DE DE GRUYTER
OPEN

G FASCICULI MATHEMATTICI
Nr 57 2016

DOI:10.1515/fascmath-2016-0016

K.A. KAREEM AND A.A. MOGBADEMU

ON THE NUMBER OF ZEROS OF A POLYNOMIAL
IN A REGION

ABSTRACT. In this paper, we impose restrictions on the complex
coefficients of a polynomial in order to give bounds concerning
the number of zeros in a specific region of the complex plane. Our
results generalize and refine a good number of results in this area
of research.

KEY WORDS: polynomial, zeros of polynomials, monotonicity,
disk.

AMS Mathematics Subject Classification: 30A10.

1. Introduction and statement of results

The study of polynomials and their zeros is well known to have numer-
ous applications in many areas of scientific discipline such as control theory,
signal processing, communication theory, coding theory, cryptography, com-
binatorics and mathematical biology. Due to this fact, several authors have
studied extensively problems involving polynomials and their properties in
general, and locations of their zeros. In most cases, especially in practice,
the roots of polynomials may not be easily obtainable. Therefore, there is
need to put some restrictions on the coefficients of polynomials. This would
assist us to determine the bounds on the number of zeros of some polynomi-
als in a certain region, thereby reducing the effort of locating these zeros. In
this paper, we present some interesting results involving the bounds on the
number of zeros of polynomials and in the process, generalize these results.

The earliest record of the Enestrom-Kakeya Theorem dates back to 1893
and is stated thus:

Let p(z) = Z?:o ajz’ be a polynomial of degree n such that 0 < ap <
a1 < ag < ... < ap—1 < ay, then p(z) has all its zeros in |z| < 1.

Since the establishment of this result, several works have been done to
improve or extend the result.
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One result of fundamental importance pertaining to the number of zeros
of polynomials in a given disk is the result of Titchmarsh [15] and this is
found in The Theory of Functions (second edition, page 171). He proved
the following.

Theorem A. Let F(z) be analytic in |z| < R. Let |F(z)| < M in the
disk |z| < R and suppose F(0) # 0. Then for 0 < § < 1, the number of
zeros of F(z) in the disk |z| < dR is less than

1
I .
log1/5 ¢ [F(0)]

By applying Theorem A particularly to polynomial functions and intro-
ducing restrictions like that of Enestrom-Kakeya’s result, Mohammad [12]
obtained the bound for number of zeros of polynomials for a particular case

of 6 =1/2.

Dewan [2] weakened Mohammad’s hypotheses and proved the following
result involving the complex coefficients of the polynomial.

Theorem B. Let p(2) = > 1 a;z? such that |arga; — B| < a < I for
all 1 < j < n and some real « and B, and 0 < |ag| < |ay| < Jag] < --- <
lan—1] < |an|. Then the number of zeros of p(z) in |z| < 1/2 does not exceed

1 |an|(cosoz+sina—|—1)—|—2sina2?:_01\aj|

1
log 2 o8

|ao|

Dewan [2] also considered the monotonicity condition for the real parts
of the coefficients of a given polynomial.

Pukhta [13] generalized Theorem B by finding the number of zeros in
|z| <dfor 0 << 1.

The following Theorem deals with the monotonicity condition on the
moduli of the coefficients.

Theorem C. Let p(z) = > 7 a;z? such that |arga; — B| < a < I for
all 1 < j < n and some real o and B, and 0 < |ag| < |ai| < |ag] < -+ <
lan—1| < |an|. Then the number of zeros of p in |z| < J, 0 < <1 does not
exceed

1 \an\(cosa—i—sina—i—1)+251n0427j:01 |aj]
o 175 % o |

Pukhta [13] also obtained a similar result dealing with a monotonicity
condition on the real part of the complex polynomial.

