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1. Introduction

The 2-variable Hermite Kampé de Fériet polynomials (2VHKdFP) [3, 5]
Hn(x, y) are defined as:

(1) Hn(x, y) = n!

[n
2
]∑

r=0

yrxn−2r

r!(n− 2r)!
.

It is easily seen from definition (1) that

Hn(2x,−1) = Hn(x)

and

Hn(x,−1

2
) = Hen(x),

where Hn(x) and Hen(x) being ordinary Hermite polynomials [1]. Also

Hn(x, 0) = xn.
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The generating function for Hermite polynomial Hn(x,y) are given by [1,
13]:

(2) ext+yt
2

=
∞∑
n=0

Hn(x, y)
tn

n!
.

For each integers k ≥ 0 and n ≥ 1, the alternating sum Tk(n) is defined by

Tk(n) =

(n−1)∑
r=0

(−1)rrk = 0k − 1k + 2k − · · ·+ (−1)n−1(n− 1)k,

and the generating function is

(3)

∞∑
k=0

Tk(n)
tk

k!
=

1− (−et)(n+1)

1 + et
.

In [6], Kaneko introduced and studied poly-Bernoulli numbers which gen-

eralize the classical Bernoulli numbers. Poly-Bernoulli numbers B
(k)
n with

k ∈ Z and n ∈ N, appear the following power series:

(4)
Lik(1− e−t)

1− e−t
=
∞∑
n=0

B(k)
n

tn

n!
,

where k ∈ Z and

Lik(z) =

∞∑
m=1

zm

mk
, |z| < 1.

So for k ≤ 1,

Lik(z) = − ln(1− z), Li0(z) =
z

1− z
, Li−1(z) =

z

(1− z)2
, ...

Moreover when k ≥ 1, the left hand side of (4) can be written in the form

et
1

et − 1

∫ t

0

1

et − 1
· · ·
∫ t

0

1

et − 1

∫ t

0

t

et − 1︸ ︷︷ ︸
(k−1)−times

dtdt · · · dt =
∞∑
n=0

B(k)
n

tn

n!
,

and multiple version of poly-Bernoulli numbers B
(k)
n are defined in (see [2.,

p202, Remark (ii)]):

(5)
Lik1,··· ,kr(1− e−t)

(1− e−t)r
=

∞∑
n=0

B(k1,··· ,kr)
n

tn

n!
,
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where

(6) Lik1,··· ,kr(z) =
∑

0<m1<···<mr

zmr

mk1
1 · · ·mr

kr
,

is the multiple polylogarithm.
Recently, Kim et al. [8] introduced the poly-Bernoulli polynomials of the

second kind defined by the generating function

(7)
Lik(1− e−t)

log(1 + t)
(1 + t)x =

∞∑
n=0

b(k)n (x)
tn

n!
.

Note that

∞∑
n=0

b(1)n (x)
tn

n!
=

Li1(1− e−t)
log(1 + t)

(1 + t)x =
t

log(1 + t)
(1 + t)x(8)

=

∞∑
n=0

bn(x)
tn

n!
,

where bn(x) are called the Bernoulli numbers of the second kind (see [4, 11]).
As it is well known, the higher Bernoulli polynomials of the second kind

defined by the generating function (see [4, 13]):

(9)

[
t

log(1 + t)

]r
(1 + t)x =

∞∑
n=0

b(r)n (x)
tn

n!
,

Indeed, we note that

b(r)n (x) = B(n−r+1)
n (x+ 1),

where B
(r)
n (x) are called the higher order Bernoulli polynomials of the first

kind given by the generating function (see [7, 8, 9, 10]):

(10)

(
t

et − 1

)r
ext =

∞∑
n=0

B(r)
n (x)

tn

n!
.

Pathan and Khan [9] introduced the following generalized Hermite-Bernoulli

polynomials of two variables HB
(α)
n (x, y):

(11)

(
t

et − 1

)α
ext+yt

2
=

∞∑
n=0

HB
(α)
n (x, y)

tn

n!
.
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Setting α = 1 in (11), the result reduces to known result of Dattoli et al. [5,
p.386(1.6)]:

(12)

(
t

et − 1

)
ext+yt

2
=
∞∑
n=0

HBn(x, y)
tn

n!
.

