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1. Introduction

The two variable Laguerre polynomials Ln(x, y) are defined by the gen-
erating function [2]

(1)

∞∑
n=0

Ln(x, y)
tn

n!
= eytC0(xt),

where C0(x) is the 0-th order Tricomi function [28]

(2) C0(x) =
∞∑
r=0

(−1)rxr

(r!)2

and are represented by the series

(3) Ln(x, y) =

n∑
s=0

n!(−1)syn−sxs

(n− s)!(s!)2
.
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Recently, Ozarslan [22] introduced the following unification of the Apos-
tol Bernoulli, Apostol Euler and Apostol Genocchi polynomials. Explicitly
Ozarslan studied a generating function of the form

(4)

(
21−ktk

βbet − ab

)α
ext =

∞∑
n=0

P
(α)
n,β (x; k, a, b)

tn

n!
,

(
t+ bln

(
β

α

)
< 2π, k ∈ N0; a, b ∈ <+; α ∈ <, β ∈ C

)
.

We notice that for α = 1,

P
(1)
n,β(x; k, a, b) = Pn,β(x; k, a, b)

and then (4) reduces to

(5)

(
21−ktk

βbet − ab

)
ext =

∞∑
n=0

Pn,β(x; k, a, b)
tn

n!

which is defined by Ozden [23]. Ozden et al. [25] introduced many properties
of the polynomials. We give some specific special cases as follows:

1. By substituting a = b = k = 1 and β = λ into (4), we have the

Apostol-Bernoulli polynomials P
(1)
n,λ(x; 1, 1, 1) = B

(α)
n (x;λ), which are de-

fined by means of the following generating function

(6)

(
t

λet − 1

)α
ext =

∞∑
n=0

B(α)
n (x;λ)

tn

n!
, (|t+ logλ| < 2π)

(see for detail [3], [6], [9], [10], [14]-[19], [21], [24], [30] see also the references
cited in each of these earlier works).

For λ = α = 1 in (6), the result reduces to

(7)

(
t

et − 1

)
ext =

∞∑
n=0

Bn(x)
tn

n!
, (|t| < 2π)

where Bn(x) denotes the classical Bernoulli polynomials (see from example
[3]-[40]; see also the reference cited in each of these earlier works).

2. By substituting b = α = 1, k = 0, a = −1 and β = λ into (4), we

have the Apostol-Euler polynomials P
(1)
n,λ(x; 0,−1, 1) = E

(1)
n (x;λ), which are

defined by means of the following generating function

(8)

(
2

λet + 1

)α
ext =

∞∑
n=0

E(α)
n (x;λ)

tn

n!
, (|t+ logλ| < π)
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(see for detail [3], [6], [9], [10], [14]-[19], [21], [24], [30] see also the references
cited in each of these earlier works).

For λ = α = 1 in (8), the result reduces to

(9)

(
2

et + 1

)
ext =

∞∑
n=0

En(x)
tn

n!
, (|t| < π)

where En(x) denotes the classical Euler polynomials (see from example [5],
[6], [7], [9], [12], [31]-[33], [35]-[40]; see also the reference cited in each of
these earlier works).

3. By substituting b = α = 1, k = 1, a = −1 and β = λ into (4), we have

the Apostol-Genocchi polynomials P
(1)
n,λ(x; 1,−1, 1) = 1

2G
(1)
n (x;λ), which are

defined by means of the following generating function

(10)

(
2t

λet + 1

)α
ext =

∞∑
n=0

G(α)
n (x;λ)

tn

n!
, (|t+ logλ| < π)

(see for detail [4], [6], [9], [10], [13]-[19], [21], [24], [30] see also the references
cited in each of these earlier works).

For λ = α = 1 in (10), the result reduces to

(11)

(
2t

et + 1

)
ext =

∞∑
n=0

Gn(x)
tn

n!
, (|t| < π)

where Gn(x) denotes the classical Genocchi polynomials (see from example
[5], [6], [7], [9], [12], [31]-[33], [35]-[40]; see also the reference cited in each of
these earlier works).

4. By substituting x = 0 in the generating function (4), we obtain the
corresponding unification of the generating function of Bernoulli, Euler and
Genocchi numbers of higher order. Thus we have

P
(α)
n,β (0; k, a, b) = P

(α)
n,β (k, a, b), n ∈ N.

The 2-variable Kampe de Feriet generalization of the Hermite polynomials
[1] reads

(12) Hn(x, y) = n!

[n
2
]∑

r=0

yrxn−2r

r!(n− 2r)!
.

These polynomials are usually defined by the generating function

(13) ext+yt
2

=

∞∑
n=0

Hn(x, y)
tn

n!
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and reduce to the ordinary Hermite polynomials Hn(x) when y = −1 and x
is replaced by 2x.

