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ABSTRACT. In this paper, new forms of Ostrowski type inequali-
ties are established for a general class of fractional integral opera-
tors. The main results are used to derive Ostrowski type inequal-
ities involving the familiar Riemann-Liouville fractional integral
operators and other important integral operators. We further ob-
tain similar types of inequalities for the integral operators whose
kernels are the Fox-Wright generalized hypergeometric function.
Several consequences and special cases of some of the results in-
cluding applications to Stolarsky’s means are also pointed out.
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1. Introduction

In 1938, Ostrowski [10] proved the following integral inequality.
Theorem 1. Let f : [a,b] — R be a differentiable mapping on (a,b). If
|f' ()] < M for all x € [a,b], then the following inequality holds:

W et [ <ae-o

1
1 b-ap

for all x € [a,b]. The constant i s the best possible in the sense that it
cannot be replaced by a smaller constant.

After Ostrowski’s original paper, first papers with applications in nu-
merical integration were appeared about 40 years later (see [8] and [9]), but
much later an explosion on this subject has happened. In recent years, many
generalizations, improvements and variants of the Ostrowski inequality have
appeared in the literature (see, for example [1], [2], [4] and [19]).
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In the present investigation, we focus on some new variants of the Os-
trowski inequality (1), that is, the Ostrowski type inequalities for the frac-
tional integral operators. The Ostrowski type inequalities for the Riemann-
Liouville fractional integrals have been considered by many authors and for
such related results, we refer the reader to the recent works in [12], [13] and
[14]. The inequalities involving more general fractional integral operators
have also been considered in [20]. Since work in this direction has gained
much attention, we attempt to establish a general formulation in this article
such that the essential facts covered by different fractional integrals become
more clear and the implications yield certain new inequalities.

We first give here some definitions and properties of a class of new frac-
tional integral operators which will serve as the fundamental tool for our
investigation. In [11], Raina studied a class of functions defined formally by

@) Fal) = F0 0 @) =y 2

o k
T ok (p, A > 0;]a] <R),
= T(pk+ )

where the coefficients o (k) (k € No =NU{0}) is a bounded sequence of
positive real numbers and R is the set of real numbers. With the help of
(2), Raina defined the following left-sided fractional integral operator:

B (Fnarwe) () = /m (@ = Foalw (@ =) )e () dt (z > a),

where \,p > 0, w € R, and ¢ (¢) is such that the integral on the right side
exists. In this paper, we define the correspondingly right-sided fractional
integral operator by

b
@) () @ = [ =0 F =)o () dt (0 <),

where A\, p > 0, w € R, and ¢ (t) is such that the integral on the right side
exists.
It is easy to verify that J P4

ratw and T, ; \b—.w are bounded integral op-
erators on L (a,b), if

(5) M= Fyyj1 [w (b —a)’] < 0.
In fact, for ¢ € L (a,b), we have

(6) ng,k,aﬁw(pm <M(b - G)A H‘P”l

(7) HJU’A,b_;wsO!h < m(b_a))\H@”M
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lel, = ( / "l dt>’1’ |

The importance of these operators stems indeed from their generality.
Many useful fractional integral operators can be obtained by specializing the
coefficient o (k). Here, we just point out that the classical Riemann-Liouville
fractional integrals I, and I;* of order o defined by (see, [7, p. 69])

where

8) (%) (x) = F(la) /w (@=L oB)dt (¢>a a>0)
and

b
(9) (L) (z) = F(la)/ (t—x)* Lo (t)dt (z<b; a>0)

follow easily by setting
(10) A=a, 0(0)=1, and w=0

in (3) and (4), and the boundedness of (8) and (9) on L(a, b) is also inherited
from (6) and (7). Other useful fractional integral operators and their related
Ostrowski type inequalities will be considered in Section 3.

2. Osrowski type inequalities for J7, ..., and J7,, .,

In order to prove the main theorems, we need the following lemma.

Lemma 1. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) with
a < b such that |¢' (x)] < M for every x € [a,b] and A > 0. Then

(11) (KX (b—z) + K5 (2 — a)] ¢ (x)
- [(\Z?,A,xﬁw@) (b) + (jpg,)\,a:f;wgo) (a)]
= (j;,-)\—&—l,x—;wgpl) (a) - (j;:-)\+1,x+;w30/) (b)
and
(12)  [KX(b—2) + K (z —a)] ¢ (x)
- [(jg)\,x-ﬁ—;w(p) (b) + (j;g)\,x—;wso) (CL)]

1
— (o — ) / PFS o [w (@ — ) 17 (tz + (1 — t)a)
0
1
() / PFS oy o (b — )P 9] (b + (1 — £) D),
0

where, and in what follows, we define

(13) K5 (z = y) == (z = 9)* Foasa [w(z = 9)°).



