 9P N —yP. Therefore 5P
is a cone for 9 A(X). Hence 2A(X) is an ordered vector space with the cone
oP = {7 € oA(X) : zpy € P, for all n, k > 1}. [

Theorem 3. If X is a Riesz space then o A(X) is a Riesz space.

Proof. Let z = (z,,1) and § = (yni) be any two elements in 9 A(X). Now,
Supm{i‘,g} =T Vy. Herev TVY = ($nk + ynk)- Now, z,y < (znk + ynk)
Let a = (ank) € 2A(X) be such that z,y < a. Therefore (zpx + ynk) < @
= zVy < a. Since T,y € 2A(X), S0, Tpnk, Ynk € X. Since X is a Riesz space,
s0, Sup™{Tuk, Ynk} = (Tuk + Ynk) € X. Therefore TV § = (Tpk + Ynk) €
2A(X). Hence 2A(X) is a Riesz space. [

Theorem 4. If X is an order complete ordered vector space, then o A(X)
s also an order complete ordered vector space.

Proof. Suppose, X be an order complete ordered vector space. Let us
consider a directed subset 2 A of 9A(X) majorised by @ = (an) i.e. T < a,
for all z = (xnk) € 9A.
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Then (xn1) < (ank), for all z,;, € X, for all n,k € N. Hence x,; < ank,
for all 2,5, € X, for all n,k € N. Let Ay = {@pk : & = (znr) €2 A}, for
all n,k € N. Then A, is a directed subset of X majorised by a,, for each
n,k € N.

Since X is order complete so there is an element b,; in X such that
bor = sup Apyg, for each n,k > 1. Let b = (b,), then b €2A(X). Let
¢ = (cnx) be an upper bound of yA. Then Z < ¢, for each T €5 A. Hence
(k) < (cnk), for each n,k in N and z,; € X. It follows that z,; < cpg,
for each n,k in N and z,, € X. Since b, € X, so b, < c,i, for each
n,k > 1. Then (b,x) < (cuk), for each n,k > 1. Hence & < ¢ Therefore
b = sup s A(since by = SupA,y, and b = (b,x) € 2A(X)). Thus the directed
subset 24 of 9A(X) has a supremum b. Hence 3A(X) is an order complete
ordered vector space. |

Theorem 5. An ordered vector space X is Archimedean if and only if
oA (X) is Archimedean.

Proof. Suppose X be Archimedean. Let us consider z = (z,x) and
¥ = (Ynk) in 2A(X) such that Az < g, for all A in Ry. Then (Aznk) < (Ynk),
for each n, k in N and X in R;. Hence Az,; < ynk, for each n,k in N and
Ain R;. Since X is Archimedean, so znx < 6, whenever Ax,i < yni, for
each n, k > 1, where 6,,;, = 0 is the zero element in X. Then (Azx) < (Onk),
for each n, k > 1. Hence T < 20 whenever AT < ¢ in oA (X), for all X in R,.
Therefore 9 A(X) is Archimedean.

Conversely, suppose 2A(X) be Archimedean. Let x,; € X and y,;, € P
be such that Az,x < ypk, for each n,k in N and X in Ry. Then (Az,;) <
(Ynk), for each n,k in N and A in Ry. Az < g in 2A(X), for all A in
Ry. Since 2A(X) is Archimedean, so T < 90 whenever \z < i, where
90 = (0,1) in 2A(X). Then (Azy,x) < (Onr), for each n, k > 1. It follows that
Tnk < Opr whenever Az, < ypnk, for each n, kin NV and X\ in Ry. Hence X
is Archimedean. |
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