In this paper, we first gives the definitions of the Laguerre-based Apostol

Bernoulli, Euler and Genocchi polynomials LP
(α)
n,β (x, y, z; k, a, b) which gen-

eralizes the concept stated above and then investigate their basic proper-
ties and relationship with Bernoulli number Bn(k, a, b), Bernoulli polynomi-
als Bn(x; k, a, b), Euler number En(k, a, b), Euler polynomials En(x; k, a, b),
Genocchi number Gn(k; a, b) and the Genocchi polynomials Gn(x; k, a, b).

Some implicit summation formulae and general symmetry identities of LP
(α)
n,β

(x, y, z; k, a, b) are derived by using different analytical means and applying
generating functions. These result extends some known summations and
identities of generalized Hermite-Bernoulli polynomials studied by Dattoli
et al, Natalini et al, Yang, Ozarslan and Pathan et al.

2. Laguerre-based generalized Apostol-Bernoulli,
Euler and Genocchi polynomials

In this section, we will give the definition and properties of the Laguerre-
based Apostol polynomials as follows:

Definition 1. Let a, b > 0 and a 6= b. The generalized Laguerre-based

Apostol polynomials LP
(α)
n,β (x, y, z; k, a, b) for nonnegative integer n are de-

fined by

(
21−ktk

βbet − ab

)α
eyt+zt

2
C0(xt) =

∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!
(14)

(k ∈ N0; a, b ∈ </{0}; α, β ∈ C).

For the existence of the expansion, we need

(i) |t| < 2π when α ∈ N0, k = 1 and (βa )b = 1; |t| < 2π when α ∈ N0,

k = 1, 2, 3, · · · and (βa )b = 1; |t| < |blogβa | when α ∈ N0, k ∈ N and

(βa )b 6= 1(or 6= 1); x, y, z ∈ <, β ∈ C, a, b ∈ C/{0}; 1α := 1;

(ii) |t| < π when (βa )b = −1; |t| < |blog(βa )| when (βa )b 6= 1; x, y, z ∈ <,
k = 0, α, β ∈ C, a, b ∈ C/{0}; 1α := 1;

(iii) |t| < π when α ∈ N0 and (βa )b = −1; x, y, z ∈ <, k ∈ N , β ∈ C;
a, b ∈ C{0} ; 1α = 1, where w = |w|eiθ, −π ≤ θ < π and log(w) =
log(|w|) + iθ.

For k = a = b = 1 and β = λ in (14), we define the following.
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Definition 2. Let α ∈ N0, λ be an arbitrary (real or complex) parameter
and x, y, z ∈ <, The Laguerre-based generalized Apostol-Bernoulli polynomi-
als are defined by

(15)

(
t

λet − 1

)α
eyt+zt

2
C0(xt) =

∞∑
n=0

LB
(α)
n (x, y, z;λ)

tn

n!

(|t| < 2π when α ∈ C and λ = 1; |t| < | log(λ)| when α ∈ N0 and λ 6= 1;
x, y, z ∈ <; 1α = 1). It is clear that

LP
(α)
n,λ (x, y, z; 1, 1, 1) = LB

(α)
n (x, y, z;λ).

For k + 1 = −a = b = 1 and β = λ in (14), we define the following.

Definition 3. Let α and λ ( 6= 1) be an arbitrary (real or complex)
parameter and x, y, z ∈ <, The Laguerre-based generalized Apostol-Euler
polynomials are defined by

(16)

(
2

λet + 1

)α
eyt+zt

2
C0(xt) =

∞∑
n=0

LE
(α)
n (x, y, z;λ)

tn

n!

(|t| < π when λ = 1; |t| < | log(−λ)| when λ 6= 1; x, y, z ∈ <, α ∈ C;
1α = 1). It is clear that

LP
(α)
n,λ (x, y, z; 0,−1, 1) = LE

(α)
n (x, y, z;λ)

For k = −2a = b = 1 and 2β = λ in (14), we define the following.

Definition 4. Let α and λ(6= 1) be an arbitrary (real or complex) pa-
rameter and x, y, z ∈ <, The Laguerre-based generalized Apostol-Genocchi
polynomials are defined by

(17)

(
2t

λet + 1

)α
eyt+zt

2
C0(xt) =

∞∑
n=0

LG
(α)
n (x, y, z;λ)

tn

n!

(|t| < π when α ∈ N0 and λ = 1; |t| < | log(−λ)| when α ∈ N0, λ 6= 1;
x, y, z ∈ <; 1α = 1). It is clear that

LP
(α)

n,λ
2

(
x, y, z; 1,−1

2
, 1

)
= LG

(α)
n (x, y, z;λ).

The generalized Laguerre-based Apostol polynomials LP
(α)
n,β (x, y, z; k, a, b)

defined by (14) have the following properties which are stated as theorem
below.
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Theorem 1. Let a, b > 0 and a 6= b. Then x, y, z ∈ < and n ≥ 0. Then
the following relations holds true.

