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Abstract. A vector functional differential equation of the fourth
order with multiple deviating arguments is considered. New suf-
ficient conditions are established to guarantee the instability of
the zero solution of the equation to be considered. We give an
example to illustrate the subject.
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1. Introduction

Time delay as a source of instability often appears in many dynamic sys-
tems, for example, biological systems, chemical systems, metallurgical pro-
cessing systems, nuclear reactor, electrical networks etc.. Many researchers
have paid a lot of attentions on the problem of instability of solutions of
various scalar and vector differential equations of the fourth order with and
without delay, in the literature. In the ordinary case, for some recent results
to the instability of the fourth order differential equations the reader can
refer to Ezeilo [2, 3, 4], Sadek [6], Sun and Hou [7], Tunç [8-14, 16] and the
references thereof.

However, to the best of our knowledge from the literature, the instability
of solutions for the vector differential equations of the fourth order with
multiple deviating arguments has not been discussed in the literature. In
this paper, our purpose is to establish a result for the instability in multi
delay functional differential equations of the fourth order.

In ordinary case, some results with respect to the instability of the solu-
tions can be summarized as the following:

First, Sun and Hou [7] took into consideration the scalar differential equa-
tion of the fourth order:

x(4) + a1
...
x + h(ẋ)ẍ+ g(x)ẋ+ f(x) = 0,
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where a1 is a constant. The authors established some sufficient condition,
which guarantee the instability of the solution x = 0 of the above equation.

Later, Tunç [14, 16] considered the fourth order vector differential equa-
tions of the form

X(4) +A
...
X +H(Ẋ)Ẍ +G(X)Ẋ + F (X) = 0

and
X(4) +A

...
X +H(Ẋ)Ẍ +G(X)Ẋ + F (X(t− τ)) = 0

with and without delay, respectively. The author established sufficient con-
dition to guarantee the instability of zero solution of the above differential
equations.

In this paper, we consider the vector differential equation of the fourth
order with multiple constant deviating arguments

(1) X(4) +A
...
X +H(Ẋ)Ẍ +G(X)Ẋ + F (X) +

n∑
i=1

Ei(X(t− τi)) = 0,

where X ∈ <n, τi are certain positive constants, the fixed delays, t− τi > 0,
A is an n×n− symmetric matrix, H and G are continuous n×n−symmetric
matrices for the arguments displayed explicitly, F : <n → <n, Ei : <n → <n,
F (0) = Ei(0) = 0, F and Ei are continuous for all their arguments. The
existence and uniqueness of the solutions of Eq. (1) is assumed.

Equation (1) is the vector version for systems of real fourth order non-
linear differential equations of the form:

x
(4)
i +

n∑
k=1

aikx
′′′
k +

n∑
k=1

hik(x
′
1, . . . , x

′
n)x′′k

+
n∑
k=1

gik(x1, . . . , xn)x′k + fi(x1, x2, . . . , xn)

+
n∑
i=1

ei(x1(t− τi), . . . , xn(t− τi)) = 0, i = 1, 2, . . . , n.

Instead of Eq. (1), we consider its differential system form

Ẋ = Y, Ẏ = Z, Ż = U,(2)

U̇ = − AU −H(Y )Z −G(X)Y − F (X)

−
n∑
i=1

Ei(X) +
n∑
i=1

∫ t

t−τi
JEi(X(s))Y (s)ds,

which was obtained by setting Ẋ = Y , Ẍ = Z,
...
X = U from Eq. (1).
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Let JEi(X), JF (X) and J(H(Y )Y |Y ) denote the linear operators from
Ei(X), F (X) and H(Y ) to

JE1(X) =

(
∂e1i
∂xj

)
, . . . , JEn(X) =

(
∂eni
∂xj

)
,

JF (X) =

(
∂fi
∂xj

)
and

J(H(Y )Y |Y ) =

(
∂

∂yj

n∑
k=1

hikyk

)
= H(Y ) +

(
n∑
k=1

∂hik
∂yj

yk

)
,

i, j = 1, 2, . . . , n, where (x1, ..., xn), (y1, . . . , yn), (e1i), . . . , (eni), (f1, . . . , fn)
and (hik) are components of X, Y , Ei, F and H, respectively. In what
follows, it is assumed that JEi(X), JF (X) and J(H(Y )Y |Y ) exist and are
symmetric and continuous.

