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ABSTRACT. A vector functional differential equation of the fourth
order with multiple deviating arguments is considered. New suf-
ficient conditions are established to guarantee the instability of
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1. Introduction

Time delay as a source of instability often appears in many dynamic sys-
tems, for example, biological systems, chemical systems, metallurgical pro-
cessing systems, nuclear reactor, electrical networks etc.. Many researchers
have paid a lot of attentions on the problem of instability of solutions of
various scalar and vector differential equations of the fourth order with and
without delay, in the literature. In the ordinary case, for some recent results
to the instability of the fourth order differential equations the reader can
refer to Ezeilo [2, 3, 4], Sadek [6], Sun and Hou [7], Tung [8-14, 16] and the
references thereof.

However, to the best of our knowledge from the literature, the instability
of solutions for the vector differential equations of the fourth order with
multiple deviating arguments has not been discussed in the literature. In
this paper, our purpose is to establish a result for the instability in multi
delay functional differential equations of the fourth order.

In ordinary case, some results with respect to the instability of the solu-
tions can be summarized as the following:

First, Sun and Hou [7] took into consideration the scalar differential equa-
tion of the fourth order:

W 4 a)F + ()i + g(a)i + f(z) =0,
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where a1 is a constant. The authors established some sufficient condition,
which guarantee the instability of the solution x = 0 of the above equation.

Later, Tung [14, 16] considered the fourth order vector differential equa-
tions of the form

XW 4+ AX + HX)X +G(X)X + F(X) =0
and s .
XW L AX + HX)X +GX)X +F(X(t—1)) =0

with and without delay, respectively. The author established sufficient con-
dition to guarantee the instability of zero solution of the above differential
equations.

In this paper, we consider the vector differential equation of the fourth
order with multiple constant deviating arguments

1) XW4+AX + HX)X + G(X)X + F(X +ZE (t—m)) =0,

where X € R", 7; are certain positive constants, the fixed delays, t —7; > 0,
A is an n x n— symmetric matrix, H and G are continuous n x n—symmetric
matrices for the arguments displayed explicitly, F' : R* — R", E; : " — R",
F(0) = E;(0) = 0, F and E; are continuous for all their arguments. The
existence and uniqueness of the solutions of Eq. (1) is assumed.

Equation (1) is the vector version for systems of real fourth order non-
linear differential equations of the form:

n
x§4) —|—Zai OCI”—Fthk (2}, ... 20zl
k=1
n
+3gin(@r, . wp)a + filwn, @, )

n
+Zei(‘r1(t—Ti)v"'vwn(t_Ti)):0, i:1,2,...,n.

Instead of Eq. (1), we consider its differential system form

(2) X =Y, Y=2 Z=1,
U=-AU-HY)Z-GX)Y - F(X)

Sy E@+Y [ IV (s

which was obtained by setting X =Y, X = Z, X = U from Eq. (1).
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Let Jg,(X), Jp(X) and J(H (Y)Y |Y) denote the linear operators from
Ei(X), F(X) and H(Y) to

Oeq; Oeni
JEl(X)Z(aJTl) 77JEn(X):<ax>7
J J

o (2

JHYYY) = (af/ > hikyk> — H(Y) + (z o yk) ,
k=1

J k=1 J

and

i,7=1,2,...,n, where (x1,....2n), (Y1,---sYn)s (€1i),---,(€ni)s (f1,--y fn)
and (h;;) are components of X, Y, F;, F and H, respectively. In what
follows, it is assumed that Jg,(X), Jp(X) and J(H(Y)Y |Y) exist and are
symmetric and continuous.

It should also be noted that this work was inspired essentially by the
papers of Tung [14, 15, 16]. We study the theoretical aspect of the subject
and all the papers mentioned above have focused on the special cases of
Eq. (1). This paper is also the first attempt to investigate the instability
to vector functional differential equations of the fourth order with multiple
deviating arguments, and it has a contribution to the subject in the literature
and may be useful for researchers working on the qualitative behaviors of
solutions. Based on Krasovskii’s criterions (see [5]), we prove our main
result.

The symbol (X,Y) corresponding to any pair X, Y in R" stands for
the usual scalar (X,Y)=Y""_ z;y;; thus (X, X) = || X||?, and \(Q), (i =
1,2,...,n), are the eigenvalues of the real symmetric n x n— matrix Q2. The
matrix {2 is said to be negative semi-definite, when (X, X) < 0 for all
nonzero X in R".

2. Main results

Before introduction of the main result, we need the following results.

Lemma 1 (Bellman [1]). Let A be a real symmetric n x n-matriz and
ad>XN(A)>a>0, (i=1,2,...,n),
where a’and a are constants. Then
a (X, X)>(AX, X)>a(X,X)

and

a” (X, X) > (AX, AX) > a® (X, X) .
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Let r > 0 be given, and let C = C([—7, 0], R") with

o[l = max |¢(s)

—r<s<0

, ¢eC.