The Stirling number of the first kind is given by

(13) (x)n = x(x− 1) · · · (x− n+ 1) =

n∑
l=0

S1(n, l)x
l, (n ≥ 0),

and the Stirling number of the second kind is defined by the following gen-
erating function to be

(14) (et − 1)n = n!
∞∑
l=n

S2(l, n)
tl

l!
.

In this paper, we consider Hermite multi-poly-Bernoulli polynomials of

the second kind Hb
(k1,··· ,kr)
n (x, y, z) and give some formulae of these poly-

nomials related to the Stirling numbers of the second kind. These results
extend some known summations and identities of generalized Hermite multi-
poly-Bernoulli numbers and polynomials of the second kind studied by Qi
et al. [11], Dattoli et al. [5], Khan [7] and Pathan and Khan [9, 10].

2. Hermite multiple-poly-Bernoulli numbers and
polynomials of the second kind

In this section, we give a note on Hermite multiple-poly-Bernoulli num-
bers and polynomials of the second kind and investigate its properties.

Definition 1. For k1, k2, · · · , kr ∈ Z, we define the Hermite multiple-poly-

Bernoulli polynomials of the second kind Hb
(k1,k2,··· ,kr)
n (x, y, z) by the gener-

ating function:

(15)
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)xeyt+zt

2
=
∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!
,

so that

(16) Hb
(k1,k2,··· ,kr)
n (x, y, z) =

n∑
m=0

(
n
m

)
b
(k1,k2,··· ,kr)
n−m Hm(y, z).
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When x = y = z = 0, b
(k1,k2,··· ,kr)
n = Hb

(k1,k2,··· ,kr)
n (0, 0, 0) are called the

multi-poly-Bernoulli numbers of the second kind. From (15), we note that

∞∑
n=0

Hb
(1,1,··· ,1)
n (x, y)

tn

n!
=
r!Li1,1,··· ,1(1− e−t)

[log(1 + t)]r
(1 + t)xeyt+zt

2
(17)

=
∞∑
n=0

Hb
(r)
n (x, y, z)

tn

n!
.

Thus, we have

(18) Hb
(1,1,··· ,1)
n (x, y, z) = Hb

(r)
n (x, y, z), n ≥ 0.

Remark 1. On setting y = z = 0, (15) reduces to the following
multi-poly-Bernoulli polynomials of the second kind defined by Qi et al.
[11, p.3 Eq.(2.1)]:

(19)
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)x =

∞∑
n=0

b(k1,k2,··· ,kr)n (x)
tn

n!
,

k1, k2, · · · , kr ∈ Z.

Theorem 1. For n ≥ 0, we have

(20) Hb
(2)
n (x, y, z) =

n∑
m=0

(
n
m

)
Bmm!

m+ 1
Hbn−m(x, y, z).

Proof. From definition (15), we have

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!
=
r!Lik1,k2,··· ,kr (1− e−t)

[log(1 + t)]r
(1 + t)xeyt+zt2

=
r!(1 + t)xeyt+zt2

[log(1 + t)]r
Lik1,k2,··· ,kr (1− e−t)

=
r!(1 + t)xeyt+zt2

[log(1 + t)]r

∫ t

0

∫ tb1+···+bh

0

· · ·
∫ t2

0

1

etb1+···+bh − 1
· · · 1

e
tb1+···+b

h−1+2 − 1︸ ︷︷ ︸
(bh−1)−times

× 1

ah!

(tb1+···+bh−1+1 − tb1+···+bh−1
)ah

etb1+···+bh−1+1 − 1
· 1

etb1+···+bh−1+1 − 1
· · · 1

etb1+···+bh−2+2 − 1︸ ︷︷ ︸
(bh−1−1)−times

× · · · · · · × 1

a3!