It should also be noted that this work was inspired essentially by the
papers of Tunç [14, 15, 16]. We study the theoretical aspect of the subject
and all the papers mentioned above have focused on the special cases of
Eq. (1). This paper is also the first attempt to investigate the instability
to vector functional differential equations of the fourth order with multiple
deviating arguments, and it has a contribution to the subject in the literature
and may be useful for researchers working on the qualitative behaviors of
solutions. Based on Krasovskii’s criterions (see [5]), we prove our main
result.

The symbol 〈X,Y 〉 corresponding to any pair X, Y in <n stands for
the usual scalar 〈X,Y 〉=

∑n
i=1 xiyi; thus 〈X,X〉 = ‖X‖2, and λi(Ω), (i =

1, 2, . . . , n), are the eigenvalues of the real symmetric n×n− matrix Ω. The
matrix Ω is said to be negative semi-definite, when 〈ΩX,X〉 ≤ 0 for all
nonzero X in <n.

2. Main results

Before introduction of the main result, we need the following results.

Lemma 1 (Bellman [1]). Let A be a real symmetric n× n-matrix and

a′ ≥ λi(A) ≥ a > 0, (i = 1, 2, . . . , n),

where a′and a are constants. Then

a′ 〈X,X〉 ≥ 〈AX,X〉 ≥ a 〈X,X〉

and
a′

2 〈X,X〉 ≥ 〈AX,AX〉 ≥ a2 〈X,X〉 .
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Let r ≥ 0 be given, and let C = C([−r, 0],<n) with

‖φ‖ = max
−r≤s≤0

|φ(s)| , φ ∈ C.

For H > 0 define CH ⊂ C by

CH = {φ ∈ C : ‖φ‖ < H}.

If x : [−r,A) → <n is continuous, 0 < A ≤ ∞, then, for each t in [0, A),
xt in C is defined by

xt(s) = x(t+ s), −r ≤ s ≤ 0, t ≥ 0.

Let G be an open subset of C and consider the general autonomous delay
differential system with finite delay

ẋ = F (xt), xt = x(t+ θ), −r ≤ θ ≤ 0, t ≥ 0,

where F : G → <n is continuous and maps closed and bounded sets into
bounded sets. It follows from these conditions on F that each initial value
problem

ẋ = F (xt), x0 = φ ∈ G

has a unique solution defined on some interval [0, A), 0 < A ≤ ∞. This
solution will be denoted by x(φ)(·) so that x0(φ) = φ.

Definition 1. The zero solution, x = 0, of ẋ = F (xt) is stable if for each
ε > 0 there exists δ = δ(ε) > 0 such that ‖φ‖ < δ implies that |x(φ)(t)| < ε
for all t ≥ 0. The zero solution is said to be unstable if it is not stable.

The main result of this paper is the following theorem.

Theorem 1. In addition to the basic assumptions imposed on A, H,
G, F and Ei that appear in Eq. (1), we assume that there exist a negative
constant a1 and positive constants a3, a4, αi, k, βi and ρ such that the
following conditions hold:

λi(A) ≤ a1, F (0) = 0, F (X) 6= 0, (X 6= 0), 0 < λi(JF (X)) ≤ a4,

Ei(0) = 0, Ei(X) 6= 0, (X 6= 0), 0 < λi(JEi(X)) ≤ βi
and

λi(G(X)) ≥ a3 for all X ∈ <n.

If

τ∗ <
a3

k + 2ρ
,

then the solution X = 0 of Eq. (1) is unstable for arbitrary H(Y ).
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Remark 1. It should be noted that there is no sign restriction on eigen-
values of the matrix H(Y ) in (2), and it is clear that our assumptions have
a very simple form and the applicability of them can be easily followed.

