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1. Introduction

In 1975, Kramosil and Michalek [14] introduced the concept of fuzzy
metric space. George and Veeramani [11] modified the concept of fuzzy
metric space.In 1963, Gahler [9, 10] generalized usual notion of metric space
called 2-metric space.

Using the notion of 2-metric space, S. Sharma [26] and S. Kumar [15]
introduced fuzzy-2-metric spaces without knowing each other but Ha et al.
in [12] shows that 2-metric need not be continuous function, further there is
no easy relationship between results obtained in the two settings. In 1992,
Bapure Dhage [7] in his Ph.D thesis introduced a new class of generalized
metric space called D-metric space [7]. B. Singh and M. Chouhan [27] defined
S-fuzzy metric space by using the concept of D-metric space [7]. However,
Mustafa and Sims in [16] have pointed out that most of the results claimed
by Dhage and others in D-metric spaces are invalid. To overcome these
fundamental flaws, they introduced a new concept of generalized metric
space called G-metric space [17]. Using the concept of G-metric space,
G. Sun and K Yang [29] introduced the notion of Q-Fuzzy metric space,
K.P.R. Rao et. al. [20] proved two fixed point theorems in symmetric
Q(G)-metric space, Sedghi et. al. in [25] introduced D*-metric space which
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is a generalization of G-metric space and gave an example which is D* metric
space but not G-metric space. Using the concept of D*-metric space, Sedghi
and Shobe [23] defined M-fuzzy metric space. Very recently, Sedghi et. al
[24] defined S-metric space which is a generalization of D*-metric space and
G-metric space and justified their work by various examples and definitions
related to topology of S-metric space.The recent literatures of fixed point in
fuzzy metric spaces is also given in [3, 4, 5, 6, 8, 19].

In present paper, after preliminaries in section 3, we define N-fuzzy met-
ric space using S-metric space [24] which generalized Q(orG) fuzzy metric
space and M-fuzzy metric space. We also define open balls for topology,
convergent sequence, Cauchy sequence and continuous functions and prove
various interesting lemmas related to topology and convergent sequence in
the NF M space. In Section 4, we define compatible maps, weak compatible
maps, semi compatible maps and property (E.A.) with counter examples in
the NFM space. In Section 5, we define Pseudo- N-fuzzy metric space with
counter example and recall definition implicit relation from [1]. Finally in
Section 6, we extend a fixed point theorem of Irshad Aalam et. al [1] using
implicit relation in the structure of NF M space with appropriate example.

2. Preliminaries

We recall the following definitions of fuzzy metric spaces and S-metric
space.

Definition 1 ([21]). A mapping *:[0,1] x [0,1] — [0, 1] is called a con-
tinuous t-norm if ([0, 1], *) is an abelian topological monoid with unit 1 such
that axb < cxd for a < c,b < d. Examples of t-norms are axb = min{a, b}
(minimum t-norm) axb = ab (product t-norm) and a*b = max{a+b—1,0}
(Lukasiewicz t-norm).

Definition 2 ([11]). A S-tuple (X, M,x) is said to be a fuzzy metric
space if X is an arbitrary non empty set, x is a continuous t-norm, and M
is a fuzzy set on X2 x (0,00) satisfying following conditions for all x,y € X,
s,t > 0:

M : M(z,y,t) >0

My : M(x,y,t) =1 if and only if x =y

Ms: M(z,y,t) = M(y,z,t)

My: M(x,y,t)*« M(y,z,8) < M(z,z,t+s)

Ms: M(x,y,-):(0,00) = (0,1] is a continuous function.

The pair (M, *) (or only M) is called a fuzzy metric on X. Here M (z,y,t)
is considered as the degree of nearness of x and y with respect to t. The
axiom M) is justified because a classical metric cannot take the value co then
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M cannot take the value 0. The axiom My is equivalent to the following:
M(z,z,t) =1for all z € X and t > 0 and M (x,y,t) <1 for all z # y and
t > 0. The axiom My gives the idea that when z = y the degree of nearness
of x and y is perfect or simply 1 and then M (z,z,t) = 1 for each z € X
and for each ¢ > 0. Finally, in M5 we assume that the variable ¢ behave
nicely, that is assume that for fixed x and y, t — M(x,y,t) is a continuous
function. The reader can refer to the examples and related definitions of
fuzzy metric space in [11] and [14].

Remark 1. The above definition of George-Veeramani is a modified ver-
sion of Kramosil-Michalek. This modification is necessary since the topology
induced by the fuzzy metric in definition of Kramsol-Michalek is not Haus-
dorff.

Definition 3 ([15]). 4 map *:[0,1] x [0,1] x [0,1] — [0,1] is called a
continuous t-norm if it satisfies the following conditions:

T : %(a,1,1) = a,%(0,0,0) =0

T : %(a,b,c) = *(a,c,b) = x(b, c,a)

T3 : *(al,bl,cl) > *(ag,bQ,Cg) fOT‘ ay > az,bl > b2,61 > Co
examples of t-norm are (1) : axbxc = a.b.c and (2): axbxc = min{a,b, c}

Definition 4 ([15, 26]). The triplet (X, M, %) is a fuzzy 2-metric space
if X is an arbitrary non empty set, x is a continuous t-norm and M is a
fuzzy set on X3 x (0,00) satisfying following conditions for all x,y,z,a € X,
r,s,t>0:
M : M(z,y,a,t) >0
M(x,y,a,t) =1 if and only if at least two of x, y, z are equal.
Ms: M(z,y,a,t) = M(y,a,z,t) = M(a,y,x,t) (symmetry)
M(x,y,a,r+s+t) > M(x,y,z,r)*« M(x,z,a,8) * M(z,y,a,t)
Ms: M(z,y,a,.):(0,00) = (0,1] is left continuous
Mg : limy_oo M(x,y,a,t) = 1.