(tb1+b2+1 − tb1+b2)a3

etb1+b2+1 − 1
· 1

etb1+b2 − 1
· · · 1

etb1+2 − 1︸ ︷︷ ︸
(b2−1)−times

× 1

a2!

(tb1+1 − tb1)a2

etb1+1 − 1
· 1

etb1 − 1
· · · 1

et2 − 1︸ ︷︷ ︸
(b1−1)−times

· 1

a1!

ta1
1

et1 − 1
dt1dt2 · · · dtb1+···+bh .
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For r = 1

∞∑
n=0

Hb
(k1)
n (x, y, z)

tn

n!

=
(1 + t)xeyt+zt

2

log(1 + t)

∫ t

0

1

ez − 1

∫ t

0

1

ez − 1
· · · 1

ez − 1

∫ t

0

z

ez − 1︸ ︷︷ ︸
(k1−1)−times

dz · · · dz.

In particular k1 = 2, we have

∞∑
n=0

Hb
(2)
n (x, y, z)

tn

n!
=

(1 + t)xeyt+zt
2

log(1 + t)

∫ t

0

z

ez − 1
dz

=

( ∞∑
m=0

tmBmm!

m+ 1m!

)
t

log(1 + t)
(1 + t)xeyt+zt

2

=

( ∞∑
m=0

tmBmm!

m+ 1m!

)( ∞∑
n=0

Hbn(x, y, z)
tn

n!

)
.

Replacing n by n−m in the r.h.s. of above equation, we have

∞∑
n=0

Hb
(2)
n (x, y, z)

tn

n!
=

∞∑
n=0

n∑
m=0

(
n
m

)
Bmm!

m+ 1
Hbn−m(x, y, z)

tn

n!
.

On equating the coefficients of the like powers of tn

n! in the above equation,
we get the result (20). �

Theorem 2. For n ≥ 1, the degree of Hb
(k1,k2,··· ,kr)
n (x, y, z) is n− 1, we

have

(21)
Hb

(k1,k2,··· ,kr)
n (x, y, z)

n
=

n−1∑
m=0

(
n− 1
m

)
b
(k1,k2,··· ,kr)
m+1 (x)

m+ 1
Hn−m−1(y, z).

Proof. By Definition 1 of Hermite multi-poly-Bernoulli polynomials of
the second kind, we have

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!
=
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)xeyt+zt

2

=

( ∞∑
m=0

b(k1,k2,··· ,kr)m (x)
tm

m!

)( ∞∑
n=0

Hn(y, z)
tn

n!

)
.
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Replacing n by n−m in the r.h.s. of above equation and comparing the
coefficients of tn

n! , we get

(22) Hb
(k1,k2,··· ,kr)
n (x, y, z) =

n∑
m=0

(
n
m

)
b(k1,k2,··· ,kr)m (x)Hn−m(y, z),

n ≥ 0. From (22), we have

(23)
Hb

(k1,k2,··· ,kr)
n (x, y, z)

n
=

n−1∑
m=0

(
n− 1
m

)
b
(k1,k2,··· ,kr)
m+1 (x)

m+ 1
Hn−m−1(y, z),

n ≥ 1. Therefore by (23), we get the result (21). �

Theorem 3. For n ≥ 0, and r ∈ N with n ≥ r, we have

Hb
(k1,k2,··· ,kr)
n−r (x, y, z)

(
n
r

)
(24)

=
n∑
l=0

n−l∑
mr=0

∑
0<m1<m2<···<mr

(
n
l

)
Hb

(r)
l (x, y, z)

× (−1)mr−n−lmr!S2(n− l,mr)

mk1
1 m

k2
2 · · ·m

kr
r

.

Proof. From equation (15), we have

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!
=
r!(1 + t)x(eyt+zt

2

[log(1 + t)]r
Lik1,k2,··· ,kr(1− e−t)(25)

=

(
r!(1 + t)xeyt+zt

2

[log(1 + t)]r

) ∑
0<m1<m2<···<mr

(1− e−t)mr

mk1
1 m

k2
2 · · ·m

kr
r

=

(
r!(1 + t)xeyt+zt

2

[log(1 + t)]r

) ∑
0<m1<m2<···<mr

(−1)mrmr!

mk1
1 m

k2
2 · · ·m

kr
r

×
∞∑

n=mr

(−1)nS2(n,mr)
tn

n!