LP
(α)
n,β (x, y, z; k, 1, 1) = LP

(α)
n,β (x, y, z; k),

LP
(α)
n,β (x, y, z; k, 1, 1) = LB

(α)
n (x, y, z;λ)

(18) LP
(α)
n,β (0, 0, 0; k, a, b) = P

(α)
n,β (k, a, b), LP

(α)
n,β (x, 0, 0; k, 1, 1) = B(α)

n (x;λ)

LP
(α+γ)
n,β (x, y + z, v + u; k, a, b)(19)

=
n∑
k=0

(
n
m

)
LP

(α)
n−m,β(x, z, v; a, b, e;λ)HP

(γ)
m,β(y, u; a, b, e;λ)

LP
(α+γ)
n,β (x, y + v, z; k, a, b)(20)

=
n∑
k=0

(
n
m

)
LP

(α)
n−m,β(x, y, z; k, a, b)P

(γ)
m,β(v; a, b, e;λ).

where HP
(α)
m,β(y, u; a, b, e;λ) is the generalized Hermite-based Apostol polyno-

mials defined by means of the generating function as follows:

(21)

(
21−ktk

βbet − ab

)α
eyt+ut

2
=
∞∑
n=0

HP
(α)
n,β (y, u; k, a, b)

tn

n!
.

Proof. The formula in (18) are obvious. Applying definition (14), we
have

∞∑
n=0

LP
(α+γ)
n,β (x, y + z, v + u; k, a, b)

tn

n!

=

( ∞∑
n=0

LP
(α)
n,β (x, z, v; k, a, b)

tn

n!

)( ∞∑
m=0

HP
(γ)
m,β(y, u; k, a, b)

tm

m!

)

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
LP

(α)
n−m,β(x, z, v; k, a, b)HP

(γ)
m,β(y, u; k, a, b)

)
tn

n!
.

Now equating the coefficients of tn

n! in the above equation, we get the result
(19). Again by definition (14) of Laguerre-based Apostol polynomials, we
have

∞∑
n=0

LP
(α+γ)
n,β (x, y + v, z; k, a, b)

tn

n!
=

(
21−ktk

βbet − ab

)α+γ
e(y+v)t+zt

2
C0(xt)

=

((
21−ktk

βbet − ab

)α
eyt+zt

2
C0(xt)

)((
21−ktk

βbet − ab

)γ
evt
)
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which can be written as

=
∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!

∞∑
m=0

P
(γ)
m,β(v; k, a, b)

tm

m!

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
LP

(α)
n−m,β(x, y, z; k, a, b)P (γ)

m (v; k, a, b)

)
tn

n!
.

On equating the coefficient of the like power of tn

n! in the above equation, we
get the result (20). Hence we complete the proof of theorem. �

3. Implicit summation formulae involving Laguerre-
based Apostol polynomials

This section of the paper is devoted to employing the definition of the

Laguerre-based Apostol polynomials LP
(α)
n,β (x, y, z; k, a, b) to obtain finite

summations. For the derivation of implicit formulae involving the Laguerre-

based Apostol polynomials LP
(α)
n,β (x, y, z; k, a, b) the same consideration as

developed for the ordinary Hermite and related polynomials in Khan et al.
[8] and Hermite-based polynomials in Ozarslan [21] holds as well. First we
prove the following results involving Laguerre-based Apostol polynomials

LP
(α)
n,β (x, y, z; k, a, b).

Theorem 2. Let a, b > 0 and a 6= b. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based Apostol poly-

nomials LP
(α)
n,β (x, y, z; k, a, b) holds true:

LP
(α)
m+n(x, v, z; k, a, b)(22)

=

m,n∑
p,q=0

(
n
p

)(
m
q

)
(v − y)p+qLP

(α)
m+n−p−q(x, y, z; k, a, b).

Proof. We replace t by t+u and rewrite the generating function (14) as

(
21−k(t+ u)k

βbe(t+u) − ab

)α
ez(t+u)

2
C0(x(t+ u))(23)

= e−y(t+u)
∞∑

m,n=0

LP
(α)
m+n,β(x, y, z; k, a, b)

tn

n!

um

m!
.
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Replacing y by v in the above equation and equating the resulting equation
to the above equation, we get

e(v−y)(t+u)
∞∑

m,n=0

LP
(α)
m+n,β(x, y, z; k, a, b)

tn

n!

um

m!
(24)

=

∞∑
m,n=0

LP
(α)
m+n,β(x, v, z; k, a, b)

tn

n!

um

m!
.

On expanding exponential function (24) gives

∞∑
N=0

[(v − y)(t+ u)]N

N !