Proof. Define the Lyapunov-Krasovskii functional V (·) = V (Xt, Yt, Zt,
Ut):

V (·) = −〈AY,Z〉 − 〈Y, U〉+
1

2
〈Z,Z〉

−
∫ 1

0
σ 〈H(σY )Y, Y 〉 dσ −

∫ 1

0
〈F (σX), X〉 dσ

−
∫ 1

0

n∑
i=1

〈Ei(σX), X〉 dσ − k
∫ 0

−τ

∫ t

t+s
‖Y (θ)‖2 dθds

−
n∑
i=1

ki

∫ 0

−τi

∫ t

t+s
‖Y (θ)‖2 dθds,

where k and ki are certain positive constants to be determined later.
It follows that V (0, 0, 0, 0) = 0.
Let

ε̄ = (ε31, . . . , ε3n)

so that

V (0, 0, ε̄, 0) =
1

2
〈ε̄, ε̄〉 =

1

2
‖ε̄‖2 > 0

for all arbitrary ε̄ 6= 0, ε̄ ∈ <n. Thus, the functional V (·) satisfies the
property (K1) of Krasovskii [5].

Let (X,Y, Z, U)=(X(t), Y (t), Z(t), U(t)) be an arbitrary solution of (2).
The time derivative of V (·) along (2) gives

d

dt
V (·) = −〈AZ,Z〉+ 〈G(X)Y, Y 〉− <

∫ t

t−τ
JF (X(s))Y (s)ds, Y >

− <

n∑
i=1

∫ t

t−τi
JEi(X(s))Y (s)ds, Y > −kτ ‖Y ‖2

+ k

∫ t

t−τ
‖Y (θ)‖2 dθ −

n∑
i=1

(kiτi) ‖Y ‖2

+

n∑
i=1

ki

∫ t

t−τi
‖Y (θ)‖2 dθ.

It can be easily seen that

− <
∫ t

t−τ
JF (X(s))Y (s)ds, Y > ≥ −‖Y ‖

∥∥∥∥∫ t

t−τ
JF (X(s))Y (s)ds

∥∥∥∥
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≥ −
√
na4 ‖Y ‖

∥∥∥∥∫ t

t−τ
Y (s)

∥∥∥∥ ds
≥ −
√
na4 ‖Y ‖

∫ t

t−τ
‖Y (s)‖ ds

≥ −1

2

√
na4

∫ t

t−τ
(‖Y (t)‖2 + ‖Y (s)‖2)ds

≥ −1

2

√
na4τ ‖Y ‖2 −

1

2

√
na4

∫ t

t−τ
‖Y (s)‖2 ds

and

<

∫ t

t−τi
JEi(X(s))Y (s)ds, Y > ≥ −‖Y ‖

∥∥∥∥∫ t

t−τi
JEi(X(s))Y (s)ds

∥∥∥∥
≥ −
√
nβi ‖Y ‖

∥∥∥∥∫ t

t−τi
Y (s)

∥∥∥∥ ds
≥ −
√
nβi ‖Y ‖

∫ t

t−τi
‖Y (s)‖ ds

≥ −1

2

√
nβi

∫ t

t−τi
(‖Y (t)‖2 + ‖Y (s)‖2)ds

≥ −1

2

√
nβiτi ‖Y ‖2 −

1

2

√
nβi

∫ t

t−τi
‖Y (s)‖2 ds

so that

d

dt
V (·) ≥ −〈AZ,Z〉+ 〈G(X)Y, Y 〉 − 1

2

√
na4τ ‖Y ‖2

− 1

2

√
n

n∑
i=1

(βiτi) ‖Y ‖2 − kτ ‖Y ‖2 −
n∑
i=1

(kiτi) ‖Y ‖2

+ (k − 1

2

√
na4)

∫ t

t−τ
‖Y (s)‖2 ds

+ (

n∑
i=1

ki −
1

2

√
n

n∑
i=1

βi)