For examples and related definitions of fuzzy 2-metric space the reader
can refer [15] and [26].

Definition 5 ([27]). A 3-tuple (X, S, *) is said to be an S-fuzzy metric
space if X is an arbitrary non empty set, x is a continuous t-norm and S is a
fuzzy set on X3 x (0, 00) satisfying following conditions for all x,y, z,w € X,
r,s,t>0:

(1) S(z,y,2,t) >0

(13) S(z,y,z,t) =1 if and only if x =y =z
(iii) S(z,y,z,t) = S(y, z,x,t) = S(z,y,z,1)...

() S(x,y,z,r+s+1t) > S(z,y,w,r) * S(x,w, zs) * S(w,y, z,t)
(v) S(z,y,2,.) : (0,00) = (0,1] is continuous.
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For more on S-fuzzy metric space,the reader may consult in [27].

Definition 6 ([22]). A 3-tuple (X, M,x*) is called an M -fuzzy metric
space if X is an arbitrary (non empty) set, x is a continuous t-norm and
M is a fuzzy set on X3 x (0,00) satisfying the following conditions for each
z,Y,z,a € X and s,t > 0:

(1) M(z,y,z2,t) >0

(1i) M(x,y,z,t) =1 if and only if x =y =z

(1it) M(x,y,z,t) = M(P(z,y,z),t) where P is a permutation function.

(iv) M(x,y,a,t)*« M(a,z,z,s) < M(x,y,z,t+ s)

(v) M(z,y,z,.):(0,00) = (0,1] is continuous.

For related definitions and examples of M fuzzy metric space the reader
can refer [22] and [23].

Definition 7 ([29]). A 3-tuple (X, Q, %) is called a Q-fuzzy metric space if
X is an arbitrary (non empty) set, x is a continuous t-norm and Q is a fuzzy
set on X3 x (0, 00) satisfying the following conditions for each x,vy,z,a € X
and s,t > 0:

Q1: Qz,x,y,t) > 0 and Q(z,x,y,t) < Q(x,y, z,t) for all z,y,z € X
with z #£ vy

Q2: Qz,y,z,t) =1if and only if t =y = z

Qs Qz,y,z,t) = Q(P(x,y,2),t) (symmetry) where P is a permutation
function.

Qi: Q(x,a,a,t) *xQ(a,y,z,8) < Q(x,y,z,t+ 8)

Qs : Qx,y,z,.):(0,00) = (0,1] is continuous.

For details of Q-fuzzy metric space the reader can refer [29] and [20].

Definition 8 ([24]). Let X be a non empty set. An S- metric on X is
a function S : X3 — [0,00), that satisfies the following conditions for all
z,Y,2,a € X.

(i) S(z.y,2) > 0,

(1i) S(z,y,z) =0 if and only if x =y = z,

(1i1) S(xz,y,2) < S(z,xz,a) + S(y,y,a) + S(z, z,a).
Then the function S is called an S metric and the pair (X, S) is called an
S-metric space.

Remark 2. Every D*-metric space and G-metric space is an S-metric
space but in general, the converse is not true. The reader can refer to the
examples and related definitions of S- metric space in [24].

Definition 9 ([13]). A t-norm T is said to be of H-type if the family
of its iterates {T),} where n is natural number is given by TO(x) = 1 and
T (x) = T(T" Y(z),x) for all n > 1, is equicontinuous at x = 1. A trivial
example of a t-norm of H-type is the minimum t-norm.
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3. The N-fuzzy metric space

The concept of N-fuzzy metric space is defined as follows:

Definition 10. A triplet (X, N, *) is an N-fuzzy metric space (NFMSsy),
if X is an arbitrary (non empty) set, x is a continuous t-norm and N is a
fuzzy set on X3 x (0, 00) satisfying the following conditions for all x,y,z € X
and r,s,t > 0:

(i) N(z,y,2,t) >0

(13) N(z,y,2z,t) =1 if and only if x =y = z
(4i7) N(a:,y,z,r+s+t) > N(z,z,a,7)* N(y,y,a,s) * N(z,z,a,t)
(tv) N(z,y,z2,.): (0,00) = (0,1] is a continuous function.

Example 1. Let X = R be a real line and S be an S-metric on X
defined by

S(e,y,2) =lz—z[+]y—z]

or
Sy, z) =ly+z—2x[+[y—=z].

Define a xb* c = abc for every a,b,c € [0,1] and let N be the function on

X3 % (0,00) defined by N(x,y,z2,t) = W for all x,y,z € X and t > 0.

Then (R, N, x) is an N-fuzzy metric space, but it is not Q-fuzzy metric
space and M-fuzzy metric space because N is not symmetric.

Example 2. Let X = R be a real line and S be an S-metric as defined
in above Example 1. Define a % b* ¢ = a b ¢ for every a,b,c € [0,1] and let
N be the function on X3 x (0, 00) defined by N(z,vy,2,t) = [e:cp[M]]
for all z,y,z € X and t > 0.