∞∑
m,n=0

LP
(α)
m+n,β(x, y, z; k, a, b)

tn

n!

um

m!
(25)

=
∞∑

m,n=0

LP
(α)
m+n,β(x, v, z; k, a, b)

tn

n!

um

m!

which on using formula [34, p. 52(2)]

(26)
∞∑
N=0

f(N)
(x+ y)N

N !
=

∞∑
n,m=0

f(m+ n)
xn

n!

ym

m!

in the left hand side becomes

∞∑
p,q=0

(v − y)p+q tpuq

p!q!

∞∑
m,n=0

LP
(α)
m+n,β(x, y, z; k, a, b)

tn

n!

um

m!
(27)

=
∞∑

m,n=0

LP
(α)
m+n,β(x, v, z; k, a, b)

tn

n!

um

m!
.

Now replacing n by n− p, m by m− q and using the lemma [34, p. 100(1)]
in the left hand side of (27), we get

∞∑
p,q=0

∞∑
m,n=0

(v − y)p+q

p!q!
LP

(α)
m+n−p−q,β(x, y, z; k, a, b)

tn

(n− p)!
um

(m− q)!
(28)

=
∞∑

m,n=0

LP
(α)
m+n,β(x, v, z; k, a, b)

tn

n!

um

m!

Finally, on equating the coefficients of the like powers of t and u in the above
equation, we get the required result. �
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Corollary 1. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Bernoulli polynomials LB
(α)
n (x, y, z;λ, a, b) holds true:

LB
(α)
m+n(x, v, z;λ, a, b)(29)

=

m,n∑
p,q=0

(
n
p

)(
m
q

)
(v − y)p+qLB

(α)
m+n−p−q(x, y, z;λ, a, b).

Corollary 2. Let a, b > 0, a 6= b and k = 0. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Euler polynomials LE
(α)
n (x, y, z;λ, a, b) holds true:

LE
(α)
m+n(x, v, z;λ, a, b)(30)

=

m,n∑
p,q=0

(
n
p

)(
m
q

)
(v − y)p+qLE

(α)
m+n−p−q(x, y, z;λ, a, b).

Corollary 3. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Genocchi polynomials LG
(α)
n (x, y, z;λ, a, b) holds true:

LG
(α)
m+n(x, v, z;λ, a, b)(31)

=

m,n∑
p,q=0

(
n
p

)(
m
q

)
(v − y)p+qLG

(α)
m+n−p−q(x, y, z;λ, a, b).

Theorem 3. Let a, b > 0 and a 6= b. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based Apostol poly-

nomials LP
(α)
n,β (x, y, z; k, a, b) holds true:

(32) LP
(α)
n,β (x, y + u, z; k, a, b) =

n∑
j=0

(
n
j

)
ujLP

(α)
n−j,β(x, y, z; k, a, b).

Proof. Since
∞∑
n=0

LP
(α)
n,β (x, y + u, z; k, a, b)

tn

n!
=

(
21−ktk

βbet − ab

)α
e(y+u)t+zt

2
C0(xt)

∞∑
n=0

LP
(α)
n,β (x, y + u, z; k, a, b)

tn

n!
=

( ∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!

) ∞∑
j=0

uj
tj

j!


�

Now, replacing n by n − j and comparing the coefficients of tn, we get
the result (32).
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Corollary 4. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Bernoulli polynomials LB
(α)
n (x, y, z;λ, a, b) holds true:

(33) LB
(α)
n (x, y + u, z;λ, a, b) =

n∑
j=0

(
n
j

)
ujLB

(α)
n−j(x, y, z;λ, a, b).

Corollary 5. Let a, b > 0, a 6= b and k = 0. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Euler polynomials LE
(α)
n (x, y, z;λ, a, b) holds true:

(34) LE
(α)
n (x, y + u, z;λ, a, b) =

n∑
j=0

(
n
j

)
ujLE

(α)
n−j(x, y, z;λ, a, b).

Corollary 6. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Genocchi polynomials LG
(α)
n (x, y, z;λ, a, b) holds true:

(35) LG
(α)
n (x, y + u, z;λ, a, b) =

n∑
j=0

(
n
j

)
ujLG

(α)
n−j(x, y, z;λ, a, b).

Theorem 4. Let a, b > 0 and a 6= b. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based Apostol poly-

nomials LP
(α)
n,β (x, y, z; k, a, b) holds true:

LP
(α)
n,β (x, y + u, z + w; k, a, b)(36)

=
n∑

m=0

(
n
m

)
LP

(α)
n−m,β(x, y, z; k, a, b)Hm(u,w).

Proof. By the definition of Laguerre-based Apostol polynomials and the
definition (13), we have(

21−ktk

βbet − ab

)α
e(y+u)t+(z+w)t2C0(xt)

=

( ∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!

)( ∞∑
m=0

Hm(u,w)
tm

m!

)
.

�

Now, replacing n by n −m and comparing the coefficients of tn, we get
the result (36).
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Corollary 7. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Bernoulli polynomials LB
(α)
n (x, y, z;λ, a, b) holds true:

LB
(α)
n (x, y + u, z + w;λ, a, b)(37)

=

n∑
m=0

(
n
m

)
LB

(α)
n−m(x, y, z;λ, a, b)Hm(u,w).