∫ t

t−τi
‖Y (θ)‖2 dθ

≥ −a1 ‖Z‖2 + {a3 − (
n∑
i=1

(kiτi) + kτ +
1

2

√
n

n∑
i=1

βiτi

+
1

2

√
na4τ)} ‖Y ‖2 + (k − 1

2

√
na4)

∫ t

t−τ
‖Y (s)‖2 ds

+ (

n∑
i=1

ki −
1

2

√
nβi)

∫ t

t−τi
‖Y (s)‖2 ds.
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Then, using the estimate τ∗ = max(τi, τ), we get

d

dt
V (·) ≥ −a1 ‖Z‖2 + {a3 − (

n∑
i=1

ki + k +
1

2

√
n

n∑
i=1

(βi + a4))τ
∗} ‖Y ‖2

+ (k − 1

2

√
na4)

∫ t

t−τ
‖Y (s)‖2 ds

+ (

n∑
i=1

ki −
1

2

√
n(a4 + βi)

∫ t

t−τ
‖Y (s)‖2 ds.

Let

ρ =

n∑
i=1

ki and σ =
1

2

√
n(

n∑
i=1

βi + a4).

Then, we have

d

dt
V (·) ≥ −a1 ‖Z‖2 + {a3 − (ρ+ k + σ)τ∗} ‖Y ‖2

+ (k − 1

2

√
na4)

∫ t

t−τ
‖Y (s)‖2 ds+ (ρ− σ)

∫ t

t−τ
‖Y (s)‖2 ds.

Let

k =
1

2

√
na4, ρ = σ.

Hence
d

dt
V (·) ≥ −a1 ‖Z‖2 + (a3 − (k + 2ρ)τ∗) ‖Y ‖2 .

If τ∗ < a3
k+2ρ , then we have for some positive constant k∗ that

d

dt
V (·) ≥ k∗ ‖Y ‖2 ≥ 0.

Then, it follows that the functional V (·) satisfies the property (K2) of
Krasovskii [5].

On the other hand, it follows that

d

dt
V (·) = 0⇔ Y = Ẋ, Z = Ẏ = 0, U = Ż = 0 for all t ≥ 0.

Hence
X = ξ, Y = Z = U = 0.

Replacing the above estimates in (2), we get that F (ξ) + Ei(ξ) = 0. By
the assumptions of the theorem, it follows that

F (ξ) + Ei(ξ) = 0⇔ ξ = 0.
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Then, we conclude that

X = Y = Z = U = 0 for all t ≥ 0.

Hence, the functional V (.) satisfies the property (K3) of Krasovskii [5].
The proof of the theorem is completed. �

Example 1. In a special case of Eq. (1), for n = 2, we choose

A =

[
−6 2
2 −6

]
,

G(X) =

[
5 + 1

1+x21
0

0 5 + 1
1+x22

]
,

F (X) =

[
3x1
2x2

]
,

E1(X(t− τ1)) =

[
2x1(t− τ1)
x2(t− τ1)

]
and

E2(X(t− τ2)) =

[
4x1(t− τ2)
3x2(t− τ2)

]
.

Then, by an easy calculation, we obtain

λ1(A) = −4, λ2(A) = −8,

λ1(G) = 5 +
1

1 + x21
, λ2(G) = 5 +

1

1 + x22
,

JF (X) =

[
3 0
0 2

]
,

JE1(X) =

[
2 0
0 1

]
and

JE2(X) =

[
4 0
0 3

]
so that

λi(A) ≤ −4 = a1,

λi(G) ≥ 5 = a3 > 0,

0 < λi(JF (X)) ≤ 3 = a4,
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0 < λi(JE1(X)) ≤ 2 = β1,

and
0 < λi(JE2(X)) ≤ 4 = β2, (i = 1, 2).

If

τ∗ <
a3

k + 2ρ
=

a3
k +
√
n(
∑n

i=1 βi + a4)
=

5

21
√

2
,

then all the conditions of the Theorem 1 hold.
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