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1. Introduction

Let N = {1,2,...} and let K be the field of real numbers R or complex
numbers C. We specify the domains of indices only if they are different
from N. By the symbol ¢ we denote the identity mapping ¢(z) = z. The
superposition of two mappings f and g is denoted by fg, i.e., (fg)(z) =
f(g(2)). For an arbitrary sequence z = (z), by z(?) = (z,(j)) we denote the
corresponding double sequence with the elements z,(j) = zp. fw = (wyg) is
an another sequence, then by zw we denote the sequence (zxwy) provided
that zpwy, is determined for all &k € N.

Let X be a vector (or linear) space over K. A functional g : X — R is
called an F-norm, if (see, for example, [11])

(N1) g(0) = 0;
(N2) gz +y) <g(z) +9(y) (z,y€X);
(N3) |o| <1 (e €K), x € X = g(ax) < g(z);
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(N4) lim, a, =0 (o, € K), 2z € X = lim,, g(anx) = 0;
(N5) g(z) =0 = x=0.
A functional g with axioms (N1)—(N4) is called an F-seminorm. A paranorm
g on X is defined by axioms (N1), (N2) and
(N6) g(~2) = g(z) (x € X):
(N7) lim, o, = @ (v, @ € K), lim,, g(x, — ) =0 (2p, 2 € X)
= lim, g(apzy, — ax) = 0.
A seminorm g on X is determined by axioms (N1), (N2) and
(N8) g(ax) =lalg(z) (axeK, ze X).
An F-seminorm (paranorm, seminorm) g is called total if (N5) holds. So,
an F-norm (norm) is a total F-seminorm (seminorm).
In the following, unlike the module |-|, the seminorm of an element z € X
is often denoted by |z|.

Let X be a sequence of seminormed linear spaces (Xk,] . \k> over K.

Thereby, the set s(X) of all sequences x = (), 71, € Xg, and the set s2(X)
of all double sequences x? = (xki), ki € X, together with coordinatewise
addition and scalar multiplication are linear spaces (over K). Any linear
subspace of s?(X) is called a generalized double sequence space (GDS space)
and any linear subspace of s(X) is called a generalized sequence space (GS
space). If <Xk, ] . |k> = (X, \ : ]), then we write X instead of X. In the
case X = K we omit the symbol X in notation. So, for example, s> and
s denote the linear spaces of all K-valued double sequences u? = (uy;) and
single sequences u = (uy), respectively. As usual, linear subspaces of s?
are called double sequence spaces (DS spaces) and linear subspaces of s are
called sequence spaces. Well-known sequence spaces are the sets /o, ¢, ¢,
lp, (0 < p < 00) and w, of all bounded, convergent, convergent to zero,
absolutely p-summable and strongly summable to zero number sequences,
respectively. Examples of DS spaces are

uc, = {u2 es’: liin ug; = 0 uniformly in z} ,

uw, = { u? € s?: 1/k2uﬂ € uc,
Jj=1

and

U)\:{uZESQ:ﬁ:(Hk)E)\}

with uy, = sup; |uki| and X € {s, 0o, ¢;, €p, W, }.
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Let RT = [0,00). By a ¢-function we mean a continuous and non-decrea-
sing function ¢ : R™ — R* such that ¢(¢) = 0 if and only if ¢ = 0 (cf. [16],
p. 4). A ¢-function ¢ is called a modulus function (or, briefly, a modulus) if

(1) Pt +u) < @(t) + p(u), tueRT,

and an Orlicz function if (1) is replaced by the condition of convexity
dlat+ (1 —a)u) < ap(t)+ (1 —a)p(u) t,LueRT, 0<a<1.

It is not difficult to see that every o-function ¢ satisfies the condition

(2) dlat+ (1 —a)u) < o(t) + ¢d(u), t,LucRY, 0<a<l.

Let A be a sequence space and let A be a double sequence space. Assume
that T : s,.(X) — s*(X) is a linear operator with Tx = (T;(x)), where
s, (X) is a linear subspace of s(X). For a sequence ® = (¢y,) of p-functions,
and for the sequences z = (z;,) € s(X) and z2 = (21;) € s?(X), we write

®(z) = <¢k (!Zk!k)) , 0(z%) = <</>k (%Ak))

and define the sets of sequences

M(@,X) = {xes(X):(3p>0)0(p 'x) €A},
AP, T,X) = {x€5,.(X):(Tx) € A},
A, T,X) = {x€5,.(X): (Fp>0)P(p 'Tx) € A}.
If @ is a constant sequence with ¢ = ¢, then we write ¢ instead of ®.