Corollary 8. Let a, b > 0, a 6= b k = 0. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based generalized

Apostol-Euler polynomials LE
(α)
n (x, y, z;λ, a, b) holds true:

LE
(α)
n (x, y + u, z + w;λ, a, b)(38)

=
n∑

m=0

(
n
m

)
LE

(α)
n−m(x, y, z;λ, a, b)Hm(u,w).

Corollary 9. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Genocchi polynomials LG
(α)
n (x, y, z;λ, a, b) holds true:

LG
(α)
n (x, y + u, z + w;λ, a, b)(39)

=

n∑
m=0

(
n
m

)
LG

(α)
n−m(x, y, z;λ, a, b)Hm(u,w).

Theorem 5. Let a, b > 0 and a 6= b. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based Apostol poly-

nomials LP
(α)
n,β (x, y, z; k, a, b) holds true:

(40) LP
(α)
n,β (x, y, z; k, a, b) =

n−2j∑
m=0

[n
2
]∑

j=0

P
(α)
m,β(k; a, b)Ln−m−2j(x, y)zjn!

m!j!(n−m− 2j)!
.

Proof. Applying the definition (14) to the term
(

21−ktk

βbet−ab

)α
and expand-

ing the exponential and tricomi function eyt+zt
2
C0(xt) at t = 0 yields(

21−ktk

βbet − ab

)α
eyt+zt

2
C0(xt)

=

( ∞∑
m=0

P
(α)
m,β(k; a, b)

tm

m!

)( ∞∑
n=0

Ln(x, y)
tn

n!

) ∞∑
j=0

zj
t2j

j!

 ,
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∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!

=

∞∑
n=0

(
n∑

m=0

P
(α)
m,β(k; a, b)Ln−m(x, y)

)
tn

m!(n−m)!

 ∞∑
j=0

zj
t2j

j!

 .

�

Now, replacing n by n − 2j and comparing the coefficients of tn, we get
the result (40).

Corollary 10. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Bernoulli polynomials LB
(α)
n (x, y, z;λ, a, b) holds true:

(41) LB
(α)
n (x, y, z;λ, a, b) =

n−2j∑
m=0

[n
2
]∑

j=0

B
(α)
m (λ; a, b)Ln−m−2j(x, y)zjn!

m!j!(n−m− 2j)!
.

Corollary 11. Let a, b > 0, a 6= b and k = 0. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Euler polynomials LE
(α)
n (x, y, z;λ, a, b) holds true:

(42) LE
(α)
n (x, y, z;λ, a, b) =

n−2j∑
m=0

[n
2
]∑

j=0

E
(α)
m (λ; a, b)Ln−m−2j(x, y)zjn!

m!j!(n−m− 2j)!
.

Corollary 12. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Genocchi polynomials LG
(α)
n (x, y, z;λ, a, b) holds true:

(43) LG
(α)
n (x, y, z;λ, a, b) =

n−2j∑
m=0

[n
2
]∑

j=0

G
(α)
m (λ; a, b)Ln−m−2j(x, y)zjn!

m!j!(n−m− 2j)!
.

Theorem 6. Let a, b > 0 and a 6= b. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based Apostol poly-

nomials LP
(α)
n,β (x, y, z; k, a, b) holds true:

(44) LP
(α)
n,β (x, y + 1, z; k, a, b) =

n∑
j,m=0

n!(−1)j(x)jHP
(α)
n−j−m,β(y, z; k, a, b)

(n− j −m)!m!(j!)2
.
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Proof. By the definition of Laguerre-based Apostol polynomials, we
have

∞∑
n=0

LP
(α)
n,β (x, y + 1, z; k, a, b)

tn

n!
=

(
21−ktk

βbet − ab

)α
e(y+1)t+zt2C0(xt)

=

 ∞∑
n=0

 n∑
m=0

HP
(α)
n−m,β(y, z; k, a, b)

(n−m)!n!

 tn

 ∞∑
j=0

(−1)j(xt)j

(j!)2


=

 ∞∑
n=0

 ∞∑
j=0

n∑
m=0

(−1)j(x)jHP
(α)
n−m,β(y, z; k, a, b)

(n−m)!n!(j!)2

 tn+j

 .

Replacing n by n− j, we have

∞∑
n=0

LP
(α)
n,β (x, y + 1, z; k, a, b)

tn

n!

=

 ∞∑
n=0

 n∑
j,m=0

(−1)j(x)jHP
(α)
n−m,β(y, z; k, a, b)

(n−m)!n!(j!)2

 tn+j

 .