8 Ravi P. AGARWAL, MIN-JIE Luo AND R.K. RAINA

Proof. It is fairly easy to verify that

_% {(b_t))\fg,)\-kl [W(b—t)p]} = (b—t))‘_1 ;A [w (b—t)p],

Consequently, by integration by parts, we have
b -1
(1) (Tnard) ) = [ 0= 0 Fa o = 00 (0)de
b
S UL (A O

= — WO F w1 b

xT

b
+ / (b=t Foypy lw (b— )] (t)dt
= (@) (b— 2 Fpp [ (b— 2]
b
+ / (bt Fooy [w (b — 1)) () dt

= () (b—2)* Fypy [w(b— )]
+ (ng+1,x+;w90’) (b).

Similarly, using again integration by parts, and noting that
-0 o o — )]} = (= 0P P (- a)?
a —a pA+1 wit —a - 7@) p,)\[(“)( 70’) ]a

we find that

(15)  (Fra—wt) (@) = /%(t—a)A_1 o lw (t—a)Tp (1) dt

o RS AR GO

= ¢ (@) (@ = a)* Frp [ (@ = a)’]
— (Tas1,0-0¥) (@)

From (14) and (15), we obtain (11) immediately.
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The proof of (12) is analogous to that of (11). By applying integrating
by parts, we have

1
(16) /0 PFS o o (e — a) 7] ¢ (t + (1~ ) a) dt
1 X — a
- [[0F o —apeja {000}

ptex+(1—-1t)a) !

r—a

= " Fp a1 lw (@ — a) ¢/]

0

/01 o (tr+(1—1t)a) t)‘*lfg/\ [w(z —a)’tP]dt

(x—a a
o p(z) 1
e

= ;;,A—i—l [w (‘T —a A1 (j/:)\,z—;wso) (a) )

which (after rearrangement) gives the following identity:

1
(z —a)™! /0 t’\]:;)\H [w(z—a)’t’] ¢ (tx+ (1 —t)a)dt

(17) = (2= a)* F i (@ — )] (2) = (T xamw?) (a) -

The same above evaluation of (17) in similar manner also gives

(18) (b— :C)AH /1 t>‘}"g7>\+1 [w(—2)’ ) (tr + (1 —t)a)dt
0

= —(b—2) Foap [w (b —2)Te (@) + (T)n prw) (0).

Now adding (17) and (18) and using the notation (13), we obtain the desired
result. This completes the proof. |

We also need the following convexity concept (see [1] and [14]).

Definition 1. A function f : [0,00) — R is said to be s-convex in the
second sense if

(19) fAz+ 1 =Ny) <Nf(2)+ 1 -X1)"f()
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for all x,y € [0,00), A € [0,1] and for some fized s € (0,1].

Evidently, the s-convexity reduces to the ordinary convexity for s = 1.
Using Lemma 1 and the s-convexity, we obtain the following Ostrowski
type fractional integral inequalities.

Theorem 2. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) with
a < b such that |¢'| < M, then for all x € [a,b] and A > 0:

(20) K3 (0 — ) + K5 (x — a)] ¢ (z)
- [( )\x—i-w(p) (b) ( PN T— w(p)( )”
<M [KS4 (2 —a) + K54y (0—2)].

If, in addition, |¢'| is s-convex in the second sense on [a,b] for some
s € (0,1], then the following inequality for fractional integral operators with
A > 0 holds:

(21) [[KS (b —2) + KX (& — a)] ¢ (x)
— [(Trzrw®) 0) + (T xamw®) (@)]]

w Kiisir (@ —a) K34, (0—2)
Ll = b—ay
K a K5 b—x
+T(s+1) [’gp’(a "\Jr(‘:rl_(cos)—l—‘go (b)‘% ,
where o1 s given by
(22) o1z o1 (k) im0 (k) LR EATSED gy

I'(pk+X+1)

Proof. We first prove the inequality (20). By using (11) and the property
that |¢'| < M, we have