=

(
r!(1 + t)xeyt+zt

2

[log(1 + t)]r

)

×
∞∑
n=0

[
n∑

mr=0

∑
0<m1<m2<···<mr

(−1)mrmr!(−1)nS2(n,mr)

mk1
1 m

k2
2 · · ·m

kr
r

]
tn

n!
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=
r!

tr

(
t

log(1 + t)

)r
(1 + t)xeyt+zt

2

×
∞∑
n=0

[
n∑

mr=0

∑
0<m1<m2<···<mr

(−1)mrmr!(−1)nS2(n,mr)

mk1
1 m

k2
2 · · ·m

kr
r

]
tn

n!

×
∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn+r

n!r!

=
∞∑
l=0

Hb
(r)
l (x, y, z)

tl

l!

×
∞∑
n=0

[
n∑

mr=0

∑
0<m1<m2<···<mr

(−1)mrmr!(−1)nS2(n,mr)

mk1
1 m

k2
2 · · ·m

kr
r

]
tn

n!

×
∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn+r

n!r!

=
∞∑
n=0

[
n∑
l=0

n−l∑
mr=0

∑
0<m1<m2<···<mr

(
n
l

)
Hb

(r)
l (x, y, z)

× (−1)mr−n−lmr!S2(n− l,mr)

mk1
1 m

k2
2 · · ·m

kr
r

]
tn

n!

×
∞∑
n=r

Hb
(k1,k2,··· ,kr)
n−r (x, y)

(
n
r

)
tn

n!

=
∞∑
n=0

[
n∑
l=0

n−l∑
mr=0

∑
0<m1<m2<···<mr

(
n
l

)
Hb

(r)
l (x, y, z)

× (−1)mr−n−lmr!S2(n− l,mr)

mk1
1 m

k2
2 · · ·m

kr
r

]
tn

n!
.

Comparing the coefficients of tn

n! , we arrive at the desired result (24). �

Remark 2. For y = z = 0, Theorem 3 reduces to the known result of
Qi et al. [11.,p. 5, Theorem (2.3)].

Corollary 1. For n ≥ 0, and r ∈ N with n ≥ r, we have

b
(k1,k2,··· ,kr)
n−r (x)

(
n
r

)
=

n∑
l=0

n−l∑
mr=0

∑
0<m1<m2<···<mr

(
n
l

)
b
(r)
l (x)(26)

× (−1)mr−n−lmr!S2(n− l,mr)

mk1
1 m

k2
2 · · ·m

kr
r

.
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Theorem 4. For n ≥ 0, we have

Hb
(k1,k2,··· ,kr)
n (x+ 1, y, z)− Hb

(k1,k2,··· ,kr)
n (x, y, z)(27)

= nHb
(k1,k2,··· ,kr)
n−1 (x, y, z)

Proof. Using Definition 1, we have

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x+ 1, y, z)

tn

n!
−
∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!

=
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)x+1eyt+zt

2

−
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)xeyt+zt

2

=
r!Lik1,k2,··· ,kr(1− e−t)t

[log(1 + t)]r
(1 + t)xeyt+zt

2

=
∞∑
n=1

nHb
(k1,k2,··· ,kr)
n−1 (x, y, z)

tn

n!
.

Comparing the coefficients of tn

n! , we get the result (27). �

Remark 3. For y = z = 0, Theorem 4 reduces to the known result of
Qi et al. [11.,p. 3, Theorem (2.1)].

Corollary 2. For n ≥ 0, we have

(28) b(k1,k2,··· ,kr)n (x+ 1)− b(k1,k2,··· ,kr)n (x) = nb
(k1,k2,··· ,kr)
n−1 (x).