Then (R, N, x) is an N-fuzzy metric space, but it is not Q-fuzzy metric

space and M-fuzzy metric space because N is not symmetric.

4. Topology of N-fuzzy metric space

Definition 11. Let (X, N, x) be an N-fuzzy metric space. Fort > 0, the
open ball B(x,r,t) with center x € X and radius 0 < r < 1 is defined by
B(z,r,t)={ye€ X : N(y,y,x,t) > 1 —r}.

The collection {B(z,r,t) : x € X,0 < r < 1,¢t > 0} is a neighborhood
system for topology 7 on X induced by the N-fuzzy metric N.

Proposition 1. Let (X, N, x) be an N-fuzzy metric space, then for all
x,y,€ X and t > 0, we have N(x,z,y,t) = N(y,y,z,t).
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Proof. Since N-fuzzy metric is induced by S-metric and in S-metric
space S(z,z,y) = S(y,y,z) for all z,y € X. Therefore in N-fuzzy metric
space N(z,z,y,t) = N(y,y,z,t) for all z,y € X and t > 0. |

Lemma 1. N(z,z,y,-) is nondecreasing for all z,y in X.

Proof. Suppose that N(z,z,y,t) > N(z,z,y,s) for some 0 < t < s.
Then

N(e,a,a,5) « Ne,e,a, 5~ 1)« N(,y,2,t) < N(z,2,y.5)
< N(z,z,y,t).

By Definition 10, we have

N(x,x,x,f) =1
2
and s
N(l‘,$,$,§ —t)=1

Thus

N(y,y,z,t) < N(z,2,9,s)

N(z,z,y,t) < N(z,2,y,s) [As N(z,2,y,t) = N(y,y,z,t)]
a contradiction. [ |

Theorem 1. Fvery N-fuzzy metric space is Hausdorff.

Proof. Let (X, N,x) be the N-fuzzy metric space. Let z, y be two
distinct points of X. Then 0 < N(z,z,y,t) < 1. Let N(z,z,y,t) = r for
some r, 0 < r < 1. For each ro, 7 < 19 < 1, we can find an r; such that
r1*11%711 > ro. Now consider the open balls B(x, 1—r1, %) and B(y,1—ry, %)

Clearly

t t
B(z,1—r, g) N B(y,1 —rq, g) = ¢.
For if there exists
t t
z € B(x,1—ry, 3) NB(y,1 —ry, g)

Then

t t t
T:N($,$,y,t) Z N(ZC,$,Z,§)*N($,$,Z,§)*N(y,y,z,§)
> rikrykr 2T > T

which is a contradiction. Therefore (X, N, *) is Hausdorff. [
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Definition 12. A sequence {z,} in (X, N,x*) is converges to x € X if
N(zp,xn,xz,t) = 1 or N(z,x,z,,t) = 1 asn — oo for each t > 0. That
1s for each € > 0 and t > 0 there exists ng € N such that for all n > nyg,
N(xp, xp,x,t) >1—€ or N(z,z,2,,t) > 1 —€.

Lemma 2. Let (X, N,x*) be an N-fuzzy metric space, where * is mini-
mum t-norm (H-type). Let {x,} be a sequence in X. If {x,} converges to x
and {x,} also converges to y then x =y. That is the limit of {x,} if exists
1S unique.

Proof. Let {z,} converges to = and y. Then N(z,z,z,,7) — 1 as
n — oo for each r > 0 and N(y,y,z,,t —2r) — 1 as n — oo for each
t—2r > 0.

N(z,z,y,t) > N(x,z,2,,7) % N(x,2,20,7) * N(y,y, Tpn, t — 21)
=1x1x1 asn—o0
— 1 [wherel * 1% 1 = min{1,1,1}
by Definition 3, Example 2 (H-type)].

Definition 13. Let (X, N, ) be an N-fuzzy metric space and {x,} be a
sequence in X is called Cauchy sequence. If for each € > 0 and t > 0 there
exists ng € N such that

N(zp, Tpn,Tm,t) >1—€
or
N (X, Ty Ty t) > 1 — € for all nym > nyg.

Definition 14. Let (X, N,*) be an N-fuzzy metric space. If every
Cauchy sequence in X is convergent in X, then X is called a complete
N -fuzzy metric space.

Lemma 3. Let (X, N,x*) be an N-fuzzy metric space, where * is mini-
mum t-norm (H-type) and {x,} be a sequence in X. If {x,} converges to x,
then {x,} is a Cauchy sequence.

Proof. For each r,t > 0 there is N such that p € N,
N(xp, xpn,x,r) =1 as n — 0o
and

N(Zp4ps Tpgp, ¢, t —2r) = 1 as n — oo for each t —2r >0,
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N(zp, xn, Tnip,t) > N(zp,xn,x,7) % N(2p, Ty, T, 7)
*N (Tntp, Tntp, T, — 21)
= 1x1x1 as n — 0o
=1 [where 1 %1% 1 =min{1,1,1}
by Definition 3, Example 2 (H-type)].

Therefore {z,} is a Cauchy sequence.

Remark 3. It is easy to prove that the induced N-fuzzy metric space
(X, N, ) is complete if and only if the S-metric space (X,S) is complete
¢

where N(z,y,z,t) = e for all z,y,2 € X and t € (0,00).