(23) K3 (b — ) + KS (2 — a)] ¢ (2)
- [(‘-7/;7)\ T+ w()@) ( PAT— wgp) ( )] ‘
< |( pyA+1,z— w(p/) a ‘ + ‘( pA+1,x+; w® ) (b)‘

SM{/m (t—a)* oy [ (t — a)] dt
b
+/ (b=t For [w(b—t)p]dt},

where the positivity of 7 , [w (t — a)”] follows from the constraints imposed
in (2).
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The last two integrals on the right side of (23) can be evaluated by
term-wise integration, and we have

) [ (=0 R ot -0t = (= ) Rl — o))
= K34 (x—a)
and
b
29) [ 0-0Frulw - 071t = 0 -0 F b))
:’CKH (b—x).

On substituting (24) and (25) into (23), we obtain the desired inequality
(20).

The proof of (21) is similar. By using (12) and the s-convexity of |¢'|,
we have

(26) [[KS(b—2) + K5 (z—a)] e (z)
- [(jpcf/\,x-i- ng) (b) + (prf)\,x—;wgp) (a)] ’

S(:p—a))‘Jrl/O PF i [w (@ —a)’ 7] |@ (t + (1 — t)a)| dt
+ (b— )A“/ AT ap1 [w (b — )’ 7] | (ta + (1 —t)b)| dt
(z— )™ ¢ (2 \/t’\“}""/\ﬂ [w(z — a)” tF] dt
+(x—@M1W%@L/tﬂl—ﬁﬁ?Mﬂw@—aWﬁNt
/\H‘SO }/ t>\+s]_—aA+I [w(b— )’ 7] dt

@“W¢@MAz%a—wngﬂw@—@%qa.

It follows upon using the term-wise integration that

(27) / M FI L w(z—a)PtP]dt = i o (k) w* (z — o) /1 RIS
0 oo = T(pk+A+1) Jo

o (k)w* (2 —a) T (ph+ A +5+1)
T(pk+A+1) T(phtrtst2)
o1 (k) WP (m—a)pk
T (pk + A+ 5+2)

B
Il

0

Y

'\,.]

Z,A—l—s-‘,—Q [w (1" - a)p] )
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where the coefficient o} is given by (22).
1
(28) / P (L= 1) Foo [ (e — @) 9] dt
0

o (R ek (z—a)* ! s
_kzo T(pk+A+1) /Otpw(l_t) a
o (k)wF (2 —a)" T (pk+ A+ 1)T (s +1)
L(pk+X+1) T(pk+A+s+2)

o

=0

>, o (k) w* (z — a)™*
P(S+1)kzof(pk+>\+s+2)

:F(S+1)F;A+S+2[w(x—a)p].

In an analogous manner by using (2), we are easily lead to

(29) /0 P F T w (b= )P ] dE = FPA L [w (b — )]
and
1
(30) [ 0=0° B o - oy ear
0
=T (s+1) Fyrjuqe w(b—2)7],

where o7 (as before) is given by (22).
From (26) to (30), we get

[Kx(b—2) + Kx (2 = a)l ¢ () = [(Tgrzrw?) (0) + (T o) (@)]]

< (l‘ - )\+1 ‘90 x)l ‘Fp A-s5+42 [ (x - a)p]

+ (z - GAH\SD (a)|T (s +1) p)\+s+2[w(x_a)p]

+ (=) | ()] Fongstz [ (b—2)’]

+ (-2 ()| T 5+1)]:p/\+s+2 w (b — )]
— 1o (z K"K}FHI( a) (s K§+s+1( —a)
=¥ @) (x —a)’ L+ D] (@) (x—a)’

' Kﬁ-s—yl (b—z) s , Aks+1 (b—m)
+\¢()\—(b_$)s +T(s+1) |¢ ()] b

which is (21). This completes the proof of our theorem. [
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Theorem 3. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) such
that |¢'| < M and let p; > 1 (i = 1,2, 3) with p% + p% + p% = 1. Then the
following Ostrowski type fractional integral inequality holds:

(31) K5 (b—2) + KS (z — a)] ¢ ()
- [(*7;:)\,1’4-;0.180) (b) + ( PN T— w(to) ( )”

R
(:U o a) P2 r3
< s 1)% A (z;p3) HSD’le,[a,w]
D2 2
S ETRE
b — P2 P3
+ ( (A )+ 1) B (2:03) '], oy
P2 ’
where
1
p
- </’ 7 1w x—aywpda
and