Gardner and Shields [5] used some “monotonicity flip” conditions like
those of Aziz and Mohammad [1] to prove the following result.
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Theorem D. Let p(2) = Y7, ajz) where for some R > 0 and some
0<k<n,
2 k-1 k
0 < lao| < Rla1| < R*|az]| < --- < R ag—1]| < R"|ay|
> R agg| 2 B agpo] 2 - 2 R"an-a| > R"[ay|

and |arga; — B| < a < § for 1 < j < n and for some real o and 3. Then
for 0 <6 <1 the number of zeros of p(z) in the disk |z| < dR is less than

1 .M
log 1/6 % Jao|

where

M =|ao|R(1 — cos o — sin &) + 2|ag| R cos
n—1 '
+ |an|R" (1 — cos o + sin a) + ZSinaZ la;| R7TL.
j=0

Also, Gardner and Shields [5] used similar conditions on the real parts
and then on both the real and imaginary parts of the complex polynomial
to have the following results:

Theorem E. Let p(z) = Z?:o ajz’ where Re a;j = aj and Im a; = f3;
for 0 < j <n. Suppose that for some R > 0 and some 0 < k < n, we have
2 k—1 k
0#ag < Roap < Rap <--- <R ag1 S Ry,
> R lag > - > R Moy, 1 > Ray,.

Then, for 0 < § < 1 the number of zeros of p(z) in the disk |z| < 0R is less

than
1 M

— = log —
log 1/6 % Jao|

where

M = (Jao| — a0)R + 206 R* + (Jon| — o) R™ 2 |85 RIT.
j=0

Theorem F. Let p(z) = >7_, ajz) where Re aj = a; and Im a; = B,
for 0 < j <n. Suppose that for some R > 0 and some 0 < k < n, we have

0+#ap < Ray < RPas < -+ < R" 'y < RFoy,
> R > > R g > Rioy,
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and for some 0 <1 <n we have

Bo < RB < R?Bp<---<R7'B_1 <RB
> RG> > R84 > R"B,.

Then for 0 < 6 < 1 the number of zeros of p(z) in the disk |z| < R is less

than
1 M

T log ——
log1/5 " Jao|
where
M = (Jag| — ap)R + 20, R*! + (Jan| — ay) R™H
+ (|Bol — Bo) R + 28R + (18| — Ba) R™.

In this paper, we further weaken the hypotheses of the above results in
order to obtain results that include several results in this area.

Theorem 1. Let p(z) =37, ajz’ where for some R >0, 0 < pu < 1,
0<p<1and some( <k <n,
0 < plag| < Rla| < R?lag| < -+ < R* Mag_1| < Ryl
> R ag | > - > RV Man—1| > (R — p)R"ay|

and |arga; — B| < a < 5 for 1 < j < n and for some real o and 3. Then
for 0 < 6 <1 the number of zeros of p(z) in the disk |z| < 0R is less than

1 | M
O [E—
log 1/8 % ao
where
1 H . k+1
M = |ap|R[— + —— —cosa —sina] + 2|ag| R""" cosa
p - plaol
n—1 .
+ Jan | R™ 1 + % —cosa +sina] 4+ 2sin o Z |a;| RITL.
an :
7=0

Notice that when R =1 in Theorem 1, we get the following:
Corollary 1. Let p(z) = Z?:o a;jz) where for some0 < p<1,0<p<1
and some 0 < k < n,
0 < plag| < la| < las| < -+ <lag—1| < lag| > |agsr| = -+
> Jan1| 2 (1 - o)lanl
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and |arga; — B| < a < § for 1 < j < n and for some real o and 3. Then
for 0 < 6 < 1 the number of zeros of p(z) in the disk |z| < 0 is less than

1M
e M
log 1/5 2 Jag|

where

1
M:\a0]<+ —cosa—sina)
p

K
plaol

n—1
+ 2|ag| cos a + |ay| (1 + ﬁ — cos +sina> + QSinaZ la|.
an ;
7=0

It is also important to see that when 4 = 0 and p = 1, we recapture
the result of Theorem D of Gardner and Shields [5], which in turn, is a
generalization of several other theorems.

Theorem 2. Let p(z) = 37, ajz’ where Re aj = aj and Im a; = B4
for 0 < 5 < n. Suppose that for some R > 0,0< u<1,0<p<1and
some 0 < k <n, we have

0 # pag < Ray < R?ay < --- < R¥ oy < RFey,
> R agy > > R a1 > (R— p)R™ a,.

