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ABSTRACT. In the present paper, the notion of MT,,-preinvex
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1. Introduction and preliminaries

The following notations are used throughout this paper. We use [ to
denote an interval on the real line R = (—o0,+00) and I° to denote the
interior of I. For any subset K C R"™, K° is used to denote the interior of K.
R™ is used to denote a generic n-dimensional vector space. The nonnegative
real numbers are denoted by R, = [0,4+00). The set of integrable functions
on the interval [a, b] is denoted by Li[a, b].

The following inequality, named Hermite-Hadamard inequality, is one of
the most famous inequalities in the literature for convex functions.

Theorem 1. Let f: I CR — R be a convex function on an interval I
of real numbers and a,b € I with a < b. Then the following inequality holds:

1) f<a;b>ébia/abf(x)dxgw.
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In recent years, various generalizations, extensions and variants of such
inequalities have been obtained. For other recent results concerning Hermite-
Hadamard type inequalities through various classes of convex functions, (see
[9], [13], [6], [21], [5], [11], [10], [4], [17], [3]) and the references cited therein.
In (see [19], [14]) and the references cited therein, Tun¢ and Yildirim defined
the following so-called MT-convex function:

Definition 1. A function f: I CR — R is said to belong to the class
of MT(I), if it is nonnegative and for all x,y € I and t € (0,1) satisfies the
following inequality:

Vit V1—t
(2) fltz+ (1 -t)y) < 2mf(x)+ i

Fractional calculus (see [13]) and the references cited therein, was intro-
duced at the end of the nineteenth century by Liouville and Riemann, the
subject of which has become a rapidly growing area and has found appli-
cations in diverse fields ranging from physical sciences and engineering to
biological sciences and economics.

f(y)-

Definition 2. Let f € Li[a,b]. The Riemann-Liouville integrals J, f
and Ji* f of order o > 0 with a > 0 are defined by

Jo flx) = 1“(105) /az(a: — )7 f(t)dt, x> a
and . )
1@ = gy [ =00 b

+o00o
where I'(a) = / e "u*"tdu. Here JO, f(z) = J)_f(x) = f(z).
0
In the case of a = 1, the fractional integral reduces to the classical inte-
gral.

Due to the wide application of fractional integrals, some authors extended
to study fractional Hermite-Hadamard type inequalities for functions of dif-
ferent classes (see [13]) and the references cited therein.

Now, let us recall some definitions of various convex functions.

Definition 3 (see [7]). A nonnegative function f : 1 CR — R, is said
to be P-function or P-convex, if
flte+ (1 =t)y) < f(z)+ fly), Ve,yel, te[0,1].

Definition 4 (see [1]). A set K C R™ is said to be invex with respect to
the mapping n : K x K — R", if x + tn(y,x) € K for every x,y € K and
te[0,1].
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Notice that every convex set is invex with respect to the mapping n(y, x) =
y — x, but the converse is not necessarily true. For more details please see
(see [1],]20]) and the references therein.

Definition 5 (see [16]). The function f defined on the invex set K C R"
is said to be preinvex with respect n, if for every x,y € K and t € [0,1], we
have

f@+tn(y,z) < (1 —1t)f(z) +tf(y).

The concept of preinvexity is more general than convexity since every
convex function is preinvex with respect to the mapping n(y,z) = y—x, but
the converse is not true.

The Gauss-Jacobi type quadrature formula has the following

+o0

b
(3) [ @ P -0 @ds = Y Bt on) + Bl

k=0

for certain By, j, v, and rest R}, |f| (see [18]).

Recently, Liu (see [12]) obtained several integral inequalities for the left-hand
side of (3) under the Definition 3 of P-function. Also in (see [15]), Ozdemir
et al. established several integral inequalities concerning the left-hand side
of (3) via some kinds of convexity.

Motivated by these results, in Section 2, the notion of MT,,-preinvex
function is introduced and some new integral inequalities for the left-hand
side of (3) involving MT,,-preinvex functions are given. In Section 3, some
generalizations of Hermite-Hadamard type inequalities for MT,,-preinvex
functions via classical integrals are given. In Section 4, some generaliza-
tions of Hermite-Hadamard type inequalities for MT,,-preinvex functions
via fractional integrals are given. In Section 5, some applications to special
means are given. These results given in Sections 3-4 not only extend the
results appeared in the literature (see [13]), but also provide new estimates
on these types.