Definition 15. Let (X, N,*) and (X/,N/, %) be N-fuzzy metric spaces.
Then a function f : X — X' is said to be continuous at a point x € X
if and only if it is sequentially continuous at x, that is whenever {xz,} is
convergent to x we have {fxy,} is convergent to f(x).

Lemma 4. Let (X, N,*) be an N-fuzzy metric space. Let {x,} and
{yn} be two sequences in X and suppose x, — T,y, — Yy as n — 00O
and N(z,z,y,t,) — N(z,z,y,t) as n — oo. Then N(xp,Zn,Yn,tn) —
N(z,z,y,t) as n — oo.

Proof. Since lim,, o0 ,, = 2, limy, 00 Y = y and limy, oo N(x, z,y,t,) =
N(z,z,y,t) there is ng € N such that | t —t, |< 6 for n > ng and § < 3.
We know that N(z,x,y,t) is nondecreasing with respect to t, so we have

N(xna»rn,ymtn) > N(l’n, TpyYn,t — 5)

) ) 50
> N(i{]n, Tn, T, g) * N(xnaxnwxa g) * N(ynvym z,t— ?)

v

1) 1) 1)
N(xm Tn,T, g) * N(xm Tn, T, g) * N(ymyna Y, 6)

)
*N(yna Yn, Y, 6) * N(yay7w7t - 26)

and

N(z,z,y,t +26) > N(z,z,y,t, + 0)

\Y

) 1) )
N(Z’,Qj‘,l‘n, g) * N(w,w,xn, g) * N(ya yvxnatn + g)
)

)

Y

) )
N(x,x,:vn, g) * N(x,:r,xn, g) * N(ya Y, Yn,

0
* N(y7y7yn77 *N(xnyl'mymtn)-

G
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In view of Definition 12 and combining the arbitrariness of § and the conti-
nuity of N(z,x,y,-) w.r. to t. For large enough n, we have

N(l’,.ﬁﬂ,y,t) 2 N('TTL?xnaynatn) Z N(y>y7$7t)a

N(z,z,y,t) > N(Tp, Tn, Yn,tn) > N(z,z,y,t) [by Proposition 1].

Consequently
lim N(zp,ZTn, Yn,tn) = N(z,2,y,t).

n—o0

Lemma 5. Let (X, N,x*) be an N-fuzzy metric space. If there exists
g € (0,1) such that N(z,x,y,gt) > N(z,z,y,t) for all z,y € X, t >0 and
lim N(z,y,z,t) =1

t—o0
then x = y.

Proof. Suppose that there exists g € (0,1) such that N(z,x,y,gt) >
N(z,z,y,t) for all z,y € X and ¢ > 0.
Then

t
N(z,z,y,t) > N(z,z,y, —)
g

and so ;
N(xaa:?y?t) Z N({E,Ilf,y, 97)

for positive integer n. Taking limit as n — oo, N(x,z,y,t) > 1 and hence
T =y. |

5. The various types of mapping in NFM spaces

Definition 16. Let S and T maps from an NFM space (X, N,x*) into
itself. The maps S and T are said to be compatible, if for all t > 0.

lim N(STxy, STxp, TSy, t) =1

n—oo
whenever {x,} is a sequence in X such that lim,,_,oc Sz, = lim,, oo Ty, = 2
for some z € X.

Example 3. Let X = [2,20). For each t € (0,00) and for all z,y,2z € X,

define
t

t+le—z|+|y—z]|

N(z,y,z,t) =
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Clearly, (X, N, x) is an N-fuzzy metric space, where x is defined by a *
b*c=abc. Let S and T be self- maps of X defined as

2 ifz=2orz>5 2 Hxz=2orz>5

pum— — . <
S(@) {6 if2<x<5 ’ T(x) grl ?f2<x_5
3= ifz>5

Let sequence {z,,} be defined as x, = 5+ 2, n > 1 then we have
limy,, oo Sy, = limy oo Tz, = 2. Hence, S and T satisfy the property
(E.A.). Also,

1.

t t
lim N(STzn, STy, TSwn,t) = = =
i, N (ST, ST, TSt t) = 5 57997 ~ 13 0

This shows that S and T are compatible.

Definition 17. Let S and T be maps from an NFM space (X, N, x)
into itself. The maps are said to be weakly compatible, if they commute at
their coincidence points, that is, Sz = Tz implies that STz = TSz.

Definition 18. Let S and T maps from an NFM space (X, N,x*) into
itself. The maps S and T are said to be semicompatible, if for all t > 0.
lim N(STx,, STx,, Tz,t) =1
n—oo

whenever {xy,} is a sequence in X such that lim,, oo Sx,, = limy, 00 Ty, = 2
for some z € X.

Note that the semicompatibility of the pair(S,T"), need not imply the
semicompatibility of (T, S).

The following is an example of a pair of self-maps (S5,7") which is com-
patible but not semicompatible. Further, it is also seen that the semicom-
patibility of the pair(S,T") need not imply the semicompatibility of (T, .S).

Example 4. Let X = [0,1] and let (X, N, x) be the N-fuzzy metric

space with
lz—zl+]y—z[
t

N(z,y,2,t) = [emp
forall z,y,z € X, t > 0.