On comparing the coefficients of tn, we get the result (44). �

Corollary 13. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Bernoulli polynomials LB
(α)
n (x, y, z;λ, a, b) holds true:

(45) LB
(α)
n (x, y + 1, z;λ, a, b) =

n∑
j,m=0

n!(−1)j(x)jHB
(α)
n−j−m(y, z;λ, a, b)

(n− j −m)!m!(j!)2
.

Corollary 14. Let a, b > 0, a 6= b and k = 0. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Euler polynomials LE
(α)
n (x, y, z;λ, a, b) holds true:

(46) LE
(α)
n (x, y + 1, z;λ, a, b) =

n∑
j,m=0

n!(−1)j(x)jHE
(α)
n−j−m(y, z;λ, a, b)

(n− j −m)!m!(j!)2
.

Corollary 15. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Genocchi polynomials LG
(α)
n (x, y, z;λ, a, b) holds true:

(47) LG
(α)
n (x, y + 1, z;λ, a, b) =

n∑
j,m=0

n!(−1)j(x)jHG
(α)
n−j−m(y, z;λ, a, b)

(n− j −m)!m!(j!)2
.
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Theorem 7. Let a, b > 0 and a 6= b. Then for x, y, z ∈ < and n ≥ 0.
The following implicit summation formula for Laguerre-based Apostol poly-

nomials LP
(α)
n,β (x, y, z; k, a, b) holds true:

(48) LP
(α)
n,β (x, y + 1, z; k, a, b) =

n∑
m=0

(
n
m

)
LP

(α)
n−m,β(x, y, z; k, a, b).

Proof. By the definition of Laguerre-based Apostol polynomials, we
have

∞∑
n=0

LP
(α)
n,β (x, y + 1, z; k, a, b)

tn

n!
−
∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!

=

(
21−ktk

βbet − ab

)α
(et − 1)eyt+zt

2
C0(xt)

=

∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!

( ∞∑
m=0

tm

m!
− 1

)

=
∞∑
n=0

LP
(α)
n (x, y, z; k, a, b)

tn

n!

∞∑
m=0

tm

m!
−
∞∑
n=0

LE
(α)
n,β(x, y, z; k, a, b)

tn

n!

=

∞∑
n=0

n∑
m=0

LP
(α)
n−m,β(x, y, z; k, a, b)

tn

m!(n−m)!

−
∞∑
n=0

LP
(α)
n,β (x, y, z; k, a, b)

tn

n!
.

Finally equating the coefficients of the like powers of tn, we get the re-
sult (48). �

Corollary 16. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Bernoulli polynomials LB
(α)
n (x, y, z;λ, a, b) holds true:

(49) LB
(α)
n (x, y + 1, z;λ, a, b) =

n∑
m=0

(
n
m

)
LB

(α)
n−m(x, y, z;λ, a, b).

Corollary 17. Let a, b > 0, a 6= b and k = 0. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Euler polynomials LE
(α)
n (x, y, z;λ, a, b) holds true:

(50) LE
(α)
n (x, y + 1, z;λ, a, b) =

n∑
m=0

(
n
m

)
LE

(α)
n−m(x, y, z;λ, a, b).
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Corollary 18. Let a, b > 0, a 6= b and k = 1. Then for x, y, z ∈ <
and n ≥ 0. The following implicit summation formula for Laguerre-based

generalized Apostol-Genocchi polynomials LG
(α)
n (x, y, z;λ, a, b) holds true:

(51) LG
(α)
n (x, y + 1, z;λ, a, b) =

n∑
m=0

(
n
m

)
LG

(α)
n−m(x, y, z;λ, a, b).

4. General symmetry identities for Laguerre-based
Apostol polynomials

In this section, we give general symmetry identities for the Laguerre-based

Apostol polynomials LP
(α)
n,β (x, y, z; k, a, b) by applying the generating func-

tion (14). The result extends some known identities of Zhang et al. [42],
Yang et al. [41], Pathan [26], Pathan and Khan [27] and Ozarslan [21].
Throughout this section α, will be considered as an arbitrary real or a com-
plex parameter.

Theorem 8. Let α, k ∈ N0; a, b ∈ </{0}; β ∈ C, x, y, z ∈ < and n ≥ 0.
Then the following identity holds true:

n∑
m=0

(
n
m

)
dmcn−mLP

(α)
n−m,β(x, dy, d2z; k, a, b)LP

(α)
m,β(x, cy, c2z; k, a, b)(52)

=
n∑

m=0

(
n
m

)
cmdn−mLP

(α)
n−m,β(x, cy, c2z; k, a, b)

×LP (α)
m,β(x, dy, d2z; k, a, b).

Proof. Start with

(53) g(t) =

(
ckdk22(1−k)t2k

(βbect − ab)(βbedt − ab)

)α
e(d+c)yt+(d2+c2)zt2 [C0(xt)]

2

and
C0(cdxt) 6= C0(cxt)C0(dxt).