3. Implicit formulae involving Hermite multiple-poly-
Bernoulli polynomials of the second kind

In this section, we derive some implicit summation formulae for Hermite

multiple-poly-Bernoulli polynomials of the second kind Hb
(k1,k2,··· ,kr)
n (x, y).

We now begin with the following theorems.

Theorem 5. The following implicit summation formulae for multiple

Hermite poly-Bernoulli polynomials Hb
(k1,k2,··· ,kr)
n (x, y, z) holds true:

Hb
(k1,k2,··· ,kr)
l+p (x,w, z)(29)

=

l,p∑
m,n=0

(
l
m

)(
p
n

)
(w − y)m+n

Hb
(k1,k2,··· ,kr)
l+p−m−n (x, y, z).
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Proof. We replace t by t+u and rewrite the generating function (15) as

Lik1,k2,··· ,kr(1− e−(t+u))
et+u − 1

ez(t+u)
2
(1 + (t+ u)x)(30)

= e−y(t+u)
∞∑

l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x, y, z)

tl

l!

up

p!
.

Replacing y by w in the above equation and equating the resulting equation
to the above equation, we get

e(w−y)(t+u)
∞∑

m,l=0

Hb
(k1,k2,··· ,kr)
l+p (x, y, z)

tl

l!

up

p!
(31)

=
∞∑

l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x,w, z)

tl

l!

up

p!
.

On expanding exponential function, (31) gives

∞∑
N=0

[(w − y)(t+ u)]N

N !

∞∑
l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x, y, z)

tl

l!

up

p!
(32)

=
∞∑

l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x,w, z)

tl

l!

up

p!
,

which on using formula [13, p.52(2)]:

(33)

∞∑
N=0

f(N)
(x+ y)N

N !
=

∞∑
n,m=0

f(n+m)
xn

n!

ym

m!
,

in the left hand side of (32), we get

∞∑
m,n=0

(w − y)m+ntmun

m!n!

∞∑
l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x, y, z)

tl

l!

up

p!
(34)

=
∞∑

l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x,w, z)

tl

l!

up

p!
.

Now replacing l by l −m, p by p− n and using the lemma [13, p.100(1)] in
the left hand side of (34), we get

∞∑
m,n=0

∞∑
l,p=0

(w − y)m+n

m!n!
Hb

(k1,k2,··· ,kr)
l+p−m−n (x, y, z)

tl

(l −m)!

up

(p− n)!
(35)

=
∞∑

l,p=0

Hb
(k1,k2,··· ,kr)
l+p (x,w, z)

tl

l!

up

p!
.
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Finally, on equating the coefficients of the like powers of t and u in the above
equation, we get the required result. �

Remark 4. By taking l = 0 in (29), we get the following result.

(36) Hb
(k1,k2,··· ,kr)
p (x,w, z) =

p∑
n=0

(
p
n

)
(w − y)nHb

(k1,k2,··· ,kr)
p−n (x, y, z).

Theorem 6. For x, y, z ∈ R and n ≥ 0, we have

Hb
(k1,k2,··· ,kr)
n (x+ u, y, z)(37)

=

n∑
j=0

(
n
j

)
(−1)j(−u)jHb

(k1,k2,··· ,kr)
n−j (x, y, z).

Proof. Since
∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x+ u, y, z)

tn

n!

=
r!Lik1,k2,··· ,kr(1− (e)−t)

[log(1 + t)]r
(1 + t)(x+u)eyt+zt

2
.

=

( ∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!

) ∞∑
j=0

(−1)j(−u)j
tj

j!

 .

Replacing n by n− j in the r.h.s. of above equation, we get

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x+ u, y, z)

tn

n!

=

∞∑
n=0

n∑
j=0

(
n
j

)
(−1)j(−u)jHb

(k1,k2,··· ,kr)
n−j (x, y, z)

tn

n!
.

Comparing the coefficients of tn

n! , we obtain (37). �

Remark 5. On setting u = 1 in the above theorem to get

(38) Hb
(k1,k2,··· ,kr)
n (x+ 1, y, z) =

n∑
j=0

(
n
j

)
(−1)jHb

(k1,k2,··· ,kr)
n−j (x, y, z).