(33) ( / 7w (b— x)f’tf’]’)dt);

Moreover, if we require that |¢'|? is s-convex in the second sense on |a, D]
for some fized s € (0,1] and g > 1, then we have the following inequality:

(34) |[KS (b — ) + K5 (z — a)] ¢ (z)
- [(jpct)\,ac—&-;w(p) + (‘-7 A x— w(,O) ( )”

r— a1 pi 5
< ( ) < 1 > H‘p )’p?’—l—’cp'(a)‘p?’]%gl(ﬂs;pg)

(1+Mmm I+s
JPRPES! L N
+((1b+A)) (1is> [l¢" @[ + &/ )] B (;p2)
p1)?

where A (x;p) and B (x;p) are defined, respectively, by (32) and (33).

Proof. The proofs of inequalities (31) and (34) mainly depend on the
Hoélder inequality for three functions, viz.

(35) 1fghlly < 11, llglly, 1Rl
where p; € (1,00) (i = 1,2,3) and

1 1 1

— =1

b1 P2 D3
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We first prove the inequality (31). From the identity (12), it is easy to
find that

(36)  [[KS(b—2)+ K (z—a)le(x)
- [(j;;fk,x—l—;wso) ( ) (jpg)\a: w@) ( )H
< |(*7p0,/\+1,xf;w90) ‘ + ‘( pA+1,z+; wSO) (b)‘

< /ff (t—a)Af,‘,’,AH [w(t —a)’] |’ (t)| dt

# [ 00 Fa G- 71 0]t
(s ([

R el
><< / (b— Apadt> ( / P )]pgdt> s

(a — a)/\+5 %
D2 s
b— )Tz w
o e ( / SO
P2 P

By applying the substitution u = (t — a) / (x — a), we get

1

(37) ([ Zratwte—arra)”
= -0 ([ Fra oo -arwpar) :
= (¢ = @)% A(aips).,

and (in similar manner)

(38) (/:f;’,xﬂ [w (b— )] dt>;3 = (b— )% B (;ps).

Using (37) and (38) in (36), we obtain the inequality (31).
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Next, we prove the inequality (34). The use of identity (12) and inequality
(35) gives

(39) [[KX(b—2)+ K (z —a)l ¢ (z)
- [(jpa,)\,x+;w()0) (b) + (jpg,)\,a:f;wso) (a)] ‘

< (m—a))‘+1/0 t’\]:"M_l[ (z—a)’ t°]|¢ (to + (1 —t)a)| dt

+(b—:c)”1/ tAF’AH[ (b— )P t°] |¢ (tx + (1 — t) b)| dt
0

A1 ! A H ! %
< (@—a) / Py / FT o o (@ — a) 177 dt
0 0

X (/Ollwl(tx—i-(l—t)a)’pg’dt)é
+ (b— )M (/ t’\pldt) </ Foas lw —a:)pt”]mdt>p12

</01\go’(t:c+(1—t }”3dt> E

Since |¢'|? (¢ > 1) is s-convex in the second sense, we have
1 1
3 b3
(40) (/ ¢ (tz + (1 —t)a)| dt)
0
1

<( e @ (-0 [ @] )"

1

Qigm”dmﬁ+w@ww;

IN

Similarly, we have

(41) (/01 ¢ (tz + (1 —t)b)[”* dt)pl?’

1

<(135) " W @p+ e P

Hence, we finally get

(42) K (b =) + Kx(z —a)] ¢ (z)
- [(jpg,)\,x-&—;w(p) (b) + (jg)\,a:—;w(p) (CL)] ‘
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(x_a)M_l 1 % / p3 / P3] =
< (Lrapi \15s [ @) + [ ()] 75 A(;p2)
+ App)P
1
(b—x A+l 1 \7s 1
S () I @ OB .
+ Ap1)P1
This completes the proof. |

3. Some consequences and applications

In this section, we consider some consequences of Theorems 2 and 3 and
also point out applications of Theorems 4 and 5 to Stolarsky’s means defined
in [17].