Then the expression for g(t) is symmetric in a and b and we can expand g(t)
into series in two ways to obtain

g(t) =

∞∑
n=0

LP
(α)
n,β (x, dy, d2z; k, a, b)

(ct)n

n!

∞∑
m=0

LP
(α)
m,β(x, cy, c2z; k, a, b)

(dt)m

m!

=

∞∑
n=0

n∑
m=0

(
n
m

)
cn−mdmLP

(α)
n−m,β(x, dy, d2z; k, a, b)

×LP (α)
m,β(x, cy, c2z; k, a, b)tn.
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On the similar lines we can show that

g(t) =

∞∑
n=0

LP
(α)
n,β (x, cy, c2z; k, a, b)

(dt)n

n!

∞∑
m=0

LP
(α)
m,β(x, dy, d2z; k, a, b)

(ct)m

m!

=
∞∑
n=0

n∑
m=0

(
n
m

)
cmdn−mLP

(α)
n−m,β(x, cy, c2z; k, a, b)

×LP (α)
m,β(x, dy, d2z; k, a, b)tn.

Comparing the coefficients of tn on the right hand sides of the last two
equations we arrive at the desired result. �

For k = a = b = 1 and β = λ in Theorem 8, we get the following corollary.

Theorem 9. For all m ∈ N , n ∈ N0, λ ∈ C, we have the follow-
ing symmetry identity for the Laguerre-based generalized Apostol-Bernoulli
polynomials

n∑
m=0

(
n
m

)
dmcn−mLB

(α)
n−m(x, dy, d2z;λ, a, b)LB

(α)
m (x, cy, c2z;λ, a, b)(54)

=
n∑

m=0

(
n
m

)
cmdn−mLB

(α)
n−m(x, cy, c2z;λ, a, b)LB

(α)
m (x, dy, d2z;λ, a, b).

For k + 1 = −a = b = 1 and β = λ in Theorem 8, we get the following
corollary.

Corollary 19. For all m ∈ N, n ∈ N0, λ ∈ C, we have the following
symmetry identity for the Laguerre-based generalized Apostol-Euler polyno-
mials

n∑
m=0

(
n
m

)
dmcn−mLE

(α)
n−m(x, dy, d2z;λ, a, b)LE

(α)
m (x, cy, c2z;λ, a, b)(55)

=
n∑

m=0

(
n
m

)
cmdn−mLE

(α)
n−m(x, cy, c2z;λ, a, b)LE

(α)
m (x, dy, d2z;λ, a, b).

For k = −2a = b = 1 and 2β = λ in Theorem 8, we get the following
corollary.

Corollary 20. For all m ∈ N, n ∈ N0, λ ∈ C, we have the follow-
ing symmetry identity for the Laguerre-based generalized Apostol-Genocchi
polynomials

n∑
m=0

(
n
m

)
dmcn−mLG

(α)
n−m(x, dy, d2z;λ, a, b)LG

(α)
m (x, cy, c2z;λ, a, b)(56)

=
n∑

m=0

(
n
m

)
cmdn−mLG

(α)
n−m(x, cy, c2z;λ, a, b)LG

(α)
m (x, dy, d2z;λ, a, b).
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Theorem 10. Let α, k ∈ N0; a, b ∈ </{0}; β ∈ C, x, y, z ∈ < and
n ≥ 0. Then the following identity holds true:

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LP
(α)
n−m,β

(
x, dy +

d

c
i+ j, d2u; k, a, b

)
(57)

×LP (α)
m,β(x, cz, c2v; k, a, b)

=

n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LP
(α)
n−m,β

(
x, cy +

c

d
i+ j, c2u; k, a, b

)
×LP (α)

m,β(x, dz, d2v; k, a, b).

Proof. Let

g(t) =

(
(22(1−k)ckdkt2k(C0(xt))

2)α(ecdt − 1)2ecd(y+z)t+c
2d2(u+v)t2

(βbect − ab)α(βbedt − ab)α(ect − 1)(edt − 1)

)

=

(
2(1−k)cktkC0(xt)

βbect − ab

)α
ecdyt+c

2d2ut2
(
ecdt − 1

ect − 1

)

×

(
2(1−k)dktkC0(xt)

βbedt − ab

)α
ecdzt+c

2d2vt2
(
ecdt − 1

edt − 1

)
.

From where we have

=

∞∑
n=0

 n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LP
(α)
n−m,β

(
x, dy +

d

c
i+ j, d2u; k, a, b

)

× LP
(α)
m,β(x, cz, c2v; k, a, b)

) tn
n!

=
∞∑
n=0

 n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LP
(α)
n−m,β

(
x, cy +

c

d
i+ j, c2u; k, a, b

)
× LP

(α)
m,β(x, dz, d2v; k, a, b)

) tn
n!