Let 9 be an Orlicz function. As usual, by an Orlicz sequence space we
mean the Banach sequence space £7(1) with the norm (see [15] or [16])

|lu|ly = inf {p >0: Zw(]p_luk\) < 1} .

k

Woo [23] showed that if ¥ = (1) is a sequence of Orlicz functions, then the
set £3() is also a Banach sequence space with the norm

|ullg = inf {P >0: > il ul) < 1} :

k

In the mathematical literature we may find a series of papers which deal
with various generalizations and modifications of £7(¢) and ¢7(®), where
the space ¢ is replaced by different sequence spaces including the spaces



68 ExNO KOLK

of Maddox type, domains of various summability methods and also some
sequence spaces defined via double sequences. For example, Nuray and
Giilcii [17] considered generalized Orlicz sequence spaces

uw,> (1P, I,) = {ues:(3p>0)P (v (pfllgu)) € uw, },
Uweo> (1P, I,) = {ues:(3p>0)P (v (p_llgu)) € Uls},

where 1 is an Orlicz function, p = (pg) is a bounded sequence of pos-
itive numbers, I,u = (ugr(;), o is a one-to-one mapping of N into it-
self and P denotes the sequence of p-functions #*(t) = tP*. Denoting
M = max{1,sup;, pr} and using the ideas of Parashar and Choudhary [18],
on uwy> (2P, I,) the paranorm

1/M

) =t A0 s (73 (o (b)) <

m,ieN =1

We note that h, is also an F-seminorm in view of [12, Remark 1]. Moreover,
it seems that by the definition of h, the authors implicitly assume the validity
of the inclusion uw, (1P, I,) C Uwe,(1P1, I,,) or, equivalently, the equality

03(2p¢7 I;) = Uwoa(lpd}a I;).

The idea to topologize different generalized Orlicz sequence spaces by the
paranorms of type h, is used later by many authors (see, for example, [1], [3]
- [10], [17], [19], [20], [22]). We determine alternative F-seminorms (which
are also paranorms) on similar generalized Orlicz sequence spaces defined by
means of a DS space A and a linear operator T which maps single sequences
to double sequences. Applications of main theorems are considered in the
case if A is the strong summability domain of a non-negative matrix method
and T is determined by a sequence of summability matrices.

2. Main theorems

Let A C s be a sequence space A C s bea DS space, and let e, = (e?)jeN
be the sequences, where e =1if j = k and e = 0 otherwise. Then, by

our notation, e,(€ ) denotes, for any k € N, the double sequence of elements
ek = ek
" Rec?ﬂl that a GS space A(X) C s(X) is called solid if (yx) € A(X) when-
ever (z3) € A(X) and Jygfp < |yck|/y€ for any k € N. Similarly is defined the
solidity of a GDS space A(X) C s*(X). For example, it is not difficult to
see that A3 (®, X) is solid whenever \ is solid.

An F-seminormed space (A, g) is called an AK-space, if A contains the

sequences e and for any u = (ug) € A we have lim, ul = u, where
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ull = S0 uper. An F-seminormed DS space (A,g) is calle((i )a double
2

AK-space (see, for example, [13]), if A contains the sequences e, and for

any u? = (uy;) € A we have lim,, u?l") = u?, where u?l"l = Py ukel(f) with

2
uy, = (uki)ien and uke](f = (uki€f;)sien-

An F-seminorm g on a GS space A\(X) C s(X) is said to be absolutely
monotone if for all x = (z;) and y = (yx) from A(X) with [yrlx < lzkls
(k € N) we have g(y) < g(x). Analogously, an F-seminorm g on a GDS space
A(X) C s*(X) is said to be absolutely monotone if for all x*> = (z;) and
y? = (yri) from A(X) with |ykilr < [zrilr (k,7 € N) we have g(y*) < g(x?).

Our first theorem deals with the linearity of the set A%(®, T, X).