2. New integral inequalities for MT,,-preinvex functions

Definition 6 (see [8]). A set K C R" is said to be m-invex with respect
to the mapping n : K x K x (0,1] — R™ for some fixed m € (0,1], if
mx + tn(y,z,m) € K holds for each z,y € K and any t € [0, 1].

Remark 1. In Definition 6, under certain conditions, the mapping
n(y, z,m) could reduce to n(y,x). For example when m = 1, then the
m-invex set degenerates an invex set on K.

We next give new definition, to be referred as MT,,-preinvex function.
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Definition 7. Let K C R" be an open m-invexr set with respect to n :
K x K x (0,1] — R™. For f: K — R and any fized m € (0, 1], if

mv/t my1—t
(4) f(my +tn(z,y,m)) < 2\/ﬁf(ﬂf) + Tﬁf(y)’

is valid for all z,y € K and t € (0,1), then we say that f(z) belong to the
class of MT,,(K) with respect to 7.

Remark 2. In Definition 7, it is worthwhile to note that the class
MT,,(K) is a generalization of the class MT(I) given in Definition 1 on
K = I with respect to n(z,y,1) =x —y and m = 1.

Example 1. f,g : (1,00) — R, f(z) = a?, g(z) = (1+ 2)?, p €

(0,705) s h : [1,3/2] — R, h(z) = 1+ 2% k € (0,k), are sim-

ple examples of the new class of MT,,-preinvex functions with respect to
n(x,y,m) = x —my for any fixed m € (0, 1], but they are not convex.

In this section, in order to prove our main results regarding some new
integral inequalities involving MT,,-preinvex functions along with beta func-
tion, we need the following new lemma:

Lemma 1. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K° with a < b and ma < ma +
n(b,a,m). Then for any fired m € (0,1] and any fized p,q > 0, we have

ma+n(b,a,m)
/ (x — ma)?(ma + n(b,a,m) — ) f(x)dx

ma

1
= n(b, a,m)PTI! / t?(1 —¢)?f(ma + tn(b,a, m))dt.
0
Proof. It is easy to observe that

ma+n(b,a,m)
/ (x —ma)?(ma + n(b,a,m) — x)?f(z)dz

1
= nfbam) [ mat tnfb.a,m) — ma)?(ma+ (0. o, m)
0
— ma — tn(b,a,m))? f(ma + tn(b, a,m))dt

1
= (b, a,m)Pratt / t?(1 —t)?f(ma + tn(b, a,m))dt.
0

The following definition will be used in the sequel.
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Definition 8. The Euler Beta function is defined for z,y > 0 as
1
- - I'(z)C(y)
B(z, :/ N1 — )y g = =
@)= [ ea- e = Y
Theorem 2. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K°, a < b with ma < ma+n(b, a, m).

If |f| is a MT,,-preinvex function on K for any fized m € (0,1], then for
any fized p,q > 0, we have

ma+n(b,a,m)
/ (x —ma)P(ma+n(b,a,m) — z)? f(x)dx

ma

<

SE

n(b.a,mpPHett [lf(a)rﬁ <p+ S ) oL <p+ ot ;) .

Proof. Since |f| is a MT,,-preinvex function on K, we have

my/t my1—t

< SRl + T )

for all t € (0,1) and for any fixed m € (0,1]. By Lemma 1 and the fact that
|f| is a MT,,-preinvex function on K, we get

‘f(ma +tn(b,a,m))| <

ma+n(b,a,m)
/ (x —ma)?(ma + n(b,a,m) — x)f(z)dx

ma

1
< (b, a, myr+e? / (1= 01 (ma + (b, a,m))|dt
0

g L pr1 my/t my1—t
<namprest [ - oy [2ﬁ|f( 4 T If(a)\]dt
=?n(b,a,m“q*l[u(a)w(p+1,q+ 3) + 118 (p+ 50+ 3) |

Theorem 3. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K°, a < b with ma < ma+n(b,a,m).

