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Abstract. In this paper, we define a new type Geraghty type
contraction, ψF -Geraghty contraction, and prove a fixed point
theorem for this type contraction and give an illustrative example.
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1. Introduction

It is well known that functional analysis is made up of two main methods
which are variational methods and fixed point methods. Variational meth-
ods are used to prove the existence of solutions for differential equations.
However, fixed point methods are studied by many scholars in different
spaces. Especially, in 2012, Amini-Harandi [1] introduced the notion of
metric-like spaces which are considered to be interesting generalizations of
metric spaces, partial metric spaces and quasi-metric spaces. At the same
time, the author proved some fixed point theorems in complete metric-like
spaces. Based on the work of Amini-Harandi, Aydi et al. [2] and Karapınar
et al. [10] proved some interesting fixed point theorems for Geraghty type
contraction in complete metric-like spaces. (See [3, 4, 5, 6, 7, 8] for more
results on fixed point theory on metric-like space).

Now we recall some definitions and lemmas about metric-like space.

Definition 1 ([1]). Let X be any nonempty set. A function σ : X×X →
[0,∞) is said to be a metric-like on X if for any x, y, z ∈ X the following
conditions are satisfied:

(σ1) σ(x, y) = 0⇒ x = y,
(σ2) σ(x, y) = σ(y, x),
(σ3) σ(x, y) ≤ σ(x, z) + σ(z, y).

The pair (X,σ) is called a metric-like space.
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Each metric-like σ on X generates a T0 topology τp on X which has as a
base the family open σ-balls

{Bσ(x, ε) : x ∈ X, ε > 0},

where

Bσ(x, ε) = {y ∈ X : |σ(x, y)− σ(x, x)| < ε}

for all x ∈ X and ε > 0.

Definition 2 ([1]). (i) A sequence {xn} in a metric-like space (X,σ)
converges to a point x ∈ X if and only if σ(x, x) = limn→∞ σ(x, xn).

(ii) A sequence {xn} in a metric-like space (X,σ) is called a Cauchy
sequence if limn,m→∞ σ(xn, xm) exists (and is finite).

(iii) A metric-like space (X,σ) is said to be complete if every Cauchy
sequence {xn} in X converges, with respect to τp, to a point x ∈ X such that

lim
n→∞

σ(x, xn) = σ(x, x) = lim
n,m→∞

σ(xn, xm).

Lemma 1 ([9]). Let (X,σ) be a metric-like space. Let {xn} be a sequence
in X such that xn → x, where x ∈ X and σ(x, x) = 0. Then for all y ∈ X,
we have

lim
n→∞

σ(xn, y) = σ(x, y).

Now let B be the family of all functions β : [0,∞)→ [0, 1) which satisfies
the condition limn→∞ β(tn) = 1 implies limn→∞ tn = 0.

Also, let Ψ denote to the class of the functions ψ : [0,∞) → [0,∞)
satisfying the following conditions:
• ψ is nondecreasing,
• ψ is continuous,
• ψ(t) = 0 if and ony if t = 0.

In [10], the authors proved the following particular result .

Theorem 1. Let (X,σ) be a complete metric-like space and T : X → X
be a mapping. Suppose that there exists β ∈ B such that

σ(Tx, Ty) ≤ β((σ(x, y))σ(x, y)

for all x, y ∈ X. Then T has a unique fixed point u ∈ X with σ(u, u) = 0.

Recently, in [2], the authors consider new type of Geraghty contractions
in the class of metric-like spaces and proved a fixed point theorem for this
type of contractive mappings such that:
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Theorem 2 ([2]). Let (X,σ) be a complete metric-like space and T :
X → X be a mapping. Suppose that there exists β ∈ B such that

(1) σ(Tx, Ty) ≤ β((F (x, y))F (x, y)

for all x, y ∈ X where

F (x, y) = σ(x, y) + |σ(x, Tx)− σ(y, Ty)| .

Then T has a unique fixed point u ∈ X with σ(u, u) = 0.

In this paper, in the light of the above information, we define a new
type Geraghty type contraction, ψF -Geraghty contraction, and prove a fixed
point theorem for this type contraction. At the end we give an illustrative
example.