Theorem 1. Let A be a solid DS space and let T : s,.(X) — s*(X) be a

linear operator with Tx = (Ty;(x)). If ® = (¢r) is a sequence of p-functions,
then A3(®,T,X) is a GS space. At that, it is solid if

(3)  lzele <lwkle (R €N) = [Tk < [Tk (ki €N).

Proof. Let x € A3(®,T,X) with ®(p~'Tx) € A, p > 0. It is clear that
0x € AP, 7,X). If 0 # a € K, then by (pla|) 'T(ax) = p~'Tx we see
that ax also belongs to A3 (®, T, X).

Now, if x,y € A3(®,T,X), then there exist positive numbers p, o such
that ®(p~1Tx) and ®(0c~'Ty) are in A. Because any ¢y, satisfies (2), for
0 = max{2p,20} and all k,i € N we have that

o (]Q_ITM(X + Y)]k) < ok (i(QP)_le‘(X)ik + ](20)_1Tk(3’ik>
< ok (i/flTki(XﬂO + ¢k (iUﬁle(Y)ik) :
Since A is solid, ®(§~1T(x + y)) must be in A and, consequently, x +y €

A3 (@, T, X). o
Finally, if (3) holds, then |yx|x < |zg|x (k € N) implies

(4) o7 (‘P_lTki(Y)ik) < ok (ip_lTki(X)ik) , kyieN

and the solidity of A3(®, T, X) follows from the solidity of A. [ |

The following two theorems about the topologization of GS spaces
A3(®, T, X) are proved similarly to [12, Theorem 2], by using some standard
arguments of the theory of modular spaces (see [16, proof of Theorem 1.5]).

Theorem 2. Let ® be a sequence of Orlicz functions and let T : s, (X) —
s2(X) be a linear operator. If the solid DS space A is topologized by an
absolutely monotone F-seminorm g, then

/ﬁ(x) = inf {p >0:g (<I> (pflTx)) < p}
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is an F-seminorm on A3(®,T,X). Moreover, h is absolutely monotone if
(3) holds.

Proof. For any x from A?(®,7T,X) there exists a number o > 0 such
that g(®(cTx)) < co. Defining p = max{c~!, g(®(cTx))}, by p~! < o we
get

9(®(p~'Tx)) < g(@(oTx)) < p.

Thus, the functional T is determined on A, T,X).
It is clear that h satisfies (N1). Futher, let |a] < 1 and x € A3(®, T, X)
with ®(p~!7Tx) in A. Then ®(p~'T(ax)) € A and

(5) g(®(p~'T(0x))) < g(||®(p~'Tx)) < g(®(p~'Tx))
which implies
{p>0:9(®(p'Tx)) < p} C{p>0:g((p”'T(ax))) < p}.

Consequently, (N3) holds for h.
To prove (N2), we arbitrarily fix x,y € A3 (®,7,X) and ¢ > 0. If

J
~

s =h(x)+e¢,t=h(y)+e¢, then
g(@(s'Tx)) <5, g(®(t™'Ty)) <t,
and so,

g@(W)) §g<¢) (sit?Jrsit]?))

< g(®(s7'Tx)) + g(@(t ' Ty)) < s+t

Hence ﬁ(x +y) < E(x) + E(y) + 2¢, and we obtain
hix +y) < h(x) + h(y).

Now we prove that h satisfies (N4). Let lim,, i, = 0 and x € A% (®, T, X)
with ®(p~1Tx) € A. Fix e > 0, we can choose an index ng such that
e Yay| < min{1,671} for n > ng. Then, for all n > ny,

9(@(e 7 T(anx))) < g(P(e ™ an|Tx)) < g(@(67'Tx)) < o0
and, in view of
9(@(e ' T(anx))) < g(e™|an|@(T)),

we get
lim g(®(¢ ' T(anx))) = 0.
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Thus
9(@(e T(anx))) < e

for sufficiently large n. Hence lim, h(ay,x) =0.
Finally, suppose that (3) holds and |yk|r < |zx|r (k € N). Then (4) is
true and, because g is absolutely monotone, we get

g(®(p~'Ty)) < g(®(p~'Tx)).