Let k> 1 and ]f\% be a MT,,-preinvex function on K for any fixed m €
(0,1]. Then for any fixed p,q > 0, we have

ma-+n(b,a,m)
/ (x —ma)?(ma+n(b,a,m) — ) f(x)dx

ma

==

< (T;r)k 1 n(b, a,m)Pratt [ﬁ(kp+1,kq+1)]
k—1

< (1@ + 1 BIFT) ©
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Proof. Since | f]k%l is a MT,,-preinvex function on K, combining with
Lemma 1 and Hélder inequality for all ¢ € (0, 1) and for any fixed m € (0, 1],

we get

ma+n(b,a,m)
/ (2 — ma)(ma + (b, a,m) — 21 f (2)d

ma

x|

)P+(1+1

1
/ thP(1 — )kt

< n(b,a,m
0

1 k
x[/ | f(ma + tn(b,a,m))|FTdt
0

1
k

< (b, a,m)" T [Blkp + 1, kg + 1)

Lromyvi Lom 1-t¢ e *
[/0 (5ol + ™ =) )dt]

1
k

= (%) w n(b, a, m)PTatl [ﬁ(kp +1,kq+ 1)}

<(If @ + )
|

Theorem 4. Let f : K = [ma,ma + n(b,a,m)] — R be a continuous
function on the interval of real numbers K°, a < b with ma < ma+n(b, a, m).
Let1 > 1 and|f|" be a M T,,-preinvex function on K for any fized m € (0, 1].

Then for any fixed p,q > 0, we have

ma-+n(b,a,m)
/ (x — ma)P(ma + n(b,a,m) — z)! f(z)dx

ma
-1

<(3)
" ['f(“‘)'lﬁ (4 gea+3) + 15008 (p+ S0+ 3)

Proof. Since |f|' is a MT,,-preinvex function on K, combining with
Lemma 1 and Holder inequality for all ¢ € (0,1) and for any fixed m € (0, 1],

1

~|

n(b,a,m)?  [B(p+ 1,4+ 1)]

1
[

we get

ma-+n(b,a,m)
/ (x —ma)P(ma +n(b,a,m) — x)? f(z)dx

ma
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-1
l

= (b, a, m)PTtt /1 {tp(l - t)q} o
0

X [tp(l — t)q] Tf(ma + tn(b, a, m))dt

‘ =

1
< (b, @, m)Pre! [ / (1 — t)th]
0

0

1 T
X [/ (1 — £)3| f(ma + tn(b, a,m))\ldt]

-1

< n(b,a, m)Prett [ﬁ(p +1,q+ 1)} N

[ / 1tp<1—t>Q< Vg MY fa') dtr

VY
— (T;)} n(b, a, m)PTIt1 [,B(p et 1)} 1

1
1

x [\f(awﬁ (4504 3) + 108 (p+ 50+ 5)

Remark 3. In Theorem 4, if we choose [ = 1, we get Theorem 2.

3. Hermite-Hadamard type classical integral inequalities
for MT,,-preinvex functions

In this section, in order to prove our main results regarding some general-
izations of Hermite-Hadamard type inequalities for MT,,-preinvex functions
via classical integrals, we need the following new lemma:

Lemma 2. Let K C R be an open m-invex subset with respect to n :
K x K x (0,1 — R for any fized m € (0,1] and let a,b € K, a < b
with ma < ma + n(b,a,m). Assume that f : K — R is a differentiable
function on K° and ' is integrable on [ma,ma+n(b,a,m)]. Then, for each
x € [ma, ma + n(b,a,m)], we have

n(z, a,m) f(ma) —n(z,b,m) f(mb)
(5) n(b,a, m)

1 ma-+n(z,a,m) mb+n(z,b,m)
ol VAL N

m
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r,a,m 2 !
- M/ (t = 1)f'(ma + tn(z, a,m))dt

z,b,m)? 1

Proof. Denote

n(z,a,m)

2 1 ,
ey Jy (6~ DY (nact i

x m 2 !
W/o (1 =) (mb + tn(z, b, m))dt.

I =

+

Integrating by parts, we get

;- n(x,a,m)? (t_l)f(ma+tnxam ‘ 3 fma+t77xam))dt

B U(b»%m) xam xam

n(z,b,m)? f(mb+ tn(x,b,m)) fmb—i—tnx bm))

n(b,a,m) [(1 —?) n(xz,b,m) n(xz, b, m) dt]
— 77(55’ a7m)f(ma) 7 77(L ba m)f(mb)

n(b, a,m)
1 ma+n(z,a,m) mb+n(z,b,m)
YR [ . fu)du — /mb f(u)du]

Remark 4. Clearly, if we choose m = 1 and n(z,y,1) = = —y in
Lemma 2, we get (see [9], Lemma 1).

Using the Lemma 2 the following results can be obtained.