Then for 0 < § < 1 the number of zeros of p(z) in the disk |z| < 0R is less

than

1 1 M
M
log 1/6 % Jao|

where
1 n+1
M = E\Oéo —pl —ao | R+ (Jan — p| — an)R
+ pR(1+ R™) + 20 RM 2 |85 RIT
§=0
Observe that when R = 1 in Theorem 2, we have the following.

Corollary 2. Let p(z) = Z;L:o ajz’ where Re a; = aj and Im aj = f;
for 0 < j < n. Suppose that for some 0 < u < R, 0 < p <1 and some
0 <k <n, we have

O0F#py <oy << - <ogg <o > 0pq > > ap1 > (1 —p)op.
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Then for 0 < § < 1 the number of zeros of p(z) in the disk |z| < ¢ is less

than
1 M

] _
log 1/8 % ao

where

1 n
M = <p|% —ul —a0> + (Jn — ol = o) +2(u + ) +2 ) |Bjl-
=0

Theorem 3. Let p(2) =37, a;jz) where Re a; = aj and Im aj = 3,
for 0 < 5 < n. Suppose that for some R > 0, 0 < p1 < 1,0 < py <1
0<u<1,0< A< and some 0 < k <n, we have

0# prag < Rap < R?ay <--- < R oy < Rray,
> R o > > R an > (R— )R o,

and for some 0 <[ <n we have

p2fo < RBy < R*By <--- < R71B_, < R'p
>RHB > >R, > (R— AR,

Then for 0 < § < 1 the number of zeros of p(z) in the disk |z| < 0R is less

than
1 M

1 -
log 176 Jao|

where

1 1
M= (—|ap — pu| — )R+ (—|Bo — A| — Bo)R
P1 P2
+ (n+ MR(1+ R™) + 205 R*™ + (Jan — | — ) R*
+ (|Bn = Al = Bn)R™™ + 2B, RL.

Notice that if we set R =1, A = u, py = p2 = p and [ = k, we obtain the
following corollary:

Corollary 3. Let p(z) = > 1, ajz) where Re a; = a; and Im aj = f3;
for 0 < 5 < n. Suppose that for some 0 < p <1, 0 < pu < 1, and some
0 <k <n, we have

0F#pag <oy << - <ogg<ap > > >ap 1> (1—poy

and

pBo < 1 < PBa <o < Bt Bk = Brgr = - = Bt = (1 — 1) B
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Then for 0 < § < 1 the number of zeros of p(z) in the disk |z| < 0R is less

than
1 M

1 _
log1/8 " Jag

where

M= <;\ao ]~ a0) + (;\50 ol — o) + 4y
2o+ i) + (Jom — i — @) + (1B — 1l — Bu)

Example. Consider the polynomial p(z) = (z + 1.1)(2% + 0.1) = 0.11 +
0.1z+1.12%2423. We notice that none of the restrictions of the earlier existing
Theorems A through F can count the number of zeros, given the coefficients
of p. However, using corollary 2 with suitable p and u, say, p = 10/11 and
u = 0, we find out that the number of zeros in the disk |z| < 32/100 is
less than 2.634. However, it is easy to see that exactly two roots, which are
i/4/10 and —i / V10, lie in the given disk. Thus, it agrees with our Theorem.

2. Proofs of the main theorems

First, we consider the following lemma which is due to Govil and Rah-
man [9].

Lemma 1. Let z,2' € C with |z| > [2/|. Suppose |argz* — ]| < a < §
for z* € {z,2'} and for some real o and 3. Then
|z — 2| <(|z] = |#'|) cosa + (|z] + |7']) sin .

