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ON SEMI δs-IRRESOLUTE FUNCTIONS

Abstract. The concept of semi δs-irresolute function in topolog-
ical spaces is introduced and studied. Some of their characteristic
properties are considered. Also we investigate the relationships
between these classes of functions and other classes of noncon-
tinuous functions.
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1. Introduction and preliminaries

Levine, [10] defined semiopen sets which are weaker than open sets in
topological spaces. Since, the advent of Levine’s semiopen sets, many re-
searchers offered different and interesting new modifications of open sets
which showed to be fruitful. In 1968, Velic̆ko [19] introduced δ-open sets,
which are stronger than open sets, in order to investigate the characteriza-
tions of H-closed spaces. In 1997, Park et al. [18] introduced the notion
of δ-semiopen sets which are stronger than semiopen sets but weaker than
δ-open sets and investigated the relationships between several types of these
open sets. Recently, Caldas et al. [3], [4] and Ekici [7] further investigated
this class of sets and also studied some of its applications.

The purpose of the present paper is to introduce and investigate a new
class of functions, namely semi δs-irresolute function and give several of its
characterizations and properties. Relations between this class of functions
and other classes of functions are obtained.

In what follows (X, τ) and (Y, σ) (or X and Y ) denote topological spaces.
Let A be a subset of X. We denote the interior, the closure and the comple-
ment of a set A by Int(A), Cl(A) and X\A respectively.

A subset A of a topological space X is said to be a semiopen [10] (resp.
preopen [11], α-open [14], β-open [1]) set if A ⊂ Cl(Int(A)) (resp. A ⊂
Int(Cl(A)), A ⊂ Int(Cl(Int(A))), A ⊂ Cl(Int(Cl(A)))). A point x ∈ X is
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called the δ-cluster point of A if A∩ Int(Cl(U)) 6= ∅ for every open set U of
X containing x. The set of all δ-cluster points of A is called the δ-closure of
A and denoted by Clδ(A). A subset A of X is called δ-closed if A = Clδ(A).
The complement of a δ-closed set is called δ-open. A subset A is said to be
a δ-semiopen [18] if there exists a δ-open set U of X such that U ⊂ A ⊂
Cl(U). The complement of a δ-semiopen (resp. semiopen) set is called a
δ-semiclosed (resp. semiclosed). A point x ∈ X is called the δ-semicluster
point of A if A ∩ U 6= ∅ for every δ-semiopen set U of X containing x. The
set of all δ-semicluster points of A is called the δ-semiclosure of A, denoted
by δClS(A). We denote the collection of all δ-semiopen (resp. δ-open) sets
by δSO(X) (resp. δO(X)). We set δSO(X,x) = {U : x ∈ U ∈ δSO(X)},
and δO(X,x) = {U : x ∈ U ∈ δO(X)}.

Lemma 1 (Park et al. [18]). The intersection (resp. union) of arbitrary
collection of δ-semiclosed (resp. δ-semiopen) sets in (X, τ) is δ-semiclosed
(resp. δ-semiopen).

Corollary 1. Let A be a subset of a topological space (X, τ), then
δClS(A) = ∩{F ∈ δSC(X, τ) : A ⊂ F}.

Lemma 2 (Park et al. [18]). Let A, B and Ai (i ∈ I) be subsets of a
space (X, τ), the following properties hold:

(1) A ⊂ δClS(A),
(2) if A ⊂ B, then δClS(A) ⊂ δClS(B),
(3) if δClS(A) is δ-semiclosed,
(4) δClS(δClS(A)) = δClS(A),
(5) A is δ-semiclosed if and only A = δClS(A).