Example 5. Define self- map S as follows:

r if0<z<i
S(l‘):{ . _1 2
1 1f932§

Let I be the identity map on X and 2, = 3—1. Then, {Iz,,} = {z,} — %
and {Sz,} = {z,} — . Thus, {ISz,} = {Sz,} = 1 # S{1}. Hence (IS)
is not semicompatible.
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Again as (I, S) is commuting, it is compatible. Further, for any sequence
{z,} in X such that {x,} — x and {Sz,,} — =, we have {SIz,} = {Sz,} —

x = Iz. Hence (SI) is always semicompatible.

Remark 4. The above example gives an important aspect of semicom-
patibility as the pair of self-maps (I.5) is commuting, hence it is weakly
commuting, compatible and weak compatible yet it is not semicompatible.
Further, it is to be noted that the pair (S, I) is semicompatible but (I, .S) is
not semicompatible here.

The following is an example of a pair of self maps (A, S) which is semi-
compatible but not compatible.

Example 6. Let X = [0,2] and (X, N, *) be an N-fuzzy metric space,
where the definition of * and N are same as defined in Example 3. Define
self-maps A and S on X as follows

if0<z<1 s@ {2, =1
ifl<z<?2’ = m%?) otherwise

m@:{

g N

and ©, = 2 — 5~ ,n > 1. Then we have S(1) = A(1) = 2 and S(2) =
A(2) = 1. Also SA(1) = AS(1) =1 and SA(2) = AS(2) = 2. Thus (4,5)
is weak compatible. Again, Az, =1 — ﬁ, Sr,=1-— ﬁ. Thus, Az, — 1,
Sz, — 1. Hence u =1

Further,
SAzx 4 ASx, =2
"5 20n e
Now,
li_}In N(ASxzy,, ASx,, Su,t) = li_)m N(2,2,2,t) =1,

4 1
lim N(ASzy, ASz,, SAz,,t) = lim N(2,2,- — — .t
33, N (A8, ASn, 540n, 1) = g N(2:2 5 = 55,01
_ t
t+12—-2|+[2- %]
t

= — <1 Vt>0.
t+ 2

Hence (A, S) is semicompatible but it is not compatible.

Definition 19. Let S and T be two self-maps of an NFM space (X, N, ).
We say that S and T satisfy the property (E.A.) if there exists a sequence
{zn} such that lim, o0 Sxy, = limy, o0 Tz, = 2z for some z € X.
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Remark 5. Note that the weakly compatible and property (E.A.) are
independent to each other. See the following example.

Example 7. Let (X, N, *) be an N-Fuzzy metric space where X = [0, 1]
and N is defined as in Example 3. Define ST : X — X by

Sx)=1—z, if x € [O,%] and S(z) =0, if z € (%71]

1 1 3 1
T(x)= > if z € [0, 5] and T'(z) = T ifre (571]'
Then, for the sequence {z,,} = {3 — 1}, n > 2, we have
. 1 1 o1 1 1 . 1 1
A S =gty -y = m TG )

Thus the pair (S,T') satisfies property (E.A.). Further, S and T are

weakly compatible since x = % is their unique coincidence point and .S T(%) =

S(3)=T(3) =TS(3). We further observe that
) 1 1 1 1 1 1
lim N<ST(— — f),ST(i — 5)@“5(5 _ ﬁ)>

n—o00 2 n

t
lim
T2 ST 1) - 7S(1|
t t

= = 17
t+2]3—3| t+%7é

showing that the pair (S,T') is noncompatible.

Example 8. Let (X, N,*) be an N-fuzzy metric space where X = R
with t-norm defined by axbxc = a.b.c for all a,b,c € [0,1] and N (z,y, z,t) =
t+\x—y|+\;—z|+\z—x| for all t > 0 and z,y,2z € X. Define S,T : X — X by
S(x)=0,if 0 <z <land S(zx)=1,if x > 1 or x =0; and T'(x) = [z], the
greatest integer that is less than or equal to xVx € X.

Consider a sequence {z,} = {1+ 2}, in (1,2), then we have

lim Sz, =1= lim Tx,.
n—oo n—oo

Similarly, for the sequence {y,} = {1 —1},>5 in (0,1), we have

lim Sy, =0= lim Ty,.
n—oo n—oo

Thus the pair (S,T) satisfies the property (E.A). However S and T are
not weakly compatible; as each u; € (0,1) and uy € (1,2) are coincidence
points of S and T, where they do not commute. Moreover, they commute
at z =0,1,2,..., but none of these points are coincidence points of S and T'.
Further, (S,7T) is non compatible. Hence property (F.A.) does not imply
weak compatibility.
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Remark 6. From the Definition 16, it is inferred that two self maps S
and T on NFM space (X, N, ) are noncompatible iff there exists at least
one sequence {x,} in X such that lim,,_, . Sz, = lim,,_,o Tz, = z for some
z € X, but for some ¢t > 0 either lim, oo N(STxp, STxp, T'STp,t) # 1
or the limit does not exist. Therefore, any two noncompatible self- maps
of (X, N,x) satisfy the property (E.A) from the Definition 19. But the
Example 3 shows that two maps satisfy the property (E.A) need not be
noncompatible.

Note. For detail study of compatible maps, noncompatible maps, weak
compatible, semicompatible maps and property (E.A.) in metric space,the
reader can refer [28], [18] and [2].