2. Main results

Definition 3. Let (X,σ) be a metric-like space. A mapping T : X → X
is said to be a ψF -Geraghty contraction on (X,σ) if there exists ψ ∈ Ψ and
β ∈ B such that

(2) ψ(σ(Tx, Ty)) ≤ β(ψ(F (x, y)))ψ(F (x, y))

for all x, y ∈ X where

F (x, y) = σ(x, y) + |σ(x, Tx)− σ(y, Ty)| .

Theorem 3. Let (X,σ) be a complete metric-like space and T : X → X
be a ψF -Geraghty contraction. Then T has a unique fixed point z ∈ X with
σ(z, z) = 0.

Proof. Let x0 ∈ X. We define a sequence {xn} in X by xn+1 = Txn =
Tn+1x0 for all n ≥ 0. Suppose that σ(xn, xn+1) = 0 for some n0, so the
proof is completed. Consequently, we assume that

σ(xn, xn+1) 6= 0

for all n. From (2), we have

ψ(σ(xn, xn+1)) = ψ(σ(Txn−1, Txn))(3)

≤ β(ψ(F (xn−1, xn)))ψ(F (xn−1, xn)), n ≥ 1

where

F (xn−1, xn) = σ(xn−1, xn) + |σ(xn−1, Txn−1)− σ(xn, Txn)|
= σ(xn−1, xn) + |σ(xn−1, xn)− σ(xn, xn+1)| .
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Take σn = σ(xn−1, xn) and (3) becomes

(4) ψ(σn+1) ≤ β(ψ(σn + |σn − σn+1|))ψ((σn + |σn − σn+1|)).

Assume that there exists n > 0 such that σn ≤ σn+1. From (4), we get

ψ(σn+1) ≤ β(ψ(σn+1))ψ(σn+1) < ψ(σn+1)

which is a contradiction. Thus for all n > 0, σn > σn+1. Hence we deduce
that the sequence {σn} is nonincreasing. Therefore, there exists r ≥ 0 such
that

lim
n→∞

σn = r.

Now, we shall prove that r = 0. Suppose that r > 0. From (2), we have

ψ(σ(xn, xn+1)) ≤ β(ψ(F (xn−1, xn)))ψ(F (xn−1, xn))

which implies

ψ(σn+1) ≤ β(ψ(2σn − σn+1))ψ(2σn − σn+1).

Hence
ψ(σn+1)

ψ(2σn − σn+1)
≤ β(ψ(2σn − σn+1)) < 1.

This implies that limn→∞ β(ψ(2σn − σn+1)) = 1. Since β ∈ B we have

lim
n→∞

ψ(2σn − σn+1) = 0,

which yields

(5) r = lim
n→∞

σ(xn, xn+1) = 0

which is a contradiction. So r = 0. Now, we shall prove that {xn} is a
Cauchy sequence. We will prove that

(6) lim
n,m→∞

σ(xn, xm) = 0.

We argue by contradiction. Then there exists ε > 0 for which we can find
subsequences

{
xm(k)

}
and

{
xn(k)

}
of {xn} with m(k) > n(k) > k such that

for every k

(7) σ(xm(k), xn(k)) ≥ ε.

Moreover corresponding to n(k) we can choose m(k) in such a way that is
the smallest integer with m(k) > n(k) and satisfying (7). Then

(8) σ(xm(k)−1, xn(k)) < ε.



A fixed point theorem for ψF -Geraghty . . . 9

Using (7) and (8)

ε ≤ σ(xm(k), xn(k))

≤ σ(xm(k), xm(k)−1) + σ(xm(k)−1, xn(k))

< σ(xm(k), xm(k)−1) + ε.

By (5), we get

(9) lim
k→∞

σ(xm(k), xn(k)) = ε.

On the other hand, it is easy to see that∣∣σ(xm(k)−1, xn(k)−1)− σ(xm(k), xn(k))
∣∣

≤
∣∣σ(xm(k)−1, xm(k)) + σ(xn(k), xn(k)−1)

∣∣ .
Again by (5) and (9)

(10) lim
k→∞

σ(xm(k)−1, xn(k)−1) = ε.