Recall that a function f : X → Y is said to be:
(1) semicontinuous [10] If f−1(V ) is semiopen in X for each open set V

of Y .
(2) almost semicontinuous [13] If f−1(V ) is semiopen inX for each regular

open set V of Y .
(3) irresolute [5] if f−1(V ) is semiopen in X for each semiopen set V of

Y .
(4) semi α-irresolute [2] if f−1(V ) is semiopen in X for each α-open set

V of Y .
(5) almost irresolute [6] if f−1(V ) is β-open in X for each semiopen set

V of Y .
(6) δ-semiirresolute [3] if f−1(V ) is δ-semiopen in X for each δ-semiopen

set V of Y .
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2. Semi δs-irresolute functions

Definition 1. A function f : X → Y is said to be semi δs-irresolute
at x ∈ X if for each δ-semiopen set V of Y containing f(x), there exists
a semiopen set U in X containing x such that f(U) ⊂ V . If f is semi
δs-irresolute at every point of X, then it is called semi δs-irresolute.

Theorem 1. For a function f : X → Y , the following are equivalent:
(1) f is semi δs-irresolute;
(2) f−1(V ) is semiopen in X for each δ-semiopen set V of Y ;
(3) f−1(V ) ⊂ Cl(Int(f−1(V ))) for every δ-semiopen set V of Y ;
(4) f−1(F ) is semiclosed in X for every δ-semiclosed set F of Y ;
(5) Int(Cl(f−1(B))) ⊂ f−1(δClS(B)) for every subset B of Y ;
(6) f(Int(Cl(A))) ⊂ δClS(f(A)) for every subset A of X.

Proof. (1) ⇒ (2): Let V be an arbitrary δ-semiopen set in Y . We are
going to prove that f−1(V ) is semiopen in X. For this purpose, let x be
any point in f−1(V ). Then f(x) ∈ V . Since f is semi δs-irresolute, there
exists a semiopen set U of X containing x such that f(U) ⊂ V . This implies
x ∈ U ⊂ f−1(V ). It follows that f−1(V ) is a semiopen set in X.

(2)⇒ (1): Let x ∈ X and V be any δ-semiopen set of Y containing f(x).
By (2), f−1(V ) is semiopen in X and x ∈ f−1(V ). Set U = f−1(V ), then
U is a semiopen set of X containing x such that f(U) ⊂ V .

(1) ⇒ (3): Let V be any δ-semiopen set of Y and x ∈ f−1(V ). By
(1), there exists a semiopen set U of X containing x such that f(U) ⊂ V .
Thus we have x ∈ U ⊂ Cl(Int(U)) ⊂ Cl(Int(f−1(V ))) and hence f−1(V ) ⊂
Cl(Int(f−1(V ))).

(3) ⇒ (4): Let F be any δ-semiclosed subset of Y . Set V = Y \F , then
V is δ-semiopen in Y . By (3), we obtain f−1(V ) ⊂ Cl(Int(f−1(V ))) and
hence f−1(F ) = X\f−1(Y \F ) = X\f−1(V ) is semiclosed in X.

(4)⇒ (5): Let B be any subset of Y . Since δClS(B) is a δ-semiclosed sub-
set of Y , f−1(δClS(B)) is semiclosed inX and hence Int(Cl(f−1(δClS(B))))
⊂ f−1(δClS(B)). Therefore, we obtain Int(Cl(f−1(B))) ⊂ f−1(δClS(B)).

(5) ⇒ (6): Let A be any subset of X. By (5), we have Int(Cl(A)) ⊂
Int(Cl(f−1(f(A)))) ⊂ f−1(δClS(f(A))) and hence f(Int(Cl(A))) ⊂ δClS
(f(A)).

(6) ⇒ (2): Let V be any δ-semiopen subset of Y . Since f−1(Y \V ) =
X\f−1(V ) is a subset of X and by (6), we obtain f(Int(Cl(f−1(Y \V )))) ⊂
δClS(f(f−1(Y \V ))) ⊂ δClS(Y \V ) = Y \δIntS(V ) = Y \V and hence X\
Cl(Int(f−1(V ))) = Int(Cl(X\f−1(V ))) = Int(Cl(f−1(Y \V ))) ⊂ f−1(f(Int
(Cl(f−1(Y \V ))))) ⊂ f−1(Y \V ) = X\f−1(V ). �

Therefore, we have f−1(V ) ⊂ Cl(Int(f−1(V ))) and hence f−1(V ) is
semiopen in X.
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Remark 1. From the above definitions, we have the diagram following:

DIAGRAM

irresoluteness ⇒ semi δs-irresoluteness
⇓ ⇓

semicontinuity ⇒ almost semicontinuity

By the following examples the converse implications in the above diagram
are not true in general:

Example 1. Let X = {a, b, c} and τ = {X, ∅, {a}, {b}, {a, b}}. Let
f : (X, τ)→ (X, τ) be defined by f(a) = b, f(b) = a and f(c) = a. Then f
is almost semicontinuous but not semicontinuous.

Example 2 ([7], Example 12). LetX = {a, b, c, d} and τ = {X, ∅, {a}, {c},
{a, b}, {a, c}, {a, b, c}, {a, c, d}}. Let f : (X, τ) → (X, τ) be defined by
f(a) = a, f(b) = d, f(c) = c and f(d) = d. Then f is almost semicontinuous
but not almost δ-semicontinuous.

Example 3. Semicomtinuity does not imply irresoluteness: It follows
from the fact that every irresolute function is almost irresolute and every
semi α-irresolute function is semicontinuous (see [2], Example 3.3).

Example 4. Let X = {a, b, c} and τ = {X, ∅, {a}, {b}, {a, b}}. Let
f : (X, τ)→ (X, τ) be defined by f(a) = b, f(b) = a and f(c) = a. Then f
is semi δs-irresolute but not irresolute

Lemma 3 ([15] and [9]). Let {Xi : i ∈ Ω} be any family of nonempty
topological spaces and Aij be a nonempty subset of Xij for each j = 1, 2, ..., n.
Then A =

∏
i 6=ij Xi×

∏n
j=1Aij is a nonempty semiopen [15] (resp. δ-semiopen

[9]) subset of
∏
Xi if and only if Aij is semiopen (resp. δ-semiopen) in Xij

for each j = 1, 2, ..., n.

Theorem 2. Let f : X → Y be a function and g : X → X × Y the
graph function, given by g(x) = (x, f(x)) for every x ∈ X. Then f is semi
δs-irresolute if g is semi δs-irresolute.

Proof. Let x ∈ X and V be any δ-semiopen set of Y containing f(x).
Then, by Lemma 3, X × V is a δ-semiopen set of X × Y containing g(x).
Since g is semi δs-irresolute, there exists a semiopen set U of X containing x
such that g(U) ⊂ X×V and hence f(U) ⊂ V . Thus f is semi δs-irresolute. �

Theorem 3. If the product function f :
∏
Xi →

∏
Yi is semi δs-irresolute,

then fi : Xi → Yi is semi δs-irresolute for each i ∈ Ω.
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Proof. Let i0 ∈ Ω be an arbitrary fixed index and Vi0 be any δ-semiopen
in Yi0 . Then

∏
Yj×Vi0 is δ-semiopen in

∏
Yi by Lemma 3, where i0 6= j ∈ Ω.

Since f is semi δs-irresolute, f−1(
∏
Yj×Vi0) =

∏
Xj×f−1i0 (Vi0) is semiopen

in
∏
Xi and hence, by Lemma 3, f−1i0 (Vi0) is semiopen in Xi0 . This implies

that fi0 is semi δs-irresolute. �

Lemma 4 ([11]). Let A and B be subsets of (X, τ). If A ∈ PO(X) and
B ∈ SO(X), then A ∩B ∈ SO(A).

Theorem 4. If f : (X, τ) → (Y, σ) is semi δs-irresolute and A is a
preopen subset of X, then the restriction fA : A→ Y is semi δs-irresolute.

