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1. Introduction and preliminaries

Cesaro sequence spaces Cesy,, 1 < p < oo, appeared for the first time in
1968 as a problem of finding their duals [1]. Some basic properties of these
spaces were studied in the early seventies by Shiue [23] and Leibowitz [13].
In 1974 Jagers [9] found the dual space of Ces), (see also [12]). In the late
nineties mathematicians became interested in geometric properties of these
spaces. Cui and Phuciennik studied Local Uniform Nonsquareness [6] and
Banach-Saks Property and Property 8 [7], Cui and Hudzik studied Fixed
Point Property [5] and obtained the Packing Constant [3].

An Orlicz function ¢ : [0,00) — [0,00) is a continuous, non-decreasing
and convex such that ¢(0) = 0, p(z) > 0 for z > 0 and p(z) — oo as
x — 0. An Orlicz function is said to satisfy the do— condition if their
exists K > 0 such that ¢(Lz) < KLp(z), for all z > 0 and for L > 1. By
w we shall denote the space of all complex sequences. The Cesaro-Orlicz
sequence space Ces,(N) is defined as

Ces,(N) = {:c = (xp) Ew: i cp(% zm: Ml’ko < oo}.
k=1

m=1
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The space Ces,(N) is a Banach space under the norm

||| = inf{A >0 i gp(“liz%lm’) < 1} (see [17]).
m=1

The Cesaro-Orlicz sequence spaces Ces,,(N) appeared for the first time in
1988, when Lim and Lee [11] found their dual spaces. Recently, Cui et al. [4]
obtained important properties of the spaces. In 2007 Maligranda et al. [14]
showed that Ces,(N) is not B-convex, if ¢ € d5 and Ces,(N) # {0}. The
extreme points and strong U-points of Ces,(N) have been characterized by
Foralewski et al. in [8]. Although the spaces Ces,(N) have been studied
by several mathematicians, some essential and basic properties remain still
unknown but recently some of its properties have been discussed by Damian
in [10].

In the case when ¢(z) = |z|P, (p > 1) the Cesaro-Orlicz sequence space
Ces,(N) becomes the Cesaro sequence space Ces.

Let u : N — C be a function such that u.f € Ces,(N) for every
[ € Cesy(N), then we can define a multiplication transformation M, :
Ces,(N) = Ces,(N) by

Myf=uf, V[feCesy,(N).

If M, is continuous, we call it a multiplication operator induced by u. These
operators received considerable attention over the past several decades espe-
cially on LP-spaces and Bergman spaces. From the recent literature available
in Operator theory we find that multiplication operators are very much inti-
mately connected with the composition operators as most of the properties
of composition operators on LP-spaces can be stated in terms of properties
of multiplication operators. For example Singh and Kumar [21] proved that
a composition operator on LP(X,C) is compact if and only if the multi-

plication operator M, is compact, where u = du 5;1, the Radon-Nikodym
derivative of the measure p7'~! with respect to the measure p. Infact the
multiplication operators play an important role in the theory of Hilbert space
operators. One of the main application is that every normal operator on a
separable Hilbert space is unitarily equivalent to a multiplication operator.
Moreover, multiplication operators has its roots in the spectral theory and
is being pursued today in such guises as the theory of subnormal operators
and the theory of Toeplitz operators. For more details on multiplication
operators we refer to ([2], [18], [19], [20], [22], [24]) and refrences therein.
Moreover, Compact operators on sequence spaces have recently been studied
by Mursaleen and Noman in ([15], [16]). By B(Ces,(N)) we denote the set
of all bounded linear operators from Ces,(N) into itself.
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A bounded linear operator A : E — E (where F is a Banach space) is
called compact if A(Bp) has compact closure, where By denotes the closed
unit ball of E.

A bounded linear operator A : £ — FE is called Fredholm if A has closed
range, dim(kerA) and co-dim(ranA) are finite. The main purpose of this
paper is to characterize the boundedness, compactness, closed range and
Fredholmness of multiplication operators on Cesaro-Orlicz sequence spaces.