Proof of Theorem 1. Consider

n

F(Z) = (R - Z)p(z) = (R - Z) Zajzj = Z(GJRZJ — CLij+1)
J=0 j=0

n n
=aoR + E Rajz’ — g aj_12’ — a,z"
j=1 Jj=1

n
=aoR + Z(ajR —aj_1)2) —a,2".
i=1

For |z| = R we have

|F(2)] < lao|R+ Y |ajR — aj_1|R? + |an| R™!
j=1

k n
= |ag|R + Z !ajR - aj,1|Rj + Z |aj,1 - ajR|Rj + |an|R”+1.
Jj=1 j=k+1
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Applying Lemma 1 with z = a;R, 2’ = aj—1 when 1 < j < k and z = a;_1,
2 =a;R when k+1 < j <n, we have
k
P < Jaol R+ 3 [0l — a1l cos -+ (fag 1] + las ) sim ]
j=1
n .
+ Y [(laj1] = laj|R) cosa + (|aj| R+ |a;j—1]) sina] B
Jj=k+1
+ ‘an‘Rn—H

k k k
= |ag|R + Z la;|R7* cos a — Z laj—1|R’ cos o + Z la;—1| R’ sin o

j=1 j=1 j=1
k n n
+ Z la;| R7 sin o + Z la;_1|R’ cos o — Z |a;|R7 T cos
J=1 j=k+1 Jj=k+1
n n
+ Z la;| R sin o + Z la;_1|R? sin o + |a,| R™
j=k+1 j=k+1
1 k-1 4
< Z|ao|R + |ag|R*™ cos o + Z |a;| Rt cos o — |ag| R cos a
p p=t
k—1 k—1
- Z |a;j| Rt cos o + |ag| Rsin a + Z |la;|R7t ! sina
j=1 Jj=1
k—1
+ |ap| R* sin o + Z |la;| R sina 4 |agx| R*™ cos
j=1
n—1 n—1
+ Z |a;| R cos v — |an|R" ™ cosa — Z |la;| R7* cos a
j=k+1 j=k+1
n—1
+ |an| R sina + Z |aj| R sina + |ag | R sina
j=k+1
n—1
+ Z la; | R7 sin o + |ay, | R™
j=k+1
< ;(|a0| + 1) R + |ag| RF cos a — |ag| R cos a + |ag| Rsin a
k—1
+ |ag| RF sina + 2 Z |aj| R sin o + |ag | RF ! cos a
j=1

— |an|R™ " cosa + |a,|R" ™ sina
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n—1
+2 Z laj|R7 T sina 4 |ag|R¥ sina + (Jan| + p) R™H
j=k+1

1
= —|ao|R + PR lag| R cos a + |ag| R sin v + 2|ag | R¥™ cos a
p p

+ 2|ag| R sin o + |an | R + pR™™ — |a,|R" M cos a

k—1 n—1
+ |an|R" M sina + 2 Z|aj|Rj+lsina+ Z |la;| R sin o
j=1 j=k+1
\a0]R< |’u | cosa+sina> + 2|ag| R cos o
plao

+ 2|ag| RF sin o + |ay, | R (1 + £ cosa+sin a)

|anl

n—1
+2 Z la; R sina — 2|ag,| R¥ sin o — 2|ag| Rsin
j=0
1 H : k+1
= |ap|R | — + —cosa —sina | + 2|ag|R"" cosa
p  plaol
n—1
+ |a, |R™ ! (1 + ﬁ —cosa+ sma) + 22 la;| R sina = M.
77/
7=0

Now, F\(z) is analytic in |2| < R and |F(z)] < M for |z| = R. So by
Theorem A and the Maximum Modulus Theorem, the number of zeros of
F(z) (and hence of p(z)) in |z| < JR is less than or equal to

L .M
log1/8* Jao|’

This completes the proof. |

Proof of Theorem 2. As in the proof of Theorem 1,
F(z)=(R—z)P(z) =aoR+ Z a;R—aj_1)2 —a,z"".

Notice that a; = a; + i3}, thus
F(z) = (a0 +iBo)R+ > ((aj +iB)R
j=1
— (aj1 + iﬁj_l))zj — (ap 48,2t
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= (a0 +iBo)R+ Y (a;R—a; )2’
j=1

+iY (BiR—Bj-1)2 — (an +1iBy)2" .