Proof. Let V be a δ-semiopen set of Y . Since f is semi δs-irresolute,
f−1(V ) is semiopen inX. By Lemma 4, (fA)−1(V ) = A∩f−1(V ) is semiopen
in A and hence fA is semi δs-irresolute. �

Lemma 5 ([17]). Let A and B be subsets of (X, τ) such that B ⊂ A and
A ∈ SO(X). Then B ∈ SO(X) if and only if B ∈ SO(A).

Theorem 5. Let f : (X, τ) → (Y, σ) be a function and {Ai : i ∈ Ω} be
a cover of X by semiopen sets of (X, τ). Then f is semi δs-irresolute, if
fAi : Ai → Y is semi δs-irresolute for each i ∈ Ω.

Proof. Let V be any δ-semiopen set of Y . Since fAi is semi δs-irresolute,
(fAi)

−1(V ) = f−1(V ) ∩ Ai is semiopen in Ai and hence, by Lemma 5,
(fAi)

−1(V ) is semiopen in X for each i ∈ Ω. Therefore f−1(V ) = X ∩
f−1(V ) = ∪{Ai ∩ f−1(V ) : i ∈ Ω} = ∪{f−1Ai

(V ) : i ∈ Ω} is semiopen in X.
Hence f is semi δs-irresolute. �

Recall that a function f : X → Y is said to be preopen if the image of
every open subset of X is preopen in Y .

Lemma 6 ([8]). If f : X → Y is semi continuous and preopen, then f
is irresolute.

Theorem 6. The following statements hold for functions f : X → Y
and g : Y → Z:

(i) If f is semi δs-irresolute and g is δ-semiirresolute, then g◦f : X → Z
is semi δs-irresolute.

(ii) If f is semicontinuous and preopen and g is semi δs-irresolute, then
g ◦ f : X → Z is semi δs-irresolute.

(iii) If f is irresolute and g is semi δs-irresolute, then g ◦ f : X → Z is
semi δs-irresolute.
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Proof. (i) Let W be any δ-semiopen subset in Z. Since g is δ-semiirreso-
lute, g−1(W ) is δ-semiopen in Y . Since f is semi δs-irresolute, f−1(g−1((V )))
= (g ◦ f)−1(V ) is semiopen in X. Therefore, g ◦ f is semi δs-irresolute.

(ii) Let W be any δ-semiopen set of Z. Since g is semi δs-irresolute, then
g−1(W ) is semiopen in Y . Then, by Lemma 6, we have f−1(g−1((V ))) =
(g ◦ f)−1(V ) is semiopen in X. Therefore, g ◦ f is semi δs-irresolute.

(iii) It follows immediately from definitions.
Recall that the semifrontier ofA denoted by sfr(A), as sfr(A) = ClS(A)\

IntS(A), equivalently sfr(A) = ClS(A) ∩ ClS(X\A). �

Theorem 7. The set of all points x ∈ X at which f : (X, τ)→ (Y, σ) is
not semi δs-irresolute is identical with the union of the semifrontiers of the
inverse images of δ-semiopen subsets of Y containing f(x).

Proof. Necessity. Suppose that f is not semi δs-irresolute at a point
x of X. Then, there exists a δ-semiopen set V ⊂ Y containing f(x) such
that f(U) is not a subset of V for every U ∈ SO(X,x). Hence we have
U ∩ (X \ f−1(V )) 6= ∅ for every U ∈ SO(X,x). It follows that x ∈ ClS(X \
f−1(V )). We also have x ∈ f−1(V ) ⊂ ClS(f−1(V )). This means that
x ∈ sfr(f−1(V )).

Sufficiency. Suppose that x ∈ sfr(f−1(V )) for some V ∈ δSO(Y, f(x))
Now, we assume that f is semi δs-irresolute at x ∈ X. Then there exists
U ∈ SO(X,x) such that f(U) ⊂ V . Therefore, we have x ∈ U ⊂ f−1(V )
and hence x ∈ IntS(f−1(V )) ⊂ X \ sfr(f−1(V )) . This is a contradiction.
This means that f is not semi δs-irresolute at x. �

Recall that, a topological space (X, τ) is called semi-T2 [12] (resp. δ-semi
T2 [3]) if for any two distinct points x and y in X, there exist U ∈ SO(X,x)
and V ∈ SO(X, y) (resp. U ∈ δSO(X,x) and V ∈ δSO(X, y)) such that
U ∩ V = ∅.