It may be observed that many known results involving the familiar Riemann-
Liouville fractional integrals are direct consequences of our main theorems.
Thus, if we set A = a, 0(0) =1 and w = 0 in (3), (4) and (13), and make
use of (2), then we get the following relations:

(jpcfa,a+;090) (:U) = (Ing(p) (33), (‘-7/;7,04,17—;090) (ﬂ?) = (Iba—(p) (SC),
(Z . y)a )a+s+1
I'(a+1)’

(z—y

Kalz—y) = Tatst2)

g+s+1 (z—y) =

and
(Z - y)a+s+1
(a+s+1)T(a+1)
Hence, as a consequence of above relations, we get the following corollary
from Theorem 2.

KglJrerl (z—y)=

Corollary 1. Let ¢ : [a,b] — R be a differentiable mapping on (a,b)
with a < b such that |¢'| < M, then for all x € [a,b] and o > 0:

43) (b= 2)" + (z = a)"] ¢ (2) =T (a+ 1) [(I7 ) (b) + (I7_9) (a)]]

< a]\f - [(x — )t g (b a;)a“} .

If, in addition, |¢'| is s-convex in the second sense on [a,b] for some
€ (0,1], then the following inequality for fractional integrals with A > 0
holds:

(44) [[(b—2)" + (2 = a)*] @ (2) = T (a+1) [(I219) (b) + (I5_¢) (a)]|
($ . a)a+1 + (b . x)a—O—l]

<|¢ (z)] P

' (@)] (& — a)** + |’ (B)] (b—2)* "
a+s+1

M'a+1)T(s+1)
Fa+s+1)
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Remark 1. The inequality (43) was earlier given by Sarikaya and Filiz
[12, p. 188, Theorem 2|. Further, if we impose the condition that |¢' (z)| <
M for all z € [a, b], then the inequality (44) can be expressed as

45) |l(b=2)"+ (z = a)* ¢ (x) =T (a+1) [(I7y¢) (0) + (I7_¢) ()]|
M'a+1)T'(s+ 1)] (. —a)*t 4+ (b - a:)aH]

<MI|1+
- { I'la+s+1) a+s+1

which was established by Set [14, p. 1150, Theorem 7].

We note that if we choose a = 1 in (43), then it reduces to Ostrowski’s
inequality (1).

On the other hand, for a = 1, the inequality in (45) reduces to

‘(P(a:)_bia/abw(t)dt‘ < bM [(x—a)2+(b_$)2]7

—a s+ 1

which is due to M. Alomari et al. in [1, p. 1072, Theorem 2.].

Corollary 2. Let ¢ : [a,b] — R be a differentiable mapping on (a,b) such
that |¢'| < M and p; > 1 (i = 1,2) with p% + p% = 1. Then, the following
Ostrowski type fractional integral inequality holds:

(46)  [[(b—2)" + (z —a)] ¢ (1‘) —T(a+1)[(I20) (0) + (I2-¢) (a)]|

1
(x—a) "7 a)® (b — )"

< 19 ey + et 19 g
(ap2 + 1) bz aps + 1)p2

Moreover, if we require that |¢'|? is s-convex in the second sense on [a, b]
for some fized s € (0,1], ¢ > 1, then we have the following inequality:

47) ([0 =2)* + (2 —a)"¢ (@) =T (a+1) [(I31e) (0) + (I5_v) (a)]]
z—a)t 72 1
S ( ) . <1 1 ) ng/(x>|p2+‘¢/(a)‘l’2]p2

(1+ap)m \L T3

h— g)ot! é / . | .

' ((1+ ;) <1i5> [ (@) + | (a)]?] 72
apy)P1

Proof. By setting A =, 0 (0) =1 and w = 0 in (31) and using (3), (4)
and (13), we have

48) |l(b—2)" +(z—a)p(z) =T (a+1) [(I5e) (b) + (I5-) (a)]|
(2 — )5t (b x)a%*f
B (apa + 1)% HSO ”pl’[a’m] (apy + 1)72

11, ey
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On letting ps — oo, we immediately get (46). The proof of the inequality
(47) is analogous to (46), and hence we omit its details. [

Remark 2. The inequality (46) is actually a result given in [12, p. 189,
Theorem 3]. If we impose an added constraint that |¢' (z)| < M, x € [a, b
n (47), then

10— ) + (2 — )" (&) = T (a + 1) [(I29) 0) + (I2¢) (a)]]

1

M 2 \72 N N

which was proved in [14, p. 1150, Theorem 8|.
By considering a very general case, let us put
C(p+N) 1T (@i + ask)
i H;; T (b + Byb)

n (2), then 77, (z) becomes the Fox-Wright function defined by (see [7, pp.
56-57]; see also [6])

(49) o (k) =

(ai, i)y (ai + k) ¥

X
50 v, (2] = ,0 r
(50) p¥qlz] = q{(bj,ﬁj 1,q } ZH T (b; + Bik) k!
(:E,ai,b]'EC, Oéi,/BjeRJr (i:1,...,p,j:1,...,q),A:: Z?:lﬁj_

P @i > —1) where the equality in the convergence condition holds true
for suitably bounded values of |z| given by

p q
| < 6= [T leul™ JT 18517,
i=1 j=1

and |z| = 6 when

q p 1
R BRI e P

j=1 i=1

Then, the left-sided and right-sided fractional integral operators obtainable
from (3) and (4) are given by

6D (Wl e) @ = [ @0l - e (0 d
and

b
62 (M) @ = [ -0 -2 (0
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The existence conditions of (51) and (52) follows directly from the con-
vergence conditions of the Fox-Wright function stated above. The integral
operator (51) has been discussed in [11, Section 4].

It may be noted that by employing the substitutions (49), we have in
view of (13) that

Kz =y) = (2= )" Foa [w (z = 9)]

oo Tk+ ) TI T (4 + aik) oF (2 — y)™
= )Zf(pk‘—i—)\-{—l) 11T (bi + Bjk) k!

k=0
R (A p) s (i, a4), }
= (Z — ‘I/ y 7w T ’
(2 =) pr1¥gt1 {(A+1,p),(bjaﬁj>1,q =)
and

A
K (z—y) = (z =y

()‘+3+ 17p)7()‘>p)7(ai>ai)

i 1p . —? .
X pr2Pqr2 [(H1,p>,<A+s+2,p>,<bj,ﬂj>1,q’“(z y)}

Here and throughout below, it is assumed that a; > 0,; >0 (i =1,--- ,p)
and bj > 0, Bj >0 (j=1,~-- ,q).

Thus, in view of (49) — (52), Theorems 2 and 3 yield the following in-
equalities.

Corollary 3. Let ¢ : [a,b] — R be a differentiable mapping on (a,b)
with a < b such that |¢'| < M, then for all x € [a,b] and X\ > 0:

(53) | {0-2 pavgn | G700 ooy

()" p) ) (ai) ai) , .
+ (-’IJ — Cl))\erl‘quJrl |:()\ + Lp) ’ (b]WﬁEi,q’w (x - a)p:| } ® (:C)

- (e o) 1)+ (M2 @) (@) ‘

>\7 s (U, O
S M {(.CC - a)A—H P+1\Ilq+1 |:(A(—|— 5,),0)(?([)?, /)8?;17(1; w (l’ - a)p:|

A p) s (ai, i)
+ (-2 T [ (A p), (a5, i)y, cw(b—2)| ¢
B e (R Y N N
If, in addition, |¢'| is s-convex in the second sense on [a,b] for some
€ (0,1], then the following inequality for fractional integrals with A > 0
holds:

A (A,p),(ai,ai) G
(54) ‘{(b—m pat [0 et q
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()‘vp)v(aivai) Do
R 2 PN 0w o] @

= [ 2) )+ (H7Cen ) (a)] |

< ¢ @) {(@ = " 2Py

A+s+1,p),(\p), (aivai)l,p ‘w (T — a)p:|
_(/\+ 17p)a(>‘+5+27:0)7(bj7ﬁj)

Lg
+ (b— x))\ﬂ p+2¥qt2

X

A+s+1,0),(Ap), (a5, 01
L) A+ s+2,0), (0.8, v )PH
FL DI @] =™t
[ ) (e,

3 ;w(xa)p]
_(/\—|—5+27p)7(b]7ﬂj)1,q

e O] (b= 2)* Wi [(A Jr(i\f)2(pa)“(¥ljj)1§;)1q’ w(b- x)p} } '

Corollary 4. Let ¢ : [a,b] — R be a differentiable mapping on (a,b)
such that |¢'| < M and p; > 1 with L + p% + pig = 1. Then, the following

p1

Ostrowski type fractional integral inequality holds:

(5) ' {o-ar v |\ ffEf?éi%ﬁ’i,; o= Y]

+ (x—a) p1 ¥y |:()\(—/|\-’ lp,)p,)((,zz})i%?ig; w(z — a)p} } ¢ ()

(e e) o (12 0) @]

1 1

— p b3~
< (x(A a)+ 1)13 A (@:23) 16|,
P2 :
b Mt
L (\ x)+ 1)213 ~ (w3 pg) |||
P2 ’

p1,[x,b]

3=

~ 1 ai, Qi P
(56) RA(z;p) = (/0 pr1¥Pqr1 [(A(;\-’ f’);;’ (bj’g’)pl’q;w (b—z)° tp] dt)
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21

~ 1 i, P %
(57) B (w;p) = </0 p+1¥qr1 [()\(j\_’ f?f;)(’ (bj’%;’iq;w (b —x)” t”} dt) )

Moreover, if we require that |¢'|? is s-convex in the second sense on [a
for some fized s € (0,1] (¢ > 1), then we have the following inequality:

(58) | {(b — o) 1 [()\(i’ f’)ﬁ;)(?&i%;’i,q; w(b— x)p]

()‘ap) ’ (ai’ai) Do
(@ a) T [(H s (e a)ﬂ] } o ()

- (e e) 0) + (R ) ()] ‘

.’E—a)\+1 % 1~
<= (LR @+ @R A i

(1—|—)\p1)p1 1+s
b— )M 1 % L

" (<1 /\) )L <l—|—s> HSOI (x)‘p?, + ‘90, (b)‘ps]% B (z;p2) ,
+ App)r1

where A (z;p) and B (x;p) are, respectively, defined by (56) and (57).

Remark 3. By choosing parameters suitably in (51) and (52), many

, b]

important fractional integral operators including those involving the gener-
alized Mittag-Leffler function as kernel (see [15], [16] and [18]) can be easily
obtained and corresponding to these integral operators related inequalities

from the Corollaries 3 and 4 can be deduced.

Finally, let us consider a pair of integral operators which are not evidently

reducible from (3) and (4).

In [20], Yildirim and Kirtay prove new generalizations for Ostrowski type

inequalities by using the following fractional integral operators:

(59)  (150F) (@) =(1;(@) [ ey o ga @ a)
and
(60) (L,2"f) () := (1;(72;_& / ’ (=Y T e (e (b > ),

where @ > 0 and n > 0. The integral operator (59) was considered

Katugampola in [5]. It may be pointed out here that (59) and (60) are special

by
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cases of the operators discussed in [7, Section 2.5]. When n = 0 in (59)
and (60), we get the left-sided and right-sided familiar Riemann-Liouville
fractional integral operators.

We now examine how (3) and (4) can reduce to (59) and (60).

Lemma 2. Corresponding to (10), the integral operators (3) and (4) in
view of (2) yield the following relationships:

(61) (Tgaariso?) (@) = 0+ 1) (100 0 9) (@)
and
(62) (Fapriae) @) = 0+ D" (50 0 g) (@),

where g (t) = t"™1 and ¢ is chosen such that the right-hand sides of (61)
and (62) exist.

Proof. From the definition of J7, .. given by (3) and using (10) in
conjunction with (2), we have

1 Ll »
(63) (j/:A,aW+1+:w> ($n+1) = I‘(a)/ B (:U"H - t)a @ (t)dt.
a”
The substitution ¢t = "1 then leads to
+1 [* 1
60 (Fnar) @) = T3 [T = () au
a

1 11—« x o _
=m+1)" (n;i(a))/a (2 — it ! P (u) du
=+ 1" (I2{'?) (=),
where ¢ (u) := (¢ o g) (u) = ¢ (u"'). This completes the proof of the first

relationship. The second relationship can be proved similarly. |

By using Lemma 2 and performing elementary calculations, we obtain
the following results.

Theorem 4. Let ¢ : [a"T1 0" — R be a differentiable mapping on
(@™ b1 with a < b such that |(¢' o g) (x)| < M, then for all x € [a,b]
and o > 0:

(bn+l _ x17+1)04 + (x17+1 _ a77+1)0‘

(65) 1)

(pog)(x)

—T(a+1) [(I30og) (b) + (I7"p 0 g) (a)]

M
T a+1

(n+1)*

(xn—i-l _ an+1)a+1 + (b”“ _ x"“)o‘H]
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If, in addition, |¢'| is s-convex in the second sense on [a"T 71| for
some s € (0,1], then the following inequality for fractional integrals with
A >0 holds:

(b7t — ) ® 4 (L — gt

(n+ 1)

(66) (pog)(x)

—T(a+1) [(I00g) () + (I;"p 0 g) (a)]

<|(¢ og) (2)] (at+s+t)(n+1)”

T(a+ DI (s+ 1) [|(¢ 0g) (a) (a7 = am1)*"
T(a+s+1) (@+s+1)(n+1)°

(¢ 0 9) (D) (474" - )]

(mn+1 _ an+1)a+1 + (b"“ _ xnﬂ)aﬂl

(a+s+1)(n+1)"

Theorem 5. Let ¢ : [a""1 07T — R be a differentiable mapping on
(@1, 61 such that |(p' o g) (z)| < M for x € [a,b] and p; > 1 (i =1,2)
with p% + p% = 1. Then, the following Ostrowski type fractional integral
inequality holds:

(b7 — gt ) ® 4 (gD — gty

(67) 1)

(pog)(x)

—T(a+1) [(I0og) () + (I;"p o g) (a)]

(anrl - an+1)a+5 H(lepl,[aW*‘l,mU-‘rl}

< T
(n+1)% (apz +1)72

+ L
(bn+1 _ xnﬂ)a ) H‘P/le,[xnﬂ,an}

+ T
(4 1) (apz + 1) 72

Moreover, if we require that |¢'|? is s-convex in the second sense on
[a"1 b7 for some fized s € (0,1], ¢ > 1, then we have the following
inequality:

(b7 — gt 4 (gl — gt

(n+1)*

(68) (pog) ()

—T(a+1) [(I0o0g) (b) + (I7p o g) (a)]
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(anrl _ an+1)a+1
<

1
(n+1)* (14 apy)r

1

< (155) " 100 @ +1( 09) (7]

1+s

(bn+1 - xn+1)a+1
+

1
(n+ 1) (1 +apy)n
1

(173) " 16 e @+ [ og ]

1+s

The structure of the inequalities stated in Theorems 4 and 5 indicates
their connection with Stolarsky’s means defined by (see [17, p. 88, Eq. (7)];
see also [3, p. 519]):

M}M, peR\{—1,0}.

(69) Sp (x,y) == [
By setting p =7+ 1 in (69) and rearranging the resulting equation, we get
a more convenient form given by

1

x77+1 _y77+1 % 1
:| :<£L'—y)” S”7+1 (xay)a IL‘Z?J

(70) [ n+1

We will just consider here the inequality (65) and similar analysis can
easily be applied to other inequalities (66)—(68). If we set o = % in (65), we
get

(bn+1 — $n+1)% (x77+1 — an“)%

T 1 (pog)(x)
(n+1)n (n+1)n

—r(Fen) | (10ees) 0+ (17000 @) ‘
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Applying now (70), we get the following inequality:

1

(72) ‘ (0= 2)7 Syer (0,2) + (2 = a)7

_p<717 )KI gOog> (b)+<[j_’"soog> (a)H

Mn 1
< _ n+1 _ n+l
< 777 1 {(m a)n Syy1(x,a) (w a )

+ (b— :c)% a1 (byx) (b7 — m"Jrl)} .

11 (2,0)] (po9) (@)

If we set ) L
Tz =27m1g and b= 3ntla

n (72), we have

1
(73) W%_wqumw@@w@@

+ <2n+1 — 1) anSnH <2n+1a a)} (pog) (2ni1a)

(L)) (7 poy (3771a) + I%”?l pog)(a)
n 2nt+lq

277“'1 a+

1
g%ﬁhwuﬂﬁyﬁ&ﬂgﬁm¢@
n

1

+ (2n+1 — 1) an 7Sp41 <2n+1a a>] amt
Simplifying this inequality by using the homogeneous property of Stolarsky’s
means that

Sp (Ax7 )‘y) = )‘Sp (CC,y) ()‘ > O) )

we finally get

(74) |(pog) (2n+1a

L 1 1
( "1 w09>(3"+1a>+<l"1 <P09>(a)] )
2n+1gq—
1 1 I R 1 B BN
an (3?7+1 — 20+t ) S 1(3”‘*’1’277'4‘1)—{—(27]-4—1 - 1) Sn+1 (27I+1,1)

< ﬂawrl_
—n+1

|
S :
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Since

()b

if we put n =2 in (74), then we obtain the following inequality:

() o

<
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