5. Pseudo N-fuzzy metric spaces

Definition 20. A 3-tuple (X, N, x) is said to be Pseudo N -fuzzy metric
space if X is an arbitrary (non empty)set, * is a continuous t-norm and N
is a fuzzy set on X3 x (0,00) satisfying the following conditions.

P :Vzx,y,z€ X andVt>0N(z,y,z,t) >0

Py:Vz,y,z€ X andVt>0N(z,y,z,t) =1life=y==z

Ps: Vax,y,z,a€ X andVr,s,t >0 N(x,y,z,r+s+1t) > N(z,z,a,r) *
N(y,y,a,s) * N(z,z,a,t)

Py: Va,y,z€ X, N(z,y,2,.) : (0,00) = (0,1] is continuous.

Remark 7. Clearly every N-fuzzy metric space is a Pseudo N-fuzzy
metric space but converse is not true [see the following Example 9].

Example 9. Consider R with the usual metric. Let X = {{z,} : {zn}
is convergent in R}. Define a % b x ¢ = a.b.c for all a,b,c € [0,1] and

lm(| xp — 2p | + | Yn — 20 H]—l

N(Cﬂn;yn,zn,t) = [exp t

Clearly (X, N, *) is a Pseudo N-fuzzy metric space but not N-fuzzy met-
ric space. To see this:

Let {zn,} = 1 {yo} = 2 and {2,} = 3. Then z, # yn # 2, for all
Ty Yns 2n € X but N(zp, yn, 2n,t) = 1.

A class of implicit relation [1]. Let ® be the set of all real continuous
functions ® : [R*]* — R, nondecreasing in first argument and satisfying the
following conditions.

(1) (4) For u,v >0, ®(u,v,v,u) >0 or ®(u,v,u,v) >0 implies u > v

(2) (1) ®(u,v,1,1) > 0 implies that u > 1.
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Example 10. 1. Define (J5(t1,t2, t3,t4) = 15ty — 13ty + btz — Tt4. Then
peP
2. Define ¢(t1,t2,t3,t4) = 14t; — 12ty + 6t3 — 8t4. Then ¢ € ®

6. Application in fixed point theory
As an application of weak compatible maps and the property(EA), we
prove the fixed point theorem of Irshad Aalam et.al [1] in NF'M space.

Theorem 2. Let E, F, S and T be self maps of an NFM space (X, N, *)
satisfying the following conditions:

(3) E(X)CT(X), F(X)cSX);
(4) (E,S) and (F,T) are weakly compatible pairs;
(5) (E,S) or (F,T)satisfies the property (E.A.);

For some ¢ € ®, there exist k € (0,1) such that for all x,y,€ X, t >0
(6) o(N(Ex, Ba, Py, kt), N (S, Sz, Ty, 1),
N(Ez, Ez, Sz,t), N(Fy, Fy,Ty,t)) > 0.

If the range of one of the maps E, F, S or T is a complete subspace of
X, then E, F, S and T have a unique common fixed point in X.

Proof. If the pair (F,T) satisfies the property (E.A.) then there exists a
sequence {z,} such that Fx, — z and Tz, — z for some z € X as n — oc.

Since F(X) C S(X), there exists in X a sequence {y,} such that Fz, =
Sy,. Hence Sy, — z as n — oo.

Now we claim that Ey, — z as n — oo. Suppose Fy, — w (# z) € X,
then by (6),we have

qS(N(Eyn,Eyn,Fxn,k:t),N(Syn,Syn,Txn,t),
N(Eyn, Eyn, Synst), N(Fan, Fan, Tan, 1)) = 0
that is,
qﬁ(N(Eyn, Eyn, Fxy, kt), N(Fay, Fa,, Ty, t),

N(Eyn, Eyn, Fap,t), N(Fxp, Fa,, Txn,t)) > 0.
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As ¢ is nondecreasing in the first argument, we have
Qb(N(Eyna Eyn, Fry, t)v N(Fxna Fxp, Try, t),
N(Eyn,Eyn,Fxn,t),N(Fxn,Fxn,Tmn,t)) > 0.

Using (1), we get N(Eyp, Eypn, Fxp,t) > N(Fxy, Fa,, Tx,,t). Letting
n — 0o, N(w,w, z,t) > 1 for all t > 0. Hence, N(w,w, z,t) = 1 Thus w = z.
This shows that Fy, — z as n — oo.

Suppose that S(X) is a complete subspace of X. Then z = Su for some
u € X. Subsequently, we have Fy, — Su,Fx, — Su,Tx, — Su and
Sy, — Su as n — oo.

By (6), we have

gb(N(Eu, Bu, Fap, kt), N(Su, Su, Tz, t),
N(Eu, Eu, Su,t), N(Fxy, Fx,, Tx,, t)) > 0.
Letting n — oo
¢(N(Eu, Bu, Su, kt), 1, N(Eu, Eu, Su, ), 1) > 0.
As ¢ is nondecreasing in the first argument, we have
¢<N(Eu, Bu, Su,t),1, N(Eu, Eu, Su, t), 1) > 0.

Using (1), we get N(Eu, Eu, Su,t) > 1 for all ¢ > 0. Hence, N(Eu, Eu,
Su,t) = 1. Thus, Fu = Su.

The weak compatibility of £ and S implies that ESu = SEu and then
EFEu = ESu= SEu= 5Su.