Consequently,

{p>0:9(2(p~'Tx)) <1} C {p>0:g(2(p~'Ty)) <1}
which shows that ﬁ(y) < ﬁ(x) [ |

For fixed m,n € N let e,,,, = (ex;) be the double sequence, where ej; = 1
if k=m, ¢ =mn, and eg; = 0 otherwise.

Theorem 3. Let T and ® be the same as in Theorem 2. If the solid DS
space A is topologized by an absolutely monotone seminorm g, then

h(x)=inf{p>0:g(® (p_lTx)) <1}

is a seminorm on A (®,T,X). The seminorm h is absolutely monotone if
(3) holds. In particuler, if

(6) Tx=0 — x =0,

then h is a norm on A3(®,T,X).

Proof. For any x from A?(®,T,X) there exists a number ¢ > 0 such
that g(®(c1Tx)) < co. Defining d = max{1,g(®(c~'Tx))} and p = od,
by 0 < 1/d <1 we have

§(2(p7'Tx)) < Sg(B(0~'Tx) < 1.

This shows that the functional A is determined on A3(®, T, X). It is obvious
that h satisfies (N1).

To prove (N2), we fix x, y € A3(®,7,X) and € > 0. Then, as in the
proof of Theorem 2, denoting s = h(x) + ¢, t = h(y) + ¢, by

g@(s X)) <1, (@t Ty)) <1

we get

g<@ <T(:++ty))> = sitg(q) <1:<)> +Sitg(<1> (1?)) =
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which gives
h(x +y) < h(x) + h(y).

Now, if we take o # 0, then

- (o722
Z'O"i“f{mfﬁozg@(p/a\))g} o

Hence h satisfies also (N8), i.e., h is a seminorm on A3 (®, T, X).
It remains to prove that h is a norm on A3(®, T, X) if (6) holds To prove
the axiom (Nb) for h, let h(x) = 0. Then

) g(@(p'Tx)) <1 (p>0).

If we suppose x # 0, then also Tx # 0 by (6), and there exist indices m,n
with Tpn(x) # 0. But then also ¢, = ¢, (p*”Tmn(x)im) # 0. Since the

elements of double sequences u = ¢ (p_lTx) and v = c,e,,, are connected
with |vg;| < |ugil, the sequence cpep,y is in A by the solidity of A. Moreover,
since g is absolutely monotone, we have g(u) > g(v) which gives

9 (@ (07'7%)) 2 6 (0™ 1Tan ()] ) 9(inn).

Therefore, using also the fact that the Orlicz function ¢,, is unbounded, for
sufficiently small p we get

g(®(p~'Tx)) > 1

contrary to (7). Consequently, it must be x = 0. [

3. Applications related to summability

In the following we apply Theorems 1—3 in the special case, where A is
the strong summability domain of a non-negative infinity matrix, and the
operator T is determined by means of a sequence of summability matrices.

The most common summability method is the matrix method defined by
an infinite scalar matrix A = (a,). If for a sequence x € s(X) the series
Apx = ) apkxy converge and the limit lim, A,x = [ exists in X, then
we say that x is A-summable to | and write A-limx, = [. A summability
method (or a matrix) A is called regular in X if for all convergent in X
sequences X = (x) we have

lmzg =1 = limA,x =1.
k n
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A well-known example of a regular matrix method is the Cesaro method C
defined by the matrix C7 = (¢, ), where, for any n € N, ¢y =n~tif bk <n
and ¢, = 0 otherwise. A (trivial) regular method is defined by the unit
matriz I = (ing), where i, = 1 and i,; = 0 for n # k. Recall also that a
matrix A = (an) is called normal if, for any n € N, a,,, # 0 and ap, = 0
if £ > n. For example, Cesaro matrix C] is normal. Every scalar sequence
(ck) defines a diagonal matriz D(cy) = (dn;) by the equalities d,,,, = ¢, and
dn; = 0 if n # i. Clearly, a diagonal matrix D(c) is regular if and only if
limg ¢, = 1, and it is normal if ¢ # 0 for all k¥ € N. More information about
the matrix summability may be found, for example, in [2].