For H > 0 define Cy C C by
Cun={oeC:|¢| <H}

If 2 :[—r,A) — R™ is continuous, 0 < A < oo, then, for each t in [0, A),
x¢ in C' is defined by

zi(s) =x(t+s), —-r<s<0, t>0.

Let G be an open subset of C' and consider the general autonomous delay
differential system with finite delay

x:F(:ct), xt:a?(t—l—H), —TSQSO,tZO,

where F' : G — R" is continuous and maps closed and bounded sets into
bounded sets. It follows from these conditions on F' that each initial value
problem

t=F(x), zo=¢€G

has a unique solution defined on some interval [0, 4), 0 < A < oco. This
solution will be denoted by x(¢)(-) so that xo(¢) = ¢.

Definition 1. The zero solution, x = 0, of & = F(xy) is stable if for each
e > 0 there exists § = 0(g) > 0 such that ||p|| < § implies that |x(¢)(t)] < e
for allt > 0. The zero solution is said to be unstable if it is not stable.

The main result of this paper is the following theorem.

Theorem 1. In addition to the basic assumptions imposed on A, H,
G, F and E; that appear in Eq. (1), we assume that there exist a negative
constant a1 and positive constants as, a4, o, k, B; and p such that the
following conditions hold:

Ai(A) <ar, F(0) =0, F(X) #0, (X #0), 0 < Xi(Jr(X)) < aq,

and
Ni(G(X)) > a3 forall X € R".
If
* < as
T k+2p’

then the solution X = 0 of Eq. (1) is unstable for arbitrary H(Y').
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Remark 1. It should be noted that there is no sign restriction on eigen-
values of the matrix H(Y") in (2), and it is clear that our assumptions have
a very simple form and the applicability of them can be easily followed.

Proof. Define the Lyapunov-Krasovskii functional V(-) = V(X3,Y:, Zt,
Ut)t

V() = —(AY, Z) — (v, U)+%<Z, A

1 1
—/ a(H(aY)Y,Y)dU—/ (F(0cX),X)do
0

0
1 n 0 t
_/ Z<Ei(aX),X>da—k/ / 1Y (0] dods
0 ;=1 -1 Jt+s
n 0
_Zki
=1

where k and k; are certain positive constants to be determined later.
It follows that V'(0,0,0,0) = 0.
Let

t
/ |V(6)|1? dods,
t+s

—T;

8_:(631,...,83n)
so that
B 1 1. 9
V(0,0,&,O) = 5 <558> = 5 ||5|| >0

for all arbitrary € # 0, € € R™. Thus, the functional V(-) satisfies the
property (K1) of Krasovskii [5].

Let (X,Y,Z,U)=(X(t),Y(t),Z(t),U(t)) be an arbitrary solution of (2).
The time derivative of V'(-) along (2) gives

%V() = —(AZ,Z2) + (G(X)Y,)Y) - < /ti Jr(X(s))Y (s)ds,Y >
- < Z/ Jg, (X (s))Y (s)ds, Y > —kr ||V ]?
i=1 7T

t n
k / Y OI2do - (kirs) V]2
=1

-7

n t
+ 3 k:/ 1Y ()2 do.
=1

t—T;

It can be easily seen that

- </t Jr(X(5)Y (s)ds,Y > > —||Y]

—T

/t Jr(X ()Y (s)ds

—T
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IR

t
> —Vnag[[Y] [ [[Y(s)llds

t—T

> —vnayg ||Y]| ds

> —gviar [ (YOI + Y )P

t—1

1 1 !
> —SVnar Y - 2ﬁm4/ 1Y (5)]1? ds

t—1

and

< [ InxE@YEdsY >z Y| [ s XY (e

t—; t—T;

t

> —vas vl [ v as
t

> —v/nBi|[Y] a Y (s)lids

1 t
> —zx/ﬁﬂi/ (Y O + 1Y ()]*)ds
t—T;

1 1 t
> VB V1P = Svasi[ IV (s)]* ds
t—T;

so that
SV() 2 ~(AZ,2) + (COOYY) — viasr Y]
1 n n
— 5\@2(@‘%‘) VP =k [Y)> = (ki) [V

=1 i=1

+ (k= gviar) [ YG)IRds

t—1

n n ¢
+ () ki %\/EZ&) /t_ Y ()| do
=1 i=1 Ti

1 n
2
—ay [|Z]" + {as — (Z(km) + k7 + 2\/752;51'73

=1

v

+ gV} VI + (k= gvia) [ ()| ds

+ (Z ki — ;\/ﬁﬁz)/ 1Y (s)]|? ds.
i=1 t—T7;
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Then, using the estimate 7" = max(7;, 7), we get

SV 2 —ar |22 + fas — (3 ki bk + 5V > (5 + a)r ) VP
=1 =1

(k= gviag) [ V() s

-7

+ (Z ki — %\/ﬁ(cu + 51)/ 1Y (s))? ds.
i=1 t

Let
n 1 n
p= Zlkz and o= 2\/5(2@' + ay).
Then, we have
d 2 * 2
7V ) 2 —allZ|" +{as = (p+ k+ o)}V
1 t t
+ (k= pvia) [ YRt (o-a) [ V)P ds
t—1 t—T
Let 1
k= 5%@4, p=oa.
Hence d
5V ()2 —a 1Z1% + (a3 — (k+ 2p)7) [IY[|*.
If 7% < 22—, then we have for some positive constant k* that

k+2p°

d 2
—V(Q) >k Y]* > 0.
Ly(y =k P >
Then, it follows that the functional V'(-) satisfies the property (K3) of
Krasovskii [5].
On the other hand, it follows that

Hence
X=¢ Y=2=U=0.