On the other hand, since E(X) C T(X), there exists a v € X such that
Eu = Tv. We show that Tv = Fv. By (6), we have

¢<N(Eu, Eu, Fv, kt), N(Su, Su, Tv,t),
N(Eu, Eu, Su,t), N(Fv, Fv,Tv, t)) >0

that is,
¢<N(Tv, Tv, Fu, kt), 1,1, N(Fv, Fv, Tv, t)) > 0.

As ¢ is nondecreasing in the first argument, we have

¢<N(TU,TU,FU,t), 1, 1,N(FU,FU,TU,1€)> >0
[As N(z,z,y,t) = N(y,y,z,t)].
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Using (1), we get N(Tv, Tv, Fv,t) > 1for allt > 0. Hence, N(Tv, Tv, Fv,
t) = 1. Thus, Fv=Twv.

This implies Fu = Su = Tv = Fv. The weak compatibility of F' and T
implies that F'T'v =TFv and then TTv =TFv = FTv = FFv.

Now,we will show that Fu is a common fixed point of F, F, .S and T'. In
view of (6) it follows

qS(N(EEu, EBu, Fv, kt), N(SEu, SEu, T, t),
N(EEu, EEu,SEu,t),N(Fv,Fv,Tv,t)> >0
that is,
gb(N(EEu, EBu, Bu, kt), N(EEu, EEu, Eu,t),1, 1) > 0.
As ¢ is nondecreasing in the first argument, we have
¢<N(EEu, EEu, Eu,t), N(EEu, EEu, Bu,t),1, 1) >0

Using (2), we get N(EFEu, EFu, Eu,t) > 1 for all t > 0. Hence, N(EFEu,
EFEu, Fu,t) = 1. Thus, EEu = FEu.

Therefore, Fu = FEu = SEu and Fu is a common fixed point of E
and S. Similarly, we prove that Fv is a common fixed point of F' and T.
Since Fu = F'v, we conclude that Fu is a common fixed point of E, F, S and
T. The proof is similar when T'(X) is assumed to be a complete subspace
of X. The cases in which F(X) or F(X) is a complete subspace of X
are similar to the cases in which T'(X) or S(X) respectively, is complete
since E(X) C T(X),F(X) € S(X). If BEu = Fu = Tu = Su = u and
Ev = Fv = Sv="Tv=v then (6) gives

gi)(N(Eu, Eu, Fv,kt), N(Su, Su,Tv,t), N(Eu, Eu, Su,t),

N(Fu,Fu,Tu,t)) >0

that is,
¢<N(u, u, v, kt), N (u, u,v,t),l,l) > 0.
Using (2), we get N(u,u,v,t) > 1 for all t > 0. Hence, N(u,u,v,t) = 1.
Thus, u = v. Therefore, the common fixed point is unique. |

The following example illustrates our result.

Example 11. Let (X, N,*) be an N-fuzzy metric space as defined in
Example 3. Define E, F,S,T : X — X by

2 if 2 =2 2 if 2 =2
E(x)_{g if 2<a<20’ F<x)_{7 if 2<x<20
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2 ifx=2 2 if x=2
S(x)=4¢ 6 if2<x<10 , T(x)=4¢ 3 if 2<2<10
(x—7) if10 <z <20 (x—3) if 10 <z <20

Then E, F, S and T satisfy all the conditions of Theorem (2) with
k € (0,1) and have a unique common fixed point z = 2. Clearly (F,S5)
and (F,T) are weakly compatible since they commute at their coincidence
points. Let sequence {x,} be defined as x,, = 10 + %, n > 1, then we have

limy, o0 Fz,y, = limy oo Tx,, = 7. Hence, F and T satisfy the property
(E.A.).

Conclusion. In the present study, we introduced the notion of N-fuzzy
metric space, which generalized various fuzzy metric spaces like S-fuzzy
metric space, M-fuzzy metric space, Q-fuzzy metric space, fuzzy 2-metric
space and fuzzy metric space. We also prove a fixed point theorem using
implicit relation, weak compatibility and the property (E.A.). This theorem
extend the well known result of I. Aalam [1] et. al in new structure. Also,
our result does not require either the completeness of the whole space or
continuity of the maps.

We have also defined few more definitions like Pseudo-N F'M space and
Compatible maps, Weak compatible maps, Semi compatible maps and the
property (E.A.) in NFM space.

Acknowledgement. The author is thankful to the referee for their
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paper.

References

[1] AapLam I., KuMAR S., PANT B.D., A common fixed point theorem in fuzzy
metric space, Bulletin of Mathematical Analysis and Applications, 2(4)(2010),
76-82.

[2] ABBAS M., ALTUN 1., GoPAL D., Common fixed point theorems for non
compatible mappings in fuzzy metric spaces, Bulletin of Mathematical Analysis
and Applications, 1(2)(2009), 47-56.

[3] AN T.V., DuNG N.V., KADELBURG Z., RADENOVIC S., Various generaliza-
tions of metric spaces and fixed point theorems, Re vista de la Real Academia
de Ciencias Exactas, Fisicas y Naturales. Serie A. Matematicas (RACSAM),
DOI 10.1007/s13398-014-0173-7.