We go back to (2) to have

ψ(ε) ≤ ψ(σ(xm(k), xn(k)))

= ψ(σ(Txm(k)−1, Txn(k)−1))

≤ β(ψ(F (xm(k)−1, xn(k)−1)))ψ(F (xm(k)−1, xn(k)−1))

where

F (xm(k)−1, xn(k)−1) = σ(xm(k)−1, xn(k)−1)

+
∣∣σ(xm(k)−1, Txm(k)−1)− σ(xn(k)−1, Txn(k)−1)

∣∣ .
By (5) and (10)

(11) lim
k→∞

F (xm(k)−1, xn(k)−1) = ε.

We deduce
lim
k→∞

β
(
ψ
(
F (xm(k)−1, xn(k)−1)

))
= 1.

Since β ∈ B we have

lim
k→∞

F (xm(k)−1, xn(k)−1) = 0

which is a contradiction with respect to (11). Thus {xn} is a Cauchy se-
quence in the complete metric-like space (X,σ). So there exists z ∈ X such
that

lim
n→∞

σ(xn, z) = σ(z, z) = lim
n,m→∞

σ(xn, xm).
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By (6), we write
lim
n→∞

σ(xn, z) = σ(z, z) = 0.

We shall prove that z is a fixed point of T . Assume that z 6= Tz, so
σ(z, Tz) > 0. From (2), we have

ψ(σ(xn+1, T z)) = ψ(σ(Txn, T z))(12)

≤ β(ψ(F (xn, z)))ψ(F (xn, z))

≤ ψ(F (xn, z))

where

F (xn, z) = σ(xn, z) + |σ(xn, Txn)− σ(z, Tz)| → σ(z, Tz)

as n→∞. Letting again n→∞ in (12) and using Lemma 1

ψ(σ(z, Tz)) ≤ lim
n→∞

β(ψ(F (xn, z)))ψ(σ(z, Tz)) ≤ ψ(σ(z, Tz)).

So limn→∞ β(ψ(F (xn, z))) = 1 which implies that

lim
n→∞

F (xn, z) = 0,

which is a contradiction. Thus σ(z, Tz) = 0 and so z = Tz, that is, z is a
fixed point of T with σ(z, z) = 0.

We shall prove that such z verifying σ(z, z) = 0 is the unique fixed point of
T.We argue by contradiction. Assume that there exists z 6= w so σ(z, w) > 0
such that

z = Tz, w = Tw, σ(z, z) = σ(w,w) = 0.

We have

F (z, w) = σ(z, w) + |σ(z, Tz)− σ(w, Tw)|
= σ(z, w) + |σ(z, z)− σ(w,w)|
= σ(z, w).

By (2), we get

ψ(σ(z, w)) = ψ(σ(Tz, Tw))

≤ β(ψ(F (z, w)))ψ(F (z, w))

= β(ψ(σ(z, w)))ψ(σ(z, w))

< ψ(σ(z, w))

which is a contradiction. Thus there exists a unique z ∈ X such that z = Tz
with σ(z, z) = 0. �
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Example 1. Let X = [0, 1] and σ(x, y) = x+y. Then (X,σ) is a complete
metric-like space. Define T : X → X by

Tx =

{
0, x = 1
x
2 x 6= 1

.

Take ψ(t) = t
2 and β(α) = 1

2 , then it’s clear that T is a ψF -Geraghty
contraction and T has a fixed point z = 0 with σ(z, z) = 0. But the metric
version of (2) dosen’t satisfy for x = 0, y = 3

4 and ψ(t) = t
2 , β(α) = 1

2 .
Indeed, let d(x, y) = |x− y| ,then

d(T0, T
3

4
) =

3

8
⇒ ψ(d(T0, T

3

4
)) =

3

16

and

F (0,
3

4
) = d(0,

3

4
) +

∣∣∣∣d(0, T0)− d(
3

4
, T

3

4
)

∣∣∣∣
=

3

4
+

3

8
=

9

8
.

So, we get

ψ(d(T0, T
3

4
)) =

3

16
�

1

2

9

16
= β(ψ(F (0,

3

4
)))ψ(F (0,

3

4
)).
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12 Özlem Acar and Ishak Altun

[9] Karapınar E., Salimi P., Dislocated metric space to metric spaces with
some fixed point theorems, Fixed Point Theory Appl., 2013(2013), 19 pages.

[10] Karapınar E., Alsulami H.H., Noorwali M., Some extensions for Ger-
agthy type contractive mappings, Fixed Point Theory Appl., 2015(2015), 22
pages.
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