Theorem 7. For x, y, z ∈ R and n ≥ 0, we have

Hb
(k1,k2,··· ,kr)
n (x, y + u, z + w)(39)

=
n∑

m=0

(
n
m

)
Hb

(k1,k2,··· ,kr)
n−m (x, y, z)Hm(u,w).
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Proof. By the definition of Hermite multiple-poly-Bernoulli polynomials
of the second kind and then by using (2), we have

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y + u, z + w)

tn

n!

=
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)xe(y+u)t+(z+w)t2

=

( ∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!

)( ∞∑
m=0

Hm(u,w)
tm

m!

)
.

�

Now replacing n by n−m in the r.h.s. of above equation and comparing
the coefficients of tn

n! , we get the required result (39).

Theorem 8. For x, y, z ∈ R and n ≥ 0, we have

Hb
(k1,k2,··· ,kr)
n (x, y, z)(40)

=

n−2j∑
m=0

[n
2
]∑

j=0

zjyn−m−2jb(k1,k2,··· ,kr)m (x)
n!

m!j!(n− 2j −m)!
.

Proof. Applying the Definition 1 to the term
r!Lik1,k2,··· ,kr (1−e

−t)

[log(1+t)]r and

expanding the exponential function eyt+zt
2

at t = 0 yields

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!
=
r!Lik1,k2,··· ,kr(1− e−t)

[log(1 + t)]r
(1 + t)xext+yt

2

=

( ∞∑
m=0

b(k1,k2,··· ,kr)m (x)
tm

m!

)( ∞∑
n=0

yn
tn

n!

) ∞∑
j=0

zj
t2j

j!


=

∞∑
n=0

(
n∑

m=0

(
n
m

)
b(k1,k2,··· ,kr)m (x)yn−m

)
tn

n!

 ∞∑
j=0

zj
t2j

j!

 .

Replacing n by n− 2j in the r.h.s. of above equation, we have

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x, y, z)

tn

n!

=

∞∑
n=0

n−2j∑
m=0

[n
2
]∑

j=0

(
n− 2j
m

)
b(k1,k2,··· ,kr)m (x)yn−m−2jzj

 tn

(n− 2j)!j!
.

On equating the coefficients of t
n

n! , we arrive at the required result (40). �
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Theorem 9. For x, y, z ∈ R and n ≥ 0, we have

Hb
(k1,k2,··· ,kr)
n (x, y, z)(41)

=

n∑
r=0

(
n
r

)
(−1)r(−w)rHb

(k1,k2,··· ,kr)
n−r (x− w, y, z).

Proof. By exploiting the generating function (15), we have

r!Lik1,k2,··· ,kr(1− e−t)
[log(1 + t)]r

(1 + t)x−w+weyt+zt
2

=

( ∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (x− w, y, z) t

n

n!

)( ∞∑
r=0

(−1)r(−w)r
tr

r

)
.

Replacing n by n − r in the r.h.s. of above equation and comparing the
coefficients of tn

n! , we get the result (41). �

4. Identities for Hermite multiple-poly-Bernoulli
polynomials of the second kind

In this section, we give general symmetry identity for the multiple-poly-

Bernoulli polynomials of the second kind b
(k1,k2,··· ,kr)
n (x) and the Hermite

multiple-poly-Bernoulli polynomials of the second kind Hb
(k1,k2,··· ,kr)
n (x, y)

by applying the generating function (15) and (18). The results extend some
known identities of Khan [7], Pathan and Khan [9, 10].

Theorem 10. Let c, d > 0, c 6= d, x, y ∈ R and n ≥ 0, the following
identity holds true:

n∑
m=0

(
n
m

)
dmcn−mHb

(k1,k2,··· ,kr)
n−m (dx, dy, d2y)Hb

(k)
m (cx, cy, c2y)(42)

=
n∑

m=0

(
n
m

)
cmdn−mHb

(k1,k2,··· ,kr)
n−m (cx, cy, c2y)Hb

(k1,k2,··· ,kr)
m (dx, dy, d2y).