An another class of summability methods is determined by sequences
B = (B") of infinite scalar matrices B® = (b%,). Recall that a sequence
x = (z) € s(X) is called B-summable to the point | € X if Bi-limxzy = [
uniformly in 4, i.e., the series Bix = Dok bfl;ﬂk converge in X and

lim ]Bflx — li = 0 uniformly in i.
n

The summability method B is also known as the sequential matrix method
(SM method) of summability (see [2], p. 19). In the special case

i n’

Loif j<k<n+i-—1,
nk —

0, otherwise

the B-summability reduces to so-called almost convergence. Almost conver-
gence is a non-matrix method of summability. Any matrix method B we
can consider as the SM method B with B' = B. By the unit SM method Z
we mean the SM method B with B* = I.

Now, let A = (a,) be a non-negative matrix, i.e., a,; > 0. We say that
A is column-positive if for any k € N there exists an index ng such that
an, x> 0. A sequence u = (uy) € s is called strongly A-summable to [ if
limy, > ) ank|ur — 1| = 0, and strongly A-bounded if sup,, >, ank|ug| < oo.
It is clear that the set ¢,[A] of all strongly A-summable to zero sequences
and the set ¢[A] of all strongly A-bounded sequences are linear spaces.
Moreover, the functional

g,(u) = sup § nk|u|
n
k

is a seminorm on f[A] and ¢,[A], it is a norm if A is column-positive.
More generally, if M is a solid DS space, then the set

M[A] = {u® = (ug;) € s* : Alu®| € M},
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where
Al?| = (4,|u?)) (Zank|uk1> 7

is also a solid DS space. Moreover, if M is topologized by an absolutely
monotone F-seminorm (seminorm) g,,, then on MJ[A] we may define
an absolutely monotone F-seminorm (seminorm) by the equality (cf. [13,
pp. 188-189])
gM,A(u2) =9m (A’u2|) .

At it, g,, , is an F-norm (norm) on M[A] if g,, is an F-norm (norm) on M
and A is column-positive.

In the following let ¥ = (¢%) be a sequence of modulus functions and

® = (¢r) be a sequence of Orlicz functions. As a GS space of Orlicz type,
connected with summability, we consider the set

MIA, 0P, B, X] = {x € s(X): (3p>0) A|¥d(p~'Bx)| € M},

where Bx = (B! x). Let us denote by

sp(X) = {x € s(X ankwk (n,i € N) converge in X}

the application domain of the SM method B. Then the operator B : s, (X)
— s2(X), Bx = (B!x), is linear. Consequently, since

(8) MAA, U, B, X] = M[A] (¥, B,X),

and U® = (Yrdy) is a sequence of p-functions, from Theorem 1 (with A =
M(A) and T = B) we immediately get the following proposition.

Proposition 1. If M C s? is a solid DS space, A is a non-negative
matriz, and B is a SM method of summability, then M[A, ¥®, B, X] is a
GS space.

For the topologization of GS spaces M>[A, U®, B, X| we replace (8) with
the representation

(9) MP[A, 09, B,X] = M[A, 9] (®,B,X),
where
M[A, V] = {u2 = (upi) € s : A|W (u2) | e M}.

Proposition 2. Let M be a solid DS space which is topologized by an
absolutely monotone F-seminorm g,, .
(1) If the sequence of moduli U = () satisfies one of (equivalent)
conditions
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(M1) There exist a function v and a number 6 > 0 such that ¢ (ut) <
v(u)p(t) (0 <u<d, t>0) and lim,_o4 v(u) =0,
: Yr(ut)
M?2) lim sup su =0,
( ) u—0-+ t>€ kp @ZJk(t)
then the GS space M3[A, U®, B, X| may be topologized by the F-seminorm

/f;M’AyB(X) = inf {p >0:9,, (A‘\IHI) (p_le)D < p}.

The F-seminorm ?LMA’B is absolutely monotone if the operator B satis-
fies (3).

(id) If (M[A], g, 4) is double AK-space, then /};M,A,B is a F-seminorm
on GS space MF[A,¥®, B, X]| N Us(®,B,X) for an arbitrary sequence of
moduli .

(iii) If g,, is a seminorm on M, then the GS space M>[A, ®, B, X] may
be topologized by the seminorm

Pogas(x)=inf{p>0:g, (A]® (p_le)D <1}.
The seminorm h,, , , is total (i.e., a norm) if B satisfies (6).
Proof. (i) The DS space M[A, ¥] from (9) may be written in the form
MA|(P) = {u? € s*: U(u?) € M[A]}.