Theorem 8. If f : X → Y is a semi δs-irresolute injection and Y is
δ-semi T2, then X is semi-T2.

Proof. Suppose that Y is δ-semi T2. Let x and y be distinct points of
X. Then f(x) 6= f(y). Since Y is δ-semi T2, there exist disjoint δ-semiopen
sets V and W containing f(x) and f(y), respectively. Since f is semi
δs-irresolute, there exist semiopen sets G and H containing x and y , re-
spectively such that f(G) ⊂ V and f(H) ⊂ W . It follows that G ∩H = ∅.
This shows that X is semi-T2. �

Lemma 7. If Ai is a semiopen set of Xi (i=1, 2), then A1 × A2 is
semiopen in X1 ×X2
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Proof. By Theorem 11 of [10]. �

Theorem 9. If f : X → Y is a semi δs-irresolute and Y is δ-semiT2,
then E = {(x, y) : f(x) = f(y)} is semiclosed in X ×X.

Proof. Suppose that (x, y) /∈ E. Then f(x) 6= f(y). Since Y is δ-semi T2,
there exist V ∈ δSO(Y, f(x)) and W ∈ δSO(Y, f(y)) such that V ∩W = ∅.
Since f is semi δs-irresolute, there exist U ∈ SO(X,x) and G ∈ SO(X, y)
such that f(U) ⊂ V and f(G) ⊂ W . Set D = U × G. By Lemma 7
(x, y) ∈ D ∈ SO(X ×X) and D∩E = ∅. This means that ClS(E) ⊂ E and
therefore E is semiclosed in X ×X. �

Definition 2. For a function f : X → Y , the graph G(f) = {(x, f(x)) :
x ∈ X} is called (δ, s)-closed if for each (x, y) ∈ (X × Y )\G(f), there exist
U ∈ SO(X,x) and V ∈ δSO(Y, y) such that (U × V ) ∩G(f) = ∅.

Lemma 8. A function f : X → Y has a (δ, s)-closed graph G(f) if for
each (x, y) ∈ (X × Y )\G(f), there exist U ∈ SO(X,x) and V ∈ δSO(Y, y)
such that f(U) ∩ V = ∅.

Proof. It is an immediate consequence of Definition 2 and the fact that
for any subsets U ⊂ X and V ⊂ Y , (U × V ) ∩ G(f) = ∅ if and only if
f(U) ∩ V = ∅. �

Theorem 10. If f : X → Y is semi δs-irresolute and Y is δ-semi T2,
then G(f) is (δ, s)-closed in X × Y .

Proof. Let (x, y) ∈ (X × Y )\G(f). It follows that f(x) 6= y. Since Y is
δ-semi T2, there exist disjoint δ-semiopen sets V and W in Y containing f(x)
and y, respectively. Since f is semi δs-irresolute, there exists U ∈ SO(X,x)
such that f(U) ⊂ V. Therefore f(U) ∩W = ∅ and G(f) is (δ, s)-closed in
X × Y . �

Theorem 11. If f : X → Y is a semi δs-irresolute injection with a
(δ, s)-closed graph, then X is semi-T2

Proof. Let x and y be any distinct points of X. Then since f is injective,
we have f(x) 6= f(y). Then we have (x, f(y)) ∈ (X × Y )\G(f). Since G(f)
is (δ, s)-closed, there exist U ∈ SO(X,x) and V ∈ δSO(Y, f(y)) such that
f(U) ∩ V = ∅. Since f is semi δs-irresolute, there exists G ∈ SO(Y, y) such
that f(G) ⊂ V . Therefore, we have f(U) ∩ f(G) = ∅ and hence U ∩G = ∅.
This shows that X is semi-T2. �
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