2. Multiplication operators

Theorem 1. Let u : N — C be a mapping. Then M, : Cesy,(N) —
Ces,(N) is bounded if and only if u is a bounded function.

Proof. Suppose u is a bounded function. Then there exists M > 0 such
that |u,| < M, Vn € N. Let « € Cesy,(N), we have

S LS ux
| Myz|| = ng<mzk;\( )k|>

_ §j¢< Ly 1uk|xk|>

m=1

SMi ( anm)

— M.

Thus, ||Myx|| < M||z||, V 2z € Ces,(N) which implies that M, is a bounded
operator.

Conversely, suppose that M, is a bounded operator. We show that
is a bounded function. For, if u is not a bounded function, then for every
n € N, there exists some p, € N such that |u(p,)| > n. Now ||| =

o0

1
Z 7171)\90*1(1) and

m=pn
- |tm|
MyePr| = _ml__
M| <§3mw—1<1>

m=pn

> 1
- ( 2 mAw(l))

m=pn
= nlleP].

This shows that M, is not a bounded operator. Hence, © must be a bounded
function. ]
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Theorem 2. M, is an isometry if and only if |u,| =1, Vn € N.
Proof. Suppose first that |u,| =1, ¥ n € N. Then

= LS Juga]
M| =) @(m k‘;

m=1
_ = % ZZL:I ||
PPN e
m=1

= [l=l|-

Therefore, | Myz|| = ||z||,V x € Ces,(N) and hence M, is an isometry.

Conversely, suppose that |u,| # 1 for some n = ng. Then || =
o

1
Z m Suppose |ty,| > 1. Then

m=ng
. |Un, |

M, e™| = —

|8 <§ij@_1(1)

m=ng
- 1
> D oo
= mAp~1(1)
= [le™]].

Similarly if |u,,| < 1, then we can show that ||M,e™]| < [[e"]|. In both
cases, when |up,| < 1 or |up,| > 1, we get contradiction. Hence, |u,| =
1VvneN. [

3. Compact multiplication operators

Theorem 3. Let M, € B(Ces,(N)). Then M, is a compact operator if
and only if u(n) — 0 as n — oo.

Proof. We first assume that M, is a compact operator. We show that
u(n) — 0 as n — oo. For if this were not true, then there exists ¢ > 0 such
that the set A = {k € N : |ug| > €} is an infinite set. Let p1,pa, ..., pn, .. be
in Ac. Then {eP" : p, € A} is an infinite bounded set in Ces,(N). Consider

> (é ST u(k)er (k) — u<k>eps<k>\>

| MyePr — MyePs| = Z ©

A
m=1
= LS Ju(k)||ePn (k) — ePs (k)|
- So(RER AL O

AV

6||€pn - epSHanmps S Ae'
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This proves that {eP" : p, € A} is a bounded sequence which cannot have a
convergent subsequence under M,,. This shows that M,, cannot be a compact
operator, which is a contradiction. Hence, u(n) — 0 as n — oo.
Conversely, suppose u(n) — 0 as n — oo. Then for every ¢ > 0, the
set Ac = {n € N : |u(n)| > €} is a finite set. Then Ces,(Ac) is a finite
dimensional space for each € > 0. Therefore, M,|Ces,(Ac) is a compact
operator. For each n € N, define u, : N — C by
u(m), Vm € Ai
un(m) =90 g AL

Clearly, M,, is a compact operator as the space Ces,(A1) is finite dimen-
sional for each n € N. Now

%) 1 m U, e — .
(M, — My)z| = Z¢<mzk:1! (k)?\) r — u(k) k|>
m=1

= g,(nt S (k) — u(k)xu)

meA1 A
= =3y fun (k) — u(k)ay|
+ Z S0<m k=1 5
mEA/l
_ - %Z?ﬂ lu(k)wg|
— Z © s
meA/l
1 & %2211 ||
<33 o=
mGAl
1

or ||(My, — M,)(z)|| < L|z|. This proves that ||(M,, —M,)| < % and that
M, is a limit of compact operators and hence, M, is a compact operator. ll

Theorem 4. Let M, € B(Ces,(N)). Then M, has closed range if and
only if u is bounded away from zero on N\ keru = S.