Applying [14, Theorem 1 and Remark 1] with A = M[A], ® = V@) T =,
and X2 = Y2 = K2, we get that M[A, ¥] is topologized by the absolutely
monotone F-seminorm

Tnaw (1) = g 4 (T(u?)) = g, (A[¥(u?)])

whenever ¥ satisfies one of conditions (M1) and (M2). Therefore, (¢) follows
by Theorem 2 because of the representation (9).

(ii) If x € M7[A, ¥®, B, X]NUs(®, B, X), then by the solidity of M and
Us there exists a number p > 1 such that ®(p~'Bx) € M[A, ¥] N Us. This
shows that

MI[A, U0, B, X] N Us(®, B, X) C (M[A, U] NUs) (@, B, X)

and since M[A, ¥| N Us may be topologized by the absolutely monotone
F-seminorm g,, , , in view of [14, Theorem 2|, our statement follows again
by Theorem 2.

(#3i) We know that if g,, is a seminorm on M, then M[A] is topologized
by the absolutely monotone seminorm g,, ,. Therefore, using (9) (with
1 = 1), the required statements follow immediately from Theorem 3. |

Recall that an infinite matrix A = (a,) is said to be row-finite if for any
n € N there exists an index k,, with a,; = 0 for all £ > k,,. The following
modification of Proposition 2 is related to the case M = UA.
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Proposition 3. Let A be a solid sequence space which is topologized by
an absolutely monotone F-seminorm g, .

(i) Suppose that the matriz A is row-finite and column-positive, and the
moduli Yy, are unbounded. If (X, g,) is AK-space and

(10) (ank)neN €A (k € N)7

then the GS space UN[A, U®, B, X| may be topologized by the F-seminorm
EA’AV’B(X) = inf {p >0:g, (Z}\INI) (plex)D < p} )
where

g‘uﬁ’ — (supZank|ukl|> .
Yok

The F-seminorm EA 1 Us absolutely monotone if the operator B satisfies (3).
(i3) If g, is a seminorm on A, then the GS space UN[A, ®, B, X] may be
topologized by the seminorm

hA’&B(X) = inf {p >0:g9, (K}@ (p_le)‘) < 1}.

The seminorm h, . is total (i.e., a norm) if B satisfies (6).

Proof. (i) It follows from [13, Proposition 2b)] that, by our supposi-
tions, the DS space UAA, ¥] may be topologized by the absolutely monotone
F-seminorm

g, 5, W) =g, (ﬁ | (u?) |) .

In view of (9) (with M = U)) it remains to apply Theorem 2.
(i) is a special case of Proposition 2 (iii), because the equality

o (u2) =9\ (a)

defines an absolutely monotone seminorm on UA. |

4. Some special cases

Let ® = (¢) be a sequence of Orlicz functions, p = (px) be a sequence
of positive numbers, and let «P be the sequence of ¢-functions P (t) = tPk.
The authors of [1, 5, 6, 7, 8, 9, 17, 19, 22] consider, for various concrete
non-negative summability methods A and SM methods B, the GS spaces

A [A,PD, B, X]| = {xes(X): (3p>0) AlP®(p~1Bx)| € A},
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where A € {uc,, Uls} and A[P®(Bx)| = (AL |P®(Bx)|) with
Pk

Afl|zp<I>(Bx)|:Zank Ok \beka.\
k J

For bounded sequences p, they determine on these spaces the paranorms of
type

p>0,meN n,i

(11) ho(x) = inf {ppm/r : sup (Amzp(b(p*ll?x)])l/?ﬂ < 1} ,

where 7 = max{1, supy, px}.
Since t1/7 < 1if and only if ¢ <1, the functional h, my be replaced with

12 hi(x) = inf m/T . sup AL [PO(p 1 Bx) < 1% .
(12) 0(%) niﬂmN{f ?§ W P®(p™ Bx)| < }

We remark that the paranorm of type h’ is used in [10].
It is clear, by (11) and (12), that the functionals h, and h} are determined
on uc, (A, P®, B, X) only if

(13) uc,” [A,P®, B, X] C Uls,? [A,P®, B, X]

or, equivalently,

(14) uc,> [A,P®, B, X] = Uc,” [A,P®, B, X].