Theorem 5. Let A C Ry be an open m-invex subset with respect to
n:AxAx (0,1 — Ry for any fized m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a,m). Assume that f : A — R is a differentiable
function on A°. If | f'] is a MTy,-preinvez function on [ma, ma+ n(b,a, m)]
and |f'(z)| < M, then for each x € [ma, ma + n(b,a,m)], we have

77(% a, m)f(ma> — 77(1'7 b7 m)f(mb)

©) n(b,a,m)
1 ma+77($7a,m) mb—l—n(a;,b,m)
- du — d
77(57 a, m) /ma f(U) B /mb f(U) !
Mmm

< Gl [ )+ e b.m)?].
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Proof. Using Lemma 2, MT,,-preinvexity of |f’|, the fact that |f/(z)] <
M for each = € [ma, ma + n(b,a,m)|, and taking the modulus, we have

77(% a, m)f(ma) — U(Iv ba m)f(mb)

n(b, a,m)
ﬁ%;if;L/|t—uuwma+¢an7m>ﬁ
+@ézm/|r%qu+mwmeﬁ
< e | _t[ =)

-#ngﬂfwﬂd

t
m@iﬁw/’ —thff o)l + ;j{ﬂf@]m

(e, a,m)? +n(z,bm)?).

4\77(b,a,m)\ [
|

Remark 5. In Theorem 5, if we choose m = 1 and n(x,y,1) =z —y
then we get (see [13], Theorem 2.2).

The corresponding version for power of the absolute value of the first
derivative is incorporated in the following results.

Theorem 6. Let A C Ry be an open m-invexr subset with respect to
n:AxAx(0,1] — Rq for any fized m € (0,1] and let a,b € A, a < b with
ma < ma ~+ n(b,a,m). Assume that f : A — R is a differentiable function
on A°. If |f'|? is a MT,,-preinvex function on [ma, ma + n(b,a,m)], ¢ > 1,
pt+qt =1 and|f(z)] < M, then for each x € [ma, ma + n(b,a, m)], we
have

77(95, a, m)f(ma) — 77('%" bv m)f(mb)
n(b,a, m)

1 ma-+n(z,a,m) mb+n(z,b,m)
- - du — d
e | L = [ flu)du

(7)

m

M mm\ ;5 | n(z,a,m)? +n(x,b,m)?
< v ls) [ n(b.a,m)] l
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Proof. Suppose that ¢ > 1. Using Lemma 2, MT,,-preinvexity of
|f19, Holder inequality, the fact that |f/(z)| < M for each x € [ma, ma +
n(b,a,m)], and taking the modulus, we have

77(‘%'7 a, m)f(ma) — ﬂ(ffa b, m)f(mb)
n(b,a,m)

1 ma+n(z,a,m) mb+n(x,b,m)
- m / f(u)du — / f(u)du

mb

n(xz,a,m)

W/ |t — 1| (ma + tn(z, a,m))|dt

n(z,b,m

W/ |1 4]|f(mb + tn(e, b, m))|dt

< dnon(f - t)pdt)” ( / |f’(ma+tn(fc7a,m))|th>é |
# 2oLl (i gyar)” ([ 15 mo e+ tnevmypar)
e : .
SMU (lt)pdt) [/ (M*Qf( I

VI >|Q>dtr

2\f

+M<Al(l—t)pdt); [/ (M\Qw )7

m q %
)]

< M at [mm,m)un(m,b,m) ]

~(p+1 n(b, a,m)]

|
Remark 6. In Theorem 6, if we choose m = 1 and n(z,y,1) =z —y
then we get (see [13], Theorem 2.4).

Theorem 7. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Rq for any fired m € (0,1] and let a,b € A, a < b with
ma < ma + n(b,a,m). Assume that f : A — R is a differentiable function
on A°. If |f'|? is a MT,,-preinvez function on [ma, ma + n(b,a,m)], ¢ > 1
and |f'(x)| < M, then for each x € [ma, ma + n(b,a,m)|, we have

77(937 a, m)f(ma) — 77(35, ba m)f(mb)
(8) n(b,a, m)
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1 /ma+n(z,a,m) Fu)d /mb—i-n(av,b,m) fu)d
" n(b.a.m) u)au — uw)du
n(b,a,m) | Jima -
141 9 )
<M <1> / (mﬂ)é n(x,a,m)* +n(x,b,m) '
2 In(b, a,m)]