Replacing the above estimates in (2), we get that F(§) + E;(§) = 0. By
the assumptions of the theorem, it follows that

F(&) + Ei(§) =0 € =0,
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Then, we conclude that
X=Y=Z=U=0 forall t>0.

Hence, the functional V(.) satisfies the property (K3) of Krasovskii [5].
The proof of the theorem is completed. |

Example 1. In a special case of Eq. (1), for n = 2, we choose

=17
G(X) 5+8+1m% 5+?jmg ] |
roo=| 3]
Bx(e-m)) = | 27T
e BxX(t-m) = | 307 .

Then, by an easy calculation, we obtain

and

so that
)\z(A) § —4 = ai,

)\Z(G) >5=ua3 >0,
0< )\Z(JF(X)) <3 = ay,



and

If
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0< )\i(JEl(X)) <2= Bla

* as as )

< = n - 9
kE+2p  k+vn(X i, Bitas) 212

then all the conditions of the Theorem 1 hold.

References

[1]

BELLMAN R., Introduction to matriz analysis, Reprint of the second (1970)
edition. With a foreword by Gene Golub. Classics in Applied Mathematics, 19.
Society for Industrial and Applied Mathematics (placecountry-regionSIAM),
CityplacePhiladelphia, StatePA, 1997.

EzemLo J.0.C., An instability theorem for a certain fourth order differential
equation, Bull. London Math. Soc., 10(2)(1978), 184-185.

EzemLo J.O.C., Extension of certain instability theorems for some fourth and
fifth order differential equations, Atti. Accad. Naz. Lincei. Rend. Cl. Sci. Fis.
Mat. Natur., (8)66(4)(1979), 239-242.

EzeiLo J.O.C., Further instability theorems for some fourth order differential
equations, J. Nigerian Mathematical Society, 19(2000), 1-7.

Krasovskil N.N., On conditions of inversion of A. M. Lyapunov’s theorems
on instability for stationary systems of differential equations (Russian), Dokl.
Akad. Nauk. SSSR (N.S.), 101(1955), 17-20.

SADEK A.IL., Instability results for certain systems of fourth and fifth order
differential equations, Appl. Math. Comput., 145(2-3)(2003), 541-549.

Sun W.J., Hou X, New results about instability of some fourth and fifth
order nonlinear systems (Chinese), J. Xinjiang Univ. Natur. Sci., 16(4)(1999),
14-17.

Tung C., An instability theorem for a certain vector differential equation of
the fourth order, J. Inequal. Pure Appl. Math., 5(1)(2004), 1-5.

Tung C., A further instability result for a certain vector differential equation
of fourth order, Int. J. Math. Game Theory Algebra, 15(5)(2006), 489-495.
Tung C., Instability of solutions for certain nonlinear vector differential equa-
tions of fourth order, Nonlinear Oscil. (N. Y.), 12(1)(2009), 120-129.

TuNg C., On the instability of the solutions of some nonlinear vector differ-
ential equations of fourth order, Miskolc Math. Notes, 11(2)(2010), 191-200.
Tung C., Recent advances on instability of solutions of fourth and fifth order
delay differential equations with some open problems, World Scientific Review,
Vol. 9, World Scientific Series on Nonlinear Science Series B (Book Series),
(2011), 105-116.

TuNg C., On the instability of solutions of nonlinear delay differential equa-
tions of fourth and fifth order, Sains Malaysiana, 40(12)(2011), 1455-1459.
Tung C., On the instability of solutions of a nonlinear vector differential
equation of fourth order, Ann. Differential Equations, 27(4)(2011), 418-421.



198 CEMIL TUNG

[15] Tung C., Instability for nonlinear differential equations of fifth order subject
to delay, Nonlinear Dyn. Syst. Theory, 12(2)(2012), 207-214.

[16] Tung C., Instability to nonlinear vector differential equations of fourth order
with constant delay, Sains Malaysiana, 42(7)(2013).

CEMIL TUNg
DEPARTMENT OF MATHEMATICS
FACULTY OF SCIENCES
YUzUNCU YIL UNIVERSITY
65080, VAN, TURKEY

e-mail: cemtunc@yahoo.com

Received on 04.11.2013 and, in revised form, on 19.11.2015.