Proof. Suppose u is bounded away from zero on S. Then there exists
€ > 0 such that |u,| > €V n € N\ keru. We have to prove that rani/,
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is closed. Let z be a limit point of ranM,. Then there exists a sequence
M,z™ — z. Clearly, the sequence { M, 2"} is a Cauchy sequence. Now,

oo 1 m n m
— _1 UL, — UT
| Myx™ — Mya™| = cp(’”Ekl' il L )
1

= A
oo (éZ?—l IUkaZ—ﬂfﬁ)
_ kesS
m=1
Lzm n __ ,.m
) m 2ok=1 |z} a:k]
> 62(,0( kES)\
m=1
o 1 m n m
= il —x
ZGZSO(mzk_erk kr>
m=1
= €||:L'~n _"L’~mH7
where .
i xp, if keS
k 0, if kgéS.

This proves that {«,} is a Cauchy sequence in Ces,(N). But Ces,(N) is
complete. Therefore, there exists x € Ces,(N) such that 2" — z as n — oco.
Inview of continuity of M,, Mya2" — Myx. But My,a2" = M,z — z.
Therefore, M,z = z. Hence, z € ranM,. This proves that M, has closed
range.

Conversely, suppose that M, has closed range. Then M, is bounded
away from zero on (kerM,)* = Ces,(N \ keru). That is, there exists € > 0
such that

(1) | Myz|| > €||z|| Vo € Cesy,(N\ keru).
Let G = {k € N\ keru : |ug| < §}. If G # ¢, then for ng € G, we have

Ml = 3 ¢<m 2 ket u(k)e"0<k)|>

m=1 >\
_ i [u(no)|
o \mAeT (1)
> 1
= mE_Z map1(1)
= elle™].

That is, ||Mye™| < e€|le™]| which contradicts (1). Hence, G = ¢ so that
lug| > €, V k € N\ keru. This proves the theorem. [
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4. Invertible and Fredholm multiplication operators

Theorem 5. Let u : N — C be a mapping. Then M, : Cesy,(N) —
Ces,(N) is invertible if and only if there exist m > 0 and M > 0 such that
m<u, <M, VnéeN.

Proof. Suppose that the condition is true. Define v : N — C by ~,, = i
Then M, and M, are bounded linear operators in view of Theorem 1. Also
M,.M, = M,.M, = I. Hence, M, is the inverse of M,.

Conversely, suppose that M, is invertible. Then ranM, = Ces,(N).
Therefore, ranM,, is closed. Hence, by Theorem 4, there exists ¢ > 0 such
that |u,| > € Vn € N\ keru. Now keru = ¢, otherwise u,, = 0, for some
ng € N, in which case €™ € kerM, which is a contradiction, since ker M,
is trivial. Hence, |u,| > €V n € N. Since M, is bounded, so by Theorem 1,
there exists M > 0 such that |u,| < M, V¥ n € N. Thus, we have proved
that € < |u,| < M, Vn e N. [ ]

Theorem 6. Let M, : Ces,(N) — Ces,(N) be a bounded operator.
Then M, is Fredholm operator if and only if

(1) keru is a finite subset of N.

(79) |un| > €, Vn e N\ keru.

Proof. Suppose M, is Fredholm. If kerw is an infinite subset of N, then
e" € kerM, ¥ n € keru. But ¢"’s are linearly independent, which shows
that kerM,, is an infinite dimensional which is a contradiction. Hence, keru
must be a finite subset of N. The condition (ii) follows from Theorem 4.

Conversely, If the conditions (7) and (ii) are true, then we prove that M,
is Fredholm. In view of Theorem 4, the condition (i7) implies that M, has
closed range. The condition (i) implies that kerM, and kerM} are finite
dimensional. This proves that M, is Fredholm. |
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