Proof. Using Lemma 2, MT,,-preinvexity of | f’|?, the well-known power
mean inequality, the fact that |f'(z)| < M for each x € [ma, ma+n(b,a, m)],
and taking the modulus, we have

77(957 a, m)f(ma) — 77(3% b7 m)f(mb)
n(ba a, m)

1 ma+n(z,a,m) mb+n(z,b,m)
- W / fw)du —/ f(u)du

mb

n(z,a,m

< A 1 ot 0,

n(xz,b,m)

+m@;—f/|m%wuw+mubmmm
si%ﬁﬁf(é%»ﬂﬁ>q(ﬂh»wfww+m@wmm%§

# 2Ll (1 ) q([u—wfmw+mwammwﬁé
XL[ﬂ—ﬂ<¢¢f<W m;[f<W>4
e (ffaoa)

X{Kﬂ—ﬂ@JJf(V+ f/ﬂ>ﬂﬁ]

1-1 1
q

Q=

Q=

2 (b, a,m)|
[ |
Remark 7. In Theorem 7, if we choose m = 1 and n(z,y,1) =z —y

then we get (see [13], Theorem 2.6). Also, in Theorem 7, if we choose ¢ = 1,
we get Theorem 5.
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4. Hermite-Hadamard type fractional integral inequalities
for MT,,-preinvex functions

In this section, in order to prove our main results regarding some general-
izations of Hermite-Hadamard type inequalities for MT,,-preinvex functions
via fractional integrals, we need the following new lemma:

Lemma 3. Let K C R be an open m-inver subset with respect to n :
K x K x (0,1] — R for any fired m € (0,1] and let a,b € K, a < b
with ma < ma + n(b,a,m). Assume that f : K — R is a differentiable
function on K° and f' is integrable on [ma, ma+n(b,a,m)|. Then, for each
x € [ma, ma + n(b,a,m)] and a > 0, we have

77(an a, m)af(ma) — 77(957 bv m)af(mb)
n(b,a, m)

M(a+1) .
m[ (ama-i-n(x,a,m))— (ma) B J(mb—l—n(ac,b,m))—f(mb)

(9)

n(aj’a7 m)a+1 /1 o !/
=— t* —1)f (ma+tn(x,a,m))dt
oy [0 =1 mat (e, a,m)
n(z,b,m)>*!

' /
n(b, a, m) /0 (1 —t*) f'(mb + tn(z,b,m))dt,

+oo
where I'(a) = / e “u®"du is the Buler Gamma function.
0

Proof. Denote

a+l1 1
%/0 (t* — 1)f/(ma + tn(x,a’m))dt

n(z, b,m)o‘+1
n(b,a,m)

I =
1
+ / (1 — %) f (mb + tn(x, b, m))dt.
0

Integrating by parts, we get

n(b,a,m) n(z,a,m) 0
B a/l t* L f(ma + tn(z, a, m))dt]
0

T’(x7 a” m)

; _ nwa,m)et! l(ta - pyLlmact ina.a.m)

f(mb+ tn(x,b,m)) ’1
n(xz,b,m) 0

— [(1 — %)

ta /1 to=Lf(mb + tn(z,b,m)) dt]
0

T](JU7 b’ m)
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_ 77(937 a, m)af(ma) - 77(% b, m)af(mb)
n(b,a,m)

Tla+1) 71 ., .
B m[ (ma-+n(s,a,m))—f (Ma) = J(mb+7](w,b7m))7f(mb):|-

Remark 8. Clearly, if we choose m = 1 and n(z,y,1) =  — y in
Lemma 3, we get (see [13], Lemma 3.1).

By using Lemma 3, one can extend to the following results.

Theorem 8. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Ry for any fized m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a,m). Assume that f : A — R is a differentiable
function on A°. If | f'| is a MT,-preinvez function on [ma, ma+ n(b,a, m)]
and |f'(x)] < M, then for each x € [ma, ma+n(b,a,m)] and o > 0, we have

77(% a, m)af(ma) — 77(% b7 m)af(mb)

(10) n(b,a, m)

+1 N
_ ((baa m)) [J (ma+n(z,a,m))— f(ma) - J(mern(a:,b,m))ff(mb)} ‘

_ M [ nCe,am) 4 o bom)et | [T+ HT ()
- 2 |n(b,a,m)] MNa+1)