[4] CHAUHAN S., RADENOVIC S., BHATNAGAR S., Common fixed point theorems
for weakly compatible mappings in fuzzy metric spaces, Le Mathematiche,
LXVIII (2013)-Fasc. I, 87-98 DOI1:10.4418,/2013.68.1.8.

[6) CHAUHAN S., RADENOVIC S., IMDAD M., VETRO C., Some integral type
fixed point theorems in non-archimedean menger PM-spaces with common
property (E.A) and applications of functional equations in dynamic program-



150

[17]

[18]

[19]

[20]

[21]
[22]
[23]
[24]

[25]

NEERAJ MALVIYA

ming, Revista de la Real Academia de Ciencias Eractas, Fisicas y Naturales,
Serie A. Matematicas (RACSAM), 2013, DOI: 10.1007/s13398-013-0142-6.
CHAUHAN S., SHATANAWI W., KUMAR S., RADENOVIC S., Existence and
uniqueness of fixed points in modified intuitionistic fuzzy metric spaces, J.
Nonlinear Sci. Appl., 6(2013), 1-12.

DHAGE B.C., Generalized metric spaces and mapping with fixed points, Bul-
letin of the Calcutta Mathematical Society, 84(1992), 329-336.

DoseNovi¢ T., Raki¢ D., CARI¢ B., RADENOVIC S., Multivalued gener-
alizations of fixed point results in fuzzy metric spaces, Nonlinear Analysis:
Modelling and Control., (accepted for printing).

GAHLERS S., 2-metrische Raume and ihre topologische structure,
Math.Nachr, 26(1963), 115-148.

GAHLERS S., Zur geometric 2-metrische raume, Revue Roumaine Math. Pures
Appl., 11(1966), 665-667.

GEORGE A., VEERAMANI P., On some results in fuzzy metric spaces, Fuzzy
Sets Syst., 64(1994), 395-399.

Ha K.S., CuHo Y.J., WHITE A., Strictly convex and strictly 2-convex
2-normed spaces, Mathematica Japonica, 33(3)(1988), 375-384..

HapZi¢ O., On the (¢, \) topology of probabilistic locally convex spaces,
Glasnik Matematicks I1I, 13(33)(1978), 293-297.

KramosiL O., MICHALEK J., Fuzzy metrics and statistical metric spaces,
Kybernetika, 11(1975), 326-334.

KuMAR S., Common fixed point theorem in fuzzy 2-metric spaces, Uni.Din.
Bacau. Studii Si Cercetiri Sciintifice, Serial: Mathematical, 18(2008), 111-116.
MUSTAFA Z., SIMS B., Some remarks concerning D-metric space, Interna-
tional Conference on Fized Point Theory and Applications, Valencia, Spain,
(2003), 189-198.

MUSTAFA Z., SIMS B., A new approach to generalized metric spaces, Journal
of Nonlinear and Convex Analysis, 7(2)(2006), 289-297.

PatHAK H.K., RoDRIGUEZ-LOPEZ R., VERMA R.K., A common fixed point
theorem using implicit relation and property (E.A.) in metric spaces, Filomat,
21(2)(2007), 211-324.

RADENOVIC S., KADELBURG Z., JANDRLIC D., JANDRLIC A., Some results
on weakly contractive maps, Bulletin of the Iranian Mathematical Society,
38(3)(2012), 625-645.

Rao K.P.R., AruTuN I., HINA BINDU S., Common coupled fixed point the-
orems in generalized fuzzy metric spaces, Advances in Fuzzy Systems, 2011
Article ID 986748, 6 Pages.

SCHWEIZER B., SKLAR A., Satatistical metric space, Pacific J. Math.,
10(1)(1960), 313-334.

SEDGHI S., SHOBE N., Fixed point thoerems in M -fuzzy metric spaces with
property (F), Advances in Fuzzy Mathematics, 1(1)(2006), 55-65.

SEDGHI S., SHOBE N., A common fixed point theorem in two M-fuzzy metric
space, Commun, Korean. Math. Soc., 22(4)(2007), 513-526.

SEDGHI S., SHOBE N., ALIOUCHE A., A generalization of fixed point theo-
rems in S-metric spaces, Mat. Vesnik, 64(3)(2012), 258-266.

SEDGHI S., SHOBE N., ZHOU H., A common fixed point theorem in D*-metric



THE N-FUZZY METRIC SPACES AND MAPPINGS ... 151

spaces, Fized Point Theory and Application, (2007), Article ID 27906, 13
pages.

[26] SHARMA S., On fuzzy metric space, Southeast Asian Bulletin of Mathematics,
26(2002), 133-145.

[27] SINGH B., CHAUHAN M.S., Generalized fuzzy metric spaces and fixed point
theorems, Bull, Cal. Math. Soc., 89(1997), 457- 460.

[28] SINGH B., JAIN S., Semicompatibility and fixed point theorems in fuzzy met-
ric space using implicit relation, International Journal of Mathematics and
Mathematical Sciences, 16(2005), 2617-2629.

[29] SuN G., YANG K., Generalized fuzzy metric spaces with properties, Research
journal of Applied Sciences, Engineering and Technology, 2(7)(2010), 673-678.

NEERAJ MALVIYA
NRI INSTITUTE OF INFORMATION SCIENCE AND TECHNOLOGY
BHOPAL, INDIA

e-magl: maths.neeraj@gmail.com

Received on 17.11.2014 and, in revised form, on 10.10.2015.