The following example shows that (13) is not automatically fulfilled.

Example 1. Let A = I, ¢p =1, pr = 1, and let B be the sequence of
matrices B' = (b, ) with the elements

i if n=1, k=1,
te=_1/n, if n>2 k=i,

0, otherwise.

Since

, . T if n=1
Biu=Y bu,=14 " ’
" zk: kT {nlui, if n>2,
for any p > 0 and every sequence u € s with 0 < infy, |ug| < supy, Jug| <
oo we have that lim, |[p~!Biu| = 0 uniformly in i, but sup; |[p~'Biu| =
sup; p~lilu;| = oo. Thus, the inclusion (13) and also the equality (14) hold
not in our case.
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It should be remarked that the validity of (13) is unnoticed in [1, 6, 7,
8, 9, 17, 22| by the definition of paranorms h, and h? on some spaces of
type uc,” [A,7P®, B, X]. Moreover, the proofs of (13) presented in [3, 5,
10, 19, 20, 21] for various special cases are, unfortunately, in like manner
inconclusive (limy ug; = 0 uniformly in i implies not supy ; [ug;| < oo in
general). This leads us to the following question.

Problem 1. On what conditions the inclusion (13) or, equivalently, the
equality (14) hold?

Our Propositions 2 and 3 allow to determine F-seminorm topologies for
the GS spaces A7 [A,P®, B, X] and UN? [A,P®, B, X|. Supposing that the
sequence p = (pi) is bounded and r = max{1l, sup, px}, we may write,
similarly to (9),

3
AP [A, P, B, X] = A [A,zp/’”] (@", B, X),

where /" is the sequence of moduli ?*/7(t) = tP+/" and ®" is the sequence
of Orlicz functions @ (t) = (¢x(t))". Since 1P/" satisfies (M2) if and only if
infg pr, > 0, and Ul,, may be topologized by the absolutely monotone norm
[u?||2, = supy; |ux;|, from Proposition 2 we immediately get the following
corollary.

Corollary 1. Let A be a solid DS space which is topologized by an abso-
lutely monotone F-seminorm g, and let p = (px) be a bounded sequence of
positive numbers.

(a) If infy, pp > 0, then the GS space A7 [A,P®, B, X] may be topologized
by the F-seminorm

hP (x) = inf {p >0:g9, (A ‘qu) (plex)D < p} .

A,AB

In particular, on the GS space Ulsg> [A,PD, B, X| we may define the F-seminorm

hP (x) = inf {p >0: HA }zp@ (p_le)}Hio < p}

o0, A,B
Pk

= inf p>0:supZank Ok ]p_lzb};jxki <p
n,t k ]

(b) If (A[A], g, ) is a double AK-space, then EKA 5 18 a F-seminorm on
the GS space A7 [A,P®, B, X] N Us(®, B, X).
It is known that (c,,|| - [|«) and (4g, ] - |lq) (1 < ¢ < oo) are normed

AK-spaces with the norms |[u|lec = supy, |ug| and [Jullq = (3, g |9, re-
spectively. Therefore, by Proposition 3 we can formulate our next corollary.
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Corollary 2. Let \ be a solid sequence space which is topologized by an
absolutely monotone F-seminorm g, . Suppose that the matriz A is row-finite
and column-positive. If (X, g,) is the AK-space and (11) holds, then on the
GS space UNT [A, P ®, B, X] we may define the F-seminorm

/ﬁf,g’g (x) = inf {p >0:g9, (ﬁ ‘qu) (plex) D < p} :

In particular, UCO3 [A,PD, B, X| may be topologized by the F-seminorm iALfo B
whenever limy, ay, = 0 (k € N), and on Ul,” [A,P®,B,X] (1 < ¢ < o0) we
may determine the F-seminorm

~

hP _ (x) = inf {p >0: HZ‘ZPCD (p_le)‘Hq < ,0}

q,A,B

pe|a\ 1/a

=inf ¢ p>0: Z Su;pzank o |P_lzb§cj$k| <p
7 & j

n

provided that (3, |ank|9)? < oo for any k € N.

Remark 1. Since any F-seminorm is a paranorm (see [12, Remark 1]),
all F-seminorms defined above are also paranorms satisfying the axiom (N3).
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