Proof. Using Lemma 3, MT,,-preinvexity of |f’|, the fact that |f/(x)| <
M for each x € [ma, ma + n(b,a,m)], « > 0, and taking the modulus, we
have

n(z, a,m)* f(ma) — n(z,b,m)" f(mb)
n(b,a,m)

MNa+1) o
- W[ (ma+n(z,a,m))ff(ma’) - J(mb+n(z,b,m))7f(mb):| ’

[n(z, a,m)[**+

/ £ — 1]|"(ma + tn(z, a,m))|dt

In(b, a,m)]
x,b,m)[* !
W/ 11— t*||f (mb + tn(, b,m))|dt
n(z, a,m)|*+! N m
§|n(b,a,m)|/0(1_t)[\/17|f()| L If()I]
In(z,b,m)|** ! N my1—1
T il U t>[2 @)+ |f<>|]
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<

Mm | [n(z,a,m)|*T" + |n(z, b,m)|*+ W_F(OHF%)F(%)
2 [n(b, a,m)| Na+1) '

Remark 9. In Theorem 8, if we choose m = 1 and n(z,y,1) = z—y then
we get (see [13], Theorem 3.2). Also, in Theorem 8, if we choose o = 1, we
get the inequality in Theorem 5.

Theorem 9. Let A C Ry be an open m-invex subset with respect to
n:AxAx (0,1 — Ry for any fixed m € (0,1] and let a,b € A, a < b
with ma < ma + n(b,a,m). Assume that f : A — R is a differentiable
function on A°. If |f'|? is a MT,,-preinvex function on [ma, ma+n(b,a,m)],
q>1,p ' 4+q ' =1 and|f'(x)| < M, then for each x € [ma, ma+n(b,a, m)]
and o > 0, we have

77(957 a, m)af(ma) — 77(957 b7 m)af(mb)
n(b,a, m)

Tla+1) §
n(b, a, ) |: (ma+n(z,a,m))— f(ma) J(mb+n(x7b7m))_f(mb)]

(11)

1
p

L(p+ 1 (1)
ol (p+1+1)

m\ g | [n(z,a,m)[** + [n(z, b,m)|**H
< (%) [ (6, 0, m) ]

Proof. Suppose that ¢ > 1. Using Lemma 3, MT,,-preinvexity of
|f’|?, Holder inequality, the fact that |f'(z)] < M for each x € [ma, ma +
n(b,a,m)], « > 0, and taking the modulus, we have

77(% a7m)af(ma) — 77(1:71)7 m)af<mb)

n(b, a,m)
~ m[ (ma-+n(a.am)—f (M@) = TGnbynop,my)—f (mb)}‘
e PORE [ 117 (ma + tnesmf
W/ 11— 21 (mb + t(z, b, m))|dt

e (0 _%); ([ rowmesomra)’
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M ([a-era)

[/ MV | e+ TV |f<)|q>dt]
(b, 0 m)

Q[

;
Wi 2\/
b
e (o ”dt>
my/t my/1 q
x /0<2F|f()l N If()l)dt]

mm\ % | [0z, a,m)[*H + (2, b,m)|*F | | T(p+ DT (3)
<M (%) [ (b, @, m)| 1 oT(pritl)

Q=

1
P

Remark 10. In Theorem 9, if we choose m = 1 and n(z,y,1) =z —y
then we get (see [13], Theorem 3.5). Also, in Theorem 9, if we choose o = 1,
we get the inequality in Theorem 6.

Theorem 10. Let A C Ry be an open m-invex subset with respect to
n:AxAx(0,1] — Rg for any fired m € (0,1] and let a,b € A, a < b with
ma < ma + n(b,a,m). Assume that f : A — R is a differentiable function
on A°. If | f'|7 is a MTy,-preinvez function on [ma, ma + n(b,a,m)], ¢ > 1
and |f'(x)] < M, then for each x € [ma,ma + n(b,a,m)] and o > 0, we
have

77(93» a, m)af(ma) - 77(90’ b’ m)af(mb)
n(b,a,m)

Mla+1) 1., a
T (b A ) [J(maJrn(:v,a,m))ff(ma) - J(mb+n(z,b,m))ff(mb):| ‘

myb (o \TH[ Terhrd)]
SM(;) (Oé—l-l) [ﬂ-_ F(Oz2—|—1) 2 ]
% In(x, a,m)|* + |n(z,b,m)|*+!
In(b,a,m)|

(12)