Our assertion follows from comparing the coefficients of t
n

n on the right hand
sides of the last two equations, we arrive at the desired result. �

For k = a = b = 1 and β = λ in Theorem 9, we get the following corollary.
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Corollary 21. For all m ∈ N , n ∈ N0, λ ∈ C, we have the follow-
ing symmetry identity for the Laguerre-based generalized Apostol-Bernoulli
polynomials

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LB
(α)
n−m

(
x, dy +

d

c
i+ j, d2u;λ, a, b

)
(58)

×LB(α)
m (x, cz, c2v;λ, a, b)

=

n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LB
(α)
n−m

(
x, cy +

c

d
i+ j, c2u;λ, a, b

)
×LB(α)

m (x, dz, d2v;λ, a, b)

For k + 1 = −a = b = 1 and β = λ in Theorem 9, we get the following
corollary.

Corollary 22. For all m ∈ N , n ∈ N0, λ ∈ C, we have the following
symmetry identity for the Laguerre-based generalized Apostol-Euler polyno-
mials

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LE
(α)
n−m

(
x, dy +

d

c
i+ j, d2u;λ, a, b

)
(59)

×LE(α)
m (x, cz, c2v;λ, a, b)

=
n∑

m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LE
(α)
n−m

(
x, cy +

c

d
i+ j, c2u;λ, a, b

)
×LE(α)

m (x, dz, d2v;λ, a, b).

For k = −2a = b = 1 and 2β = λ in Theorem 9, we get the following
corollary.

Corollary 23. For all m ∈ N , n ∈ N0, λ ∈ C, we have the follow-
ing symmetry identity for the Laguerre-based generalized Apostol-Genocchi
polynomials

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LG
(α)
n−m

(
x, dy +

d

c
i+ j, d2u;λ, a, b

)
(60)

×LG(α)
m (x, cz, c2v;λ, a, b)

=
n∑

m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LG
(α)
n−m

(
x, cy +

c

d
i+ j, c2u;λ, a, b

)
×LG(α)

m (x, dz, d2v;λ, a, b).
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Theorem 11. Let α, k ∈ N0, a, b ∈ </{0}, β ∈ C, x, y, z ∈ < and
n ≥ 0. Then the following identity holds true:

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LP
(α)
n−m,β

(
x, dy +

d

c
i+ j, d2u; k, a, b

)
(61)

×LP (α)
m,β

(
x, cz +

c

d
j, c2v; k, a, b

)
=

n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LP
(α)
n−m,β

(
x, cy +

c

d
i+ j, c2u; k, a, b

)
×LP (α)

m,β

(
x, dz +

d

c
j, d2v; k, a, b

)
.

Proof. The Proof is similar to Theorem 9. So, we omit the proof of the
theorem. �

For k = a = b = 1 and β = λ in Theorem 10, we get the following
corollary.

Corollary 24. For all m ∈ N , n ∈ N0, λ ∈ C, we have the follow-
ing symmetry identity for the Laguerre-based generalized Apostol-Bernoulli
polynomials

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LB
(α)
n−m

(
x, dy +

d

c
i+ j, d2u;λ, a, b

)
(62)

×LB(α)
m

(
x, cz +

c

d
j, c2v;λ, a, b

)
=

n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LB
(α)
n−m

(
x, cy +

c

d
i+ j, c2u;λ, a, b

)
×LB(α)

m

(
x, dz +

d

c
j, d2v;λ, a, b

)
For k + 1 = −a = b = 1 and β = λ in Theorem 10, we get the following

corollary.

Corollary 25. For all m ∈ N , n ∈ N0, λ ∈ C, we have the following
symmetry identity for the Laguerre-based generalized Apostol-Euler polyno-
mials

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LE
(α)
n−m

(
x, dy +

d

c
i+ j, d2u;λ, a, b

)
(63)

×LE(α)
m

(
x, cz +

c

d
j, c2v;λ, a, b

)
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=

n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LE
(α)
n−m

(
x, cy +

c

d
i+ j, c2u;λ, a, b

)
×LE(α)

m

(
x, dz +

d

c
j, d2v;λ, a, b

)
For k = −2a = b = 1 and 2β = λ in Theorem 10, we get the following

corollary.

Corollary 26. For all m ∈ N , n ∈ N0, λ ∈ C, we have the follow-
ing symmetry identity for the Laguerre-based generalized Apostol-Genocchi
polynomials

n∑
m=0

(
n
m

)
dmcn−m

c−1∑
i=0

d−1∑
j=0

LG
(α)
n−m

(
x, dy +

d

c
i+ j, d2u;λ, a, b

)
(64)

×LG(α)
m

(
x, cz +

c

d
j, c2v;λ, a, b

)
=

n∑
m=0

(
n
m

)
cmdn−m

d−1∑
i=0

c−1∑
j=0

LG
(α)
n−m

(
x, cy +

c

d
i+ j, c2u;λ, a, b

)
×LG(α)

m

(
x, dz +

d

c
j, d2v;λ, a, b

)
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