=1

For |z| = R, we have

[F(2)| < (Jaol + [Bo) R + ) laR — aja| B
j=1

(18j1R = 1Bj-1)R? + (Jaw| + |Bal) R+

+
j=1

n

k
=(lao| + [Bo)R+ D (R — cj 1) R’

j=1

n n—1
+ > (o1 — R+ > (BRI + |8, R™!
j=k+1 j=1

n—1
+ 180l R+ ) BRI + (lan| + |8a]) R
j=1

k—1
< (lao = pl + p+[Bol) R+ Z%’Rﬁl + apRM!
J=1
k—1 ' n—1 .
— OéOR — Z Othj—H + Z OéjRJ—H
j=1 j=k+1
n—1

n—1
+ akRk—‘rl _ Z O[]'Rj+1 o O[an+1 +2 Z ‘/6]|RJ+1
J=k+1 Jj=1

+ [BolR + |Ba| R™ + (Jan — pi| + o+ | Ba|)R™H!
= (lag — p| + |Bo)R + pR(1 + R™) + 20, R* — g R
— @ R 4 (lam — pl + |Bu)R™ + | Bo| R

n—1
+ ’an‘RnJrl + 22 ‘/Bj|Rj+1

Jj=1

1
< (;|Oéo — ul + |Bo)) R+ uR(1 + R™) 4 204, R* — ayR — o, R™ 11

n—1

+ (Jon = gl + [Ba) R + [Bo| R + |Bal R™ 42 |85 R

j=1



ON THE NUMBER OF ZEROS OF A POLYNOMIAL ...

1
_ <prao - ao) R+ (lan — il — ) B™ + uR(1 + ")

n—1
+ 200 R 4 2| B R+ 2| B[R 42 |85 RIT!
j=1

1
= <p’a0 —pl= 00) R+ (lay — p| = a) R + puR(1 + R")

n
+ 20, RF 42 |8 R = M.
=0

The result now follows as in the proof of Theorem 1.

Proof of Theorem 3. As in the proof of Theorem 2,

F(z) = (a0 +iBo)R+ > (ajR —a;j 1)
j=1

+ i) (BiR - Bi—1)2) — (o +if,)2"

j=1
For |z| = R we have
n .
|F(2)] < (lao| + [Bo) R+ _ lajR — aj 1| R
Jj=1
+ Y 18R = B[R + (|an| + |Ba ) R™H!

j=1

k
= (ool + [Bo) R+ e R — a1 | R
7j=1

+ Z |aj - Q- 1|RJ+Z|BJR /Bj 1|RJ

j=k+1 =

+ Z BiR = Bj-1|R’ + (Jan| + |Ba ) R"H!
j=l+1

o

= (lao| + [Bo) R Z%R aj_1) R

n

+ Z (Oéjfl - OéjR)Rj + Z(ﬁjR — ﬁjfl)Rj

j=k+1 j=1
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+ > (B = BiR)R! + (|an| + |Ba ) R™

j=l+1
k—1 k—1
= (laol + BB+ > o R + qp RM — R =~ o R
Jj=1 Jj=1
n—1 n—1
+ akRkJrl + Z ajRj+1 _ Z O[jRj+1 - aanJrl
j=k+1 j=k+1

-1 -1
4 Z/BJRJ+1 + BZRH-l _ /BOR o Z/BJRJ+1 + BlRH_l

j=1 j=1
n—1 n—1

+ ) BRI = N BRI = B RM 4 (|a| + |Bal )R
Jj=l+1 Jj=l+1

= (lao| + |Bo]) R — R + 20, R*! — o, R™! 4 23, RIF!
— BoR = Bu R + (|awn| + [Ba )R

< (lag — p| + =+ |Bo = Al + AR — agR + 204, RF 1 + 25, R
— BoR — a, R™™ — B, R™ 4 (|ay, — | + o+ | B — A + MR

= (lag — 1| + |Bo = ADR+ (1 + MR — apR — BoR + 20, RF + 25 R
+ (lo = p| + 180 = ADR™™ + (p + AR — a,, " — g, R" T

< —foo = kIR + [0 = AR+ (1-+ VR(1+ ") — a0 = R

+ 20, RFL 4 28R + (| — | + B — AR — a, RMHE — B, R
= (-lao =4l — )R+ ([0 = Al = )R + (1 + VR(1+ R")

+ 200 R+ (Jom — 1l — an) R+ (180 — Al = o) R™H + 28 R
= M.

The result now follows as in the proof of Theorem 1. |
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