Proof. Using Lemma 3, M T,,-preinvexity of | f’|?, the well-known power
mean inequality, the fact that | f'(x)| < M for each x € [ma, ma+n(b, a,m)],
a > 0, and taking the modulus, we have

77(% a, m)af(ma) —n(z,b, m)af(mb)
n(b,a,m)
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Ia+1) .
W [‘](ma+77(ac a,m))— f( ) J(mb-i—'r](z,b,m))—f(mb)} ‘

In(z,a,m) I"+1

(b, am) / [t* — 1||f' (ma + tn(x, a,m))|dt

n(z,b,m) |°‘+1

176, a1 / |1 —t*||f'(mb + tn(x,b,m))|dt

< ([o-ow)

(| (L= 1) (ma + oo,

! W (/01(1 —t")dt>1_;

X </01(1 —t*)|f' (mb + tn(z, b, m))th>;

1

= W (/01(1—ta)dt> o |
x[/olu-ta)( e+ M (”q)dtr
+W(/01(1—t0‘)dt>1
X[/ola‘ta)(g%vm P ()qu

myi(_a \VH[ Tarhr@)]’
SM(E) <a+1> [W_r(am
[ty aym)[2 1 + g, by )|+
[n(b, a,m)| ‘

1
q

Q=

Remark 11. In Theorem 10, if we choose m = 1 and n(x,y,m) = z—my

then we get (see [13], Theorem 3.8). Also, in Theorem 10, if we choose
a =1, we get Theorem 7.

5. Applications to special means

In the following we give certain generalizations of some notions for a
positive valued function of a positive variable.
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Definition 9 (see [2]). A function M : R2 — Ry, is called a Mean
function if it has the following properties:
1. Homogeneity: M(ax,ay) = aM (z,y), for all a >0,
Symmetry: M(z,y) = M(y,x),
Reflexivity: M (z,x) = x,
Monotonicity: If x < ' and y <y, then M(x,y) < M(2',y/).
Internality: min{z,y} < M(z,y) < max{z,y}.

Uk W

We consider some means for arbitrary positive real numbers «, 5 (o # ).
1. The arithmetic mean:

2. The geometric mean:

3. The harmonic mean:

4. The power mean:

6. The logarithmic mean:

= ﬁia o
log(8) — log(a)’

L= L(a,B)
7. The generalized log-mean:

grtl _ qptl

LP::LP(O‘aﬁ): )]p; pGR\{—l,O}, O‘#B

(P+1)(B -«
8. The weighted p-power mean:

a1, o o - ?

) o, o

M, ’ ’ ) = E aul
Uy, Uz, v, Up P

where 0 < a; <1,u; >0(i=1,2,...,n) with Y 1" ; a; = 1.

=
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It is well known that L, is monotonic nondecreasing over p € R with L_ :=
L and Lo := I. In particular, we have the following inequality H < G <
L < I < A. Now, let a and b be positive real numbers such that a < b.
Consider the function M := M (a,b) : [a,a+n(b,a)] X [a,a+n(b,a)] — R4,
which is one of the above mentioned means, therefore one can obtain various
inequalities using the results of Sections (- ) for these means as follows:

Replace n(z,y, m) with n(x, y) and setting n(a, z) = M (a, z) and n(b, x) =
M(b,z), Yz € A, for value m = 1 in (7), (8), (11) and (12) one can obtain
the following interesting inequalities involving means:

(13) ﬂ<avw>f<§4>(;v;§b, z) f(b)
M (2, b) MHM(M) f(u)du — /bHM(b’x) f(u)du]
<G () |
(14) n<avw>f<ﬂc;>(;v;§b, z) f(b)
- |/ " - / e f(u)du]
<M (;) 15 m [M(a,x;;(;]g(b, m)2] |
(15) ‘M(%x)af(]é\l/}(;’é\f(b,x)af(b)
- Fﬂ(ﬁ bl>) [erattamy-1(0) = %M(b,z))f(b)}‘
o (g)f Moy [t ]
(16) ‘M(aaiﬂ)af(](\})(;%(b,:n)af(b)
B W iatrttamn—F (@ = Tisasiva -1 0)]
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cwl) (30 -]

M(a,z)** + M(b,z)> "
M(a,b)

Letting M (a,x) and M(b,x) equal to A,G,H, P,,1,L,L,, M,, Vx € A in
(13), (14), (15) and (16), we get the inequalities involving means for a par-
ticular choices of a differentiable MT}-preinvex function f. The details are
left to the interested reader.
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