Proof. Start with

g(t) =

(
(r!Lik1,k2,··· ,kr(1− e−ct))(r!Lik1,k2,··· ,kr(1− e−dt))

[(log(1 + ct))]r[(log(1 + dt))]r

)
(43)

× (1 + cdt)xecdyt+c
2d2zt2
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Then the expression for g(t) is symmetric in c and d and we can expand g(t)
into series in two ways to obtain

g(t) =

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (dx, dy, d2z)

(ct)n

n!

∞∑
m=0

Hb
(k1,k2,··· ,kr)
m (cx, cy, c2y)

(dt)m

m!

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
cn−mdmHb

(k1,k2,··· ,kr)
n−m

× (dx, dy, d2z)Hb
(k1,k2,··· ,kr)
m (cx, cy, c2y)

) tn
n!
.

Similarly, we can show that

g(t) =

∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (cx, cy, c2y)

(bt)n

n!

∞∑
m=0

Hb
(k1,k2,··· ,kr)
m (dx, dy, d2z)

(at)m

m!

=

∞∑
n=0

(
n∑

m=0

(
n
m

)
cmdn−mHb

(k1,k2,··· ,kr)
n−m

× (cx, cy, c2y)Hb
(k1,k2,··· ,kr)
m (dx, dy, d2z)

) tn
n!
.

Comparing the coefficients of tn

n! on the right hand sides of the last two
equations, we arrive at the desired result. �

Remark 6. By setting d = 1 in Theorem 10, we get the following result

n∑
m=0

(
n
m

)
cn−mHb

(k1,k2,··· ,kr)
n−m (x, y, z)Hb

(k1,k2,··· ,kr)
m (cx, cy, c2z)(44)

=

n∑
m=0

(
n
m

)
cmHb

(k1,k2,··· ,kr)
n−m (cx, cy, c2z)Hb

(k1,k2,··· ,kr)
m (x, y, z).

Theorem 11. For all integers c, d > 0 and n ≥ 0, the following identity
holds true:

n∑
m=0

(
n
m

)
cn−mdmHb

(k1,k2,··· ,kr)
n−m (dx, dy, d2z, )(45)

×
m∑
i=0

(
m
i

)
Ti(c− 1)b

(k1,k2,··· ,kr)
m−i (cw)

=

n∑
m=0

(
n
m

)
dn−mcmHb

(k1,k2,··· ,kr)
n−m (cx, cy, c2z)

×
m∑
i=0

(
m
i

)
Ti(d− 1)b

(k1,k2,··· ,kr)
m−i (dw).
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Proof. Let

h(t) =

(
(r!Lik1,k2,··· ,kr(1− e−ct))(r!Lik1,k2,··· ,kr(1− e−dt))

[(log(1 + ct))]r[(log(1 + dt))]r
(46)

(1− (−et)cd)
(ect + 1)(edt + 1)

)
(1 + cdt)x+wecdyt+c

2c2zt2

h(t) =
∞∑
n=0

Hb
(k1,k2,··· ,kr)
n (dx, dy, d2z)

(ct)n

n!
(47)

×
∞∑
n=0

Tn(c− 1)
(dt)n

n!

∞∑
n=0

b(k1,k2,··· ,kr)m (cw)
(dt)m

m!

=
∞∑
n=0

n∑
m=0

(
n
m

)
cn−mdmHb

(k1,k2,··· ,kr)
n−m (dx, dy, d2z)

×
m∑
i=0

(
m
i

)
Ti(c− 1)b

(k1,k2,··· ,kr)
m−i (cw)

tn

n!
.

By using the similar method, we can show that

h(t) =

∞∑
n=0

n∑
m=0

(
n
m

)
cn−mdmHb

(k1,k2,··· ,kr)
n−m (cx, cy, c2z)(48)

×
m∑
i=0

(
m
i

)
Ti(d− 1)b

(k1,k2,··· ,kr)
m−i (dw)

tn

n!
.

After comparing the coefficients of tn

n! on the right hand sides of the last two
equations, we